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Abstract

Initial goal of the current dissertation was the determination of image-based biomark-

ers sensitive for neurodegenerative processes in the human brain. One such process

is the demyelination of neural cells characteristic for Multiple sclerosis (MS) - the

most common neurological disease in young adults for which there is no cure yet.

Conventional MRI techniques are very e�ective in localizing areas of brain tissue

damage and are thus a reliable tool for the initial MS diagnosis. However, a mis-

match between the clinical �ndings and the visualized areas of damage is observed,

which renders the use of the standard MRI di�cult for the objective disease mon-

itoring and therapy evaluation. To address this problem, a novel algorithm for the

fast mapping of myelin water content using standard multiecho gradient echo acqui-

sitions of the human brain is developed in the current work. The method extents

a previously published approach for the simultaneous measurement of brain T1, T
∗
2

and total water content. Employing the multiexponential T ∗2 decay signal of myeli-

nated tissue, myelin water content is measured based on the quanti�cation of two

water pools (myelin water and rest) with di�erent relaxation times. Whole brain in

vivo myelin water content maps are acquired in 10 healthy controls and one subject

with MS. The in vivo results obtained are consistent with previous reports.

The acquired quantitative data have a high potential in the context of MS. How-

ever, the parameters estimated in a multiparametric acquisition are correlated and

constitute therefore an ill-posed, nontrivial data analysis problem. Motivated by

this speci�c problem, a new data clustering approach is developed called Nuclear

Potential Clustering, NPC. It is suitable for the explorative analysis of arbitrary

dimensional and possibly correlated data without a priori assumptions about its

structure. The developed algorithm is based on a concept adapted from nuclear

physics. To partition the data, the dynamic behavior of electrically even charged

nucleons interacting in a d-dimensional feature space is modeled. An adaptive nu-

clear potential, comprised of a short-range attractive (Strong interaction) and a

long-range repulsive term (Coulomb potential), is assigned to each data point. Thus,

nucleons that are densely distributed in space fuse to build nuclei (clusters), whereas

single point clusters are repelled (noise). The algorithm is optimized and tested in

an extensive study with a series of synthetic datasets as well as the Iris data. The

results show that it can robustly identify clusters even when complex con�gurations

and noise are present.

Finally, to address the initial goal, quantitative MRI data of 42 patients are

analyzed employing NPC. A series of experiments with di�erent sets of image-based

features show a consistent grouping tendency: younger patients with low disease

grade are recognized as cohesive clusters, while those of higher age and impairment

are recognized as outliers. This allows for the de�nition of a reference region in a

feature space associated with phenotypic data. Tracking of the individual's positions

therein can disclose patients at risk and be employed for therapy evaluation.





Zusammenfassung

Initiales Ziel der vorliegenden Arbeit ist die De�nition von Biomarkern für die sen-

sitive Diagnose neurodegenerativer Prozesse im menschlichen Gehirn. Ein solcher

Prozess, bei dem die isolierende Nervenzellenschicht Myelin zerstört wird, ist charak-

teristisch für Multiple Sklerose, MS. Sie ist die häu�gste neurologische Erkrankung

der jungen Bevölkerung, die einen chronischen Verlauf hat und derzeit noch nicht

heilbar ist. Hier ermöglicht die konventionelle MRT eine sensitive Erstdiagnose, hat

dennoch eine eingeschränkte Aussagekraft darüber wie sich die Krankheit weiter

entwickelt. Um eine objektive Verlaufskontrolle und Therapiebewertung zu unter-

stützen, wurde in dieser Arbeit ein neuartiges MRT Verfahren entwickelt. Es er-

laubt die Quanti�zierung vom Myelin-Wassergehalt mit konventionellen Multiecho-

Gradientenecho-Sequenzen. Die Methode basiert auf einem bereits publizierten Ver-

fahren zur schnellen simultanen Quanti�zierung von T1, T
∗
2 und absolutemWasserge-

halt. Der Ansatz nutzt den multiexponentiellen T ∗2 -Zerfall im myelinisierten Gewebe

aus, um basierend auf einer Zweikompartment-Analyse den myelingebundenenWasser-

anteil zu messen. Es wurden Myelinwasserkarten von 10 gesunden Probanden und

einemMS Patienten angefertigt. Die Ergebnisse sind konsistent mit Literaturangaben.

Die multimodalen quantitativen Daten haben ein hohes Potential für die MS Di-

agnostik, sind aber biophysikalisch miteinander korreliert. Dadurch ist der Einsatz

von Standardtools der Datenanalyse hier erschwert. Diese Problematik motivierte

die Entwicklung eines neuen Verfahrens zur Gruppierung zusammengehöriger Daten-

punkte. Ziel dabei ist das Clustering von möglicherweise korrelierten Daten be-

liebiger Dimensionalität ohne a priori Information über die zugrundeliegende Daten-

struktur. Das entwickelte Nuclear Potential Clustering, NPC, basiert auf der Simu-

lation der Dynamik gleichgeladener Nukleonen in einem d-dimensionalen Merkmal-

sraum. Jeder Datenpunkt hat dabei ein Potential, das anziehend für geringe Reich-

weiten wirkt (Starke Wechselwirkung) und abstoÿend für lange Reichweiten (Elek-

tromagnetische Wechselwirkung). Bei der Simulation eines solchen Systems fusion-

ieren naheliegende Nukleonen zu Kernen (Cluster), während einzeln liegende Punkte

abgestoÿen werden (Ausreiÿer). Die Methode wurde in einer umfassenden Studie

optimiert und mit verschiedenen Testsamples sowie den Iris Datensatz evaluiert.

Die Ergebnisse zeigen, dass NPC sehr zuverlässig Ausreiÿer sowie Cluster beliebiger

Form detektiert.

Schlussendlich wurde NPC verwendet, um quantitative MRT-Daten von 42 MS

Patienten zu analysieren. Es wurde eine Reihe von Experimenten mit verschiedenen

bildbasierten Merkmalen durchgeführt. NPC erkennt dabei konsistent als Cluster

jüngere Patienten mit wenigen bzw. keinen neurologischen Ausfällen, während Per-

sonen mit einem hohen Schweregrad der Behinderung als Ausreiÿer erkannt werden.

Dies erlaubt die De�nition einer Referenz-Region im Merkmalsraum. Durch Track-

ing der individuellen Bewegung eines Patienten in diesem Raum können Risikopa-

tienten identi�ziert und eingesetzte Therapien evaluiert werden.
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Chapter 1

Preface

1.1 Motivation

Contemporary scienti�c research often starts with a concrete problem and evolves

in the course of work to a truly interdisciplinary challenge. And this is exactly

how the current doctoral thesis has come about. The main issue of this work is

the development of a novel data mining tool called Nuclear Potential Clustering,

short NPC. In the beginning however, the focus was on a seemingly pure medical

problem: the development and validation of image-derived biomarkers sensitive to

multiple sclerosis (MS). Here, the digital nature of medical imaging, which has a high

potential of improving the diagnosis and monitoring of this disease, brings along two

main aspects that have to be concerned. On the one side, novel clinical examination

techniques are constantly being developed, that allow us to gain new insights into

the pathophysiologic mechanism of the disease. On the other side, the continually

growing amount of novel medical data has ideally to be turned into new objective

medical knowledge. Currently, a major problem in the context of multiple sclerosis

is the observed mismatch between the standard magnetic resonance imaging (MRI)

and the clinical �ndings of the patients. To work this problem out, two research

topics are being increasingly investigated:

• new techniques for brain imaging based on multiparametric quantitative MRI,

and

• automated multidimensional image analysis to provide an observer indepen-

dent analysis.

In the latter, cluster analysis is one of the standard methods to �blindly� group

data into di�erent categories (this idea is extensively explained in Chapter 3). In

the context of MS, such categories could be patients with di�erent disease grade

or, more importantly, patients responding di�erently to a given therapy. However,

most of the MRI parameters in a multiparametric acquisition are correlated and

constitute therefore an ill-posed, nontrivial clustering problem. Motivated by this

speci�c problem, an idea for a new clustering approach suitable for the explorative

analysis of high-dimensional and possibly correlated data is born. Its basic idea

is to imitate a physical system in which clusters appear naturally: the process of

nuclear fusion where nearby nucleons fuse to build stable nuclei, hence the name of

the algorithm �Nuclear Potential Clustering�. The development of this new concept

has evolved to a major challenge itself and became ultimately a main subject of this

thesis, as well.
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Development of a quantitative 
neuroimaging technique for 
neurodegenerative dieseases 

Development of the novel 
Nuclear Potential 
Clustering method

Determination of biomarker 
for multiple sclerosis

Figure 1.1: Main research topics of the current work.

1.2 Outline of the Work

The current thesis is structured in a way that corresponds to the chronological

progress of the presented scienti�c work.

It begins with an introductory part concerning the motivating medical imag-

ing aspect. Concretely, in Chapter 2, Sec. 2.1, the challenges of the diagnosis and

monitoring of multiple sclerosis are introduced, with the stress put on the state of

the art neuroimaging techniques of the disease. Here, the conventional clinical MRI

examinations are presented, along with a quantitative MRI technique developed by

[Neeb 2008]. The latter is a multimodal approach, that allows for the simultaneous

calculation of three tissue speci�c parameters sensitive to pathophysiologic in�am-

matory processes. This technique constitutes the base of a new full-brain coverage

myelin imaging method developed in the course of the current work and presented

in the remaining parts of Chapter 2 (Sec. 2.2 to Sec. 2.4).

The following Chapter 3 introduces the topic of cluster analysis. Here, the

setting up of di�erent clustering tasks is discussed (Sec. 3.1), followed by a detailed

overview of the clustering algorithm family (Sec. 3.2).

Apart from the two introductory parts (Sec. 2.1 and Chapter 3), the remaining

part of the document (Chapter 4 to Chapter 7, along with Sec. 2.2 to Sec. 2.4) rep-

resent the novelty and the essential contribution of the current work to the scienti�c

topics introduced.

As indicated in Fig. 1.1, three separate research topics can be distinguished here:

First, the existing quantitative MRI method presented in Chapter 2 is extended by

one parameter, particularly sensitive to neurodegenerative diseases such as MS: the

myelin bound water content. With this extension, one brain scan of a subject now

results in a multimodal brain map, containing four parameters sensitive to in�am-

matory and neurodegenerative processes. Results from this study are published in

a journal article [Tonkova 2012a].

Chapter 4 to Chapter 6 present the development and evaluation of a new data

analysis method, Nuclear Potential Clustering, inspired by the particularly problem-

atic nature of such multiparametric measurements as the quantitative MRI mapping

(in its original and its expanded version). Di�erent stages of the development of

this tool are presented in [Tonkova 2012b] and [Tonkova 2013]. The �nal version of
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the NPC, as described in this thesis includes a series of re�nements. A publication

of this results is currently under revision.

It should be explicitly stated that both of these scienti�c topics are indepen-

dently invented. On the one side, though motivated by the speci�c problem of the

correlated MRI parameters, the new clustering algorithm is not designed to be ap-

plied solely on that particular type of data. It rather aims generally on the correct

grouping of high dimensional, possibly correlated, noisy samples. On the other side,

the expanded multimodal imaging method is not developed to produce data only to

be processed with Nuclear Potential Clustering. Both methods, though part of the

same work process, are completely independent of each other and can be employed

separately.

The third research topic is presented in Chapter 7 and consists of the application

of the newly developed Nuclear Potential Clustering method for the analysis of

quantitative multimodal MRI data. The goal here is to search for and determine

biomarkers sensitive to multiple sclerosis. The results obtained here are discussed

in Sec. 7.5, while the results considering the other two research topics are discussed

separately: quantitative myelin assessment in Sec. 2.4 and the developed Nuclear

Potential Clustering in Chapter 8.





Chapter 2

Multiple Sclerosis and Assessment

of Tissue Myelination

Contents

2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Multiple Sclerosis . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Conventional Imaging Diagnosis . . . . . . . . . . . . . . . . 7

2.1.3 Quantitative Assessment of Tissue Speci�c Parameters and

Measuring of Myelin Integrity . . . . . . . . . . . . . . . . . . 10

2.2 Myelin Water Content Mapping Method . . . . . . . . . . . 13

2.2.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.2 Quadratic Programming . . . . . . . . . . . . . . . . . . . . . 14

2.2.3 Protocol Optimization and Systematic Errors . . . . . . . . . 16

2.2.4 Magnetic �eld inhomogeneity correction . . . . . . . . . . . . 16

2.2.5 In vivo Measurements . . . . . . . . . . . . . . . . . . . . . . 17

2.2.6 Image Processing . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Main topic of the current chapter is the development of a neuroimaging technique

for the quantitative assessment of myelin - a substance which is essential for the

proper functioning of the nervous system.

It extends a clinically validated approach for the simultaneous full-brain map-

ping of three quantitative parameters sensitive to in�ammatory processes: the tis-

sue characteristic relaxation time constants T1 and T ∗2 , as well as the total water

content H2O
total. In the context of a chronic in�ammatory demyelinating disease

such as multiple sclerosis, the multivariate explorative analysis based on this multi-

modal/multiparametric imaging data has a high potential of providing an improved

correspondence to the observed patients' clinical disability. It is this very challeng-

ing task that has inspired the nuclear potential clustering method presented and

discussed in the following chapters. Thus, prior to considering the novel clustering

algorithm, the current chapter presents the development of a full-brain coverage

myelin mapping approach that extends the quantitative measurement of T1, T
∗
2 and

H2O
total, thus allowing to simultaneously assess four di�erent disease-sensitive pa-

rameters. Section 2.1 begins with a motivation. Next, the developed myelin imaging
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technique is demonstrated (Sec. 2.2) followed by the obtained results (Sec. 2.3) and

a discussion (Sec. 2.4).

2.1 Motivation

2.1.1 Multiple Sclerosis

Multiple sclerosis is the most common immune-mediated neurological disease in

young adults. It is a progressive disorder associated with a damage of the layer that

surrounds and insulates the nerve �bers (axons) and assures the rapid electrical

impulse transmission between nerve cells (neurons), the myelin sheath. Myelin is

produced by oligodendrocytes (a type of glial cell) whose outgrowths are wrapped

tightly around the axons in a concentric way (Fig. 2.3). Due to its damage, the com-

munication between neurons is hampered which is the reason why MS can practically

cause any neurological symptom and often leads to sensory, motor and cognitive im-

pairment. The damaged myelin forms scar tissue termed white matter plaques or

lesions.

Patients can exhibit di�erent set of symptoms at di�erent times depending on

the location of the plaques and there is no particular symptom, laboratory exam-

ination or physical �nding that can by itself de�nitely con�rm if a subject su�ers

from MS or not. Based on the pattern of symptoms over time, four di�erent main

courses of disease development can be recognized as shown in Fig. 2.1. The �rst type

referred to as relapsing-remitting multiple sclerosis (RRMS), is the most common

one. It is characterized by attacks causing suddenly an increased level of disability

which are separated by periods of no disability increase. An attack itself can last

from a few days to months and is also termed relapse, exacerbation, bout or �are.

After an attack (involving e.g. sensory or vision loss) the patient recovers partly.

However, a residual level of impairment is often observed so that with each relapse,

the central nervous system (CNS) becomes increasingly and irreversibly damaged.

The second MS type is called secondary progressive multiple sclerosis (SPMS). It is

characterized by partial recoveries after the MS bouts in the early stage of the dis-

ease, but proceeds with a steady progression of disability. The third possible disease

course is the primary progressive multiple sclerosis (PPMS) where a steady progres-

sion of the patient's disability over lifetime is observed. The last main type is the

progressive relapsing multiple sclerosis (PRMS). Similar to the primary progressive

course, in this case a steady disability progression is observed as well, however with

superimposed MS attacks.

To assess MS severity and monitor changes in the level of disability over time, an

ordinal clinical rating scale termed expanded disability status scale (EDSS) is em-

ployed [Kurtzke 1983]. It ranges from 0 (which corresponds to a normal neurological

�nding) to 10 (which corresponds to death due to MS) in half-point increments. The

assessment of the EDSS is based on a standard neurological examination in which

each of the following functional systems is scored between 0 (no disability) and 5

or 6 (severe disability): pyramidal (weakness or di�culty moving limbs), cerebellar
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Figure 2.1: Main types of multiple sclerosis disease course. (a) Relapsing-remitting mul-
tiple sclerosis (RRMS), characterized by attacks of increased impairment, followed by a
partial recovery and separated by periods of no disability increase. (b) Typical course
of development of secondary progressive multiple sclerosis (SPMS), primary progressive
multiple sclerosis (PPMS) and progressive relapsing multiple sclerosis (PRMS) detailedly
described in the text.

(ataxia, loss of coordination or tremor), brainstem (problems with speech, swallow-

ing and nystagmus), sensory (numbness or loss of sensations), bowel and bladder

function, visual function, cerebral (or mental) functions, and other. This scoring

of the functional systems, along with information concerning the patient's gait and

use of assistive devices is employed for the �nal EDSS estimation. Table 2.1 gives a

detailed description of the EDSS scores [Kurtzke 1983, Haber 1985].

Currently, there is no cure for MS. However, di�erent treatments are available

which can modify the course of the disease and manage the MS symptoms. Their

goal is to lessen the severity of the relapses and their lasting e�ects as well as to

support and improve patient's recovery after an attack and delay or possibly prevent

new relapses [Compston 2002].

2.1.2 Conventional Imaging Diagnosis

The Revised McDonald Criteria [Polman 2011] are the state-of-the art guidelines

for multiple sclerosis diagnosis based on magnetic resonance imaging (MRI), visual

evoked potentials and cerebrospinal �uid analysis. As a determining evidence for

central nervous system damage, the demonstration of a temporal and spacial lesions

dissemination is employed (i.e plaques are detected at di�erent time points and

a�ect at least two di�erent CNS regions).

An early diagnosis and corresponding onset of treatment is of crucial importance

as MS tends to lead to more damage in the �rst year than in later stages of the disease

[Kuhlmann 2002]. Thus, the diagnostic guidelines aim at an earliest possible initial
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Table 2.1: Expanded disability status scale (EDSS) [Kurtzke 1983]

Score Description

0.0 Normal neurological exam (all grade 0 in all Functional System (FS) scores*).
1.0 No disability, minimal signs in one FS* (i.e., grade 1).
1.5 No disability, minimal signs in more than one FS* (more than 1 FS grade 1).
2.0 Minimal disability in one FS (one FS grade 2, others 0 or 1).
2.5 Minimal disability in two FS (two FS grade 2, others 0 or 1).

3.0 Moderate disability in one FS (one FS grade 3, others 0 or 1) or mild disability in
three or four FS (three or four FS grade 2, others 0 or 1) though fully ambulatory.

3.5 Fully ambulatory but with moderate disability in one FS (one grade 3) and one or
two FS grade 2; or two FS grade 3 (others 0 or 1) or �ve grade 2 (others 0 or 1).

4.0 Fully ambulatory without aid, self-su�cient, up and about some 12 hours a day
despite relatively severe disability consisting of one FS grade 4 (others 0 or 1), or
combination of lesser grades exceeding limits of previous steps; able to walk without
aid or rest some 500 meters.

4.5 Fully ambulatory without aid, up and about much of the day, able to work a full
day, may otherwise have some limitation of full activity or require minimal
assistance; characterized by relatively severe disability usually consisting of one FS
grade 4 (others or 1) or combinations of lesser grades exceeding limits of previous
steps; able to walk without aid or rest some 300 meters.

5.0 Ambulatory without aid or rest for about 200 meters; disability severe enough to
impair full daily activities (e.g., to work a full day without special provisions);
(Usual FS equivalents are one grade 5 alone, others 0 or 1; or combinations of
lesser grades usually exceeding speci�cations for step 4.0).

5.5 Ambulatory without aid for about 100 meters; disability severe enough to preclude
full daily activities; (Usual FS equivalents are one grade 5 alone, others 0 or 1; or
combination of lesser grades usually exceeding those for step 4.0).

6.0 Intermittent or unilateral constant assistance (cane, crutch, brace) required to walk
about 100 meters with or without resting; (Usual FS equivalents are combinations
with more than two FS grade 3+).

6.5 Constant bilateral assistance (canes, crutches, braces) required to walk about 20
meters without resting; (Usual FS equivalents are combinations with more than
two FS grade 3+).

7.0 Unable to walk beyond approximately 5 meters even with aid, essentially restricted
to wheelchair; wheels self in standard wheelchair and transfers alone; up and about
in wheelchair some 12 hours a day; (Usual FS equivalents are combinations with
more than one FS grade 4+; very rarely pyramidal grade 5 alone).

7.5 Unable to take more than a few steps; restricted to wheelchair; may need aid in
transfer; wheels self but cannot carry on in standard wheelchair a full day; May
require motorized wheelchair; (Usual FS equivalents are combinations with more
than one FS grade 4+).

8.0 Essentially restricted to bed or chair or perambulated in wheelchair, but may be out
of bed itself much of the day; retains many self-care functions; generally has e�ective
use of arms; (Usual FS equivalents are combinations, generally grade 4+ in several
systems).

8.5 Essentially restricted to bed much of day; has some e�ective use of arm(s); retains
some self-care functions; (Usual FS equivalents are combinations, generally 4+ in
several systems).

9.0 Helpless bed patient; can communicate and eat; (Usual FS equivalents are
combinations, mostly grade 4+).

9.5 Totally helpless bed patient; unable to communicate e�ectively or eat/swallow;
(Usual FS equivalents are combinations, almost all grade 4+).

10.0 Death due to MS.

*Excludes cerebral function grade 1.
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diagnosis, primarily enabled due to MRI which is very e�ective in localizing areas

of damage. The conventional techniques here include T1-weighted images, with and

without contrast agent, as well as T2-weighted images [Barkhof 1997, Tintoré 2000,

Polman 2005].

However, a mismatch between the lesion load and the clinical �ndings (ac-

tual status/development of the disability rate) is observed, a phenomenon termed

the clinico-radiological paradox [Neema 2007, Bakshi 2008]. Figure 2.2 shows two

FLAIR scans (�uid attenuated inversion recovery, a standard neuroimaging sequence

employed in the MS diagnosis) of patients with di�erent EDSS. One of the patients

has an EDSS of zero corresponding to a normal neurological exam. The second

patient has EDSS=5 which indicated a disability severe enough to impair full daily

activities. However, when comparing the FLAIR images of both subjects, it is evi-

dent that the �rst patient (EDSS=0) has the higher lesion load (Fig. 2.2(a)). This

example demonstrates that a higher lesion burden does not necessarily correspond

to an increased disability level. Furthermore, the standard MRI techniques em-

ployed in MS diagnosis produce qualitative images, meaning that the contrast ratio

of di�erent images is the same, but the gray value scale is not standardized and

images cannot be directly compared. These facts along with the need to understand

deeper the pathophysiologic processes of MS which could possibly enable better in-

dividual diagnosis, monitoring and therapy evaluation, have led to the development

of MRI techniques assessing quantitative tissue parameters. Such quantitative mea-

surements allow for intra- and inter-subject comparisons (particularly advantageous

when an assessment of time and space alternations is needed), estimation of reference

tissue values in healthy controls and, most importantly, studying (possibly subtle)

changes in the normal appearing neural tissue that are otherwise not accessible in

the standard imaging diagnostic process.
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Figure 2.2: FLAIR images of two MS patients demonstrating the mismatch between
clinical �ndings and observed lesion load. (a) Patient with EDSS=5. (b) Patient with
EDSS=0.
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2.1.3 Quantitative Assessment of Tissue Speci�c Parameters and

Measuring of Myelin Integrity

In the context of a chronic demyelinating disease such as MS, the quantitative

MRI of neural tissue myelination has a high potential to support disease diagnosis

and monitoring as well as possibly enable prognosis predictions and a deeper un-

derstanding of brain plasticity. Therefore, intensive research e�orts aiming at the

development of myelin mapping techniques have been expended in the recent past

[Laule 2004, Du 2007, Oh 2007, Hwang 2010, Lenz 2012, Hwang 2011, Nguyen 2012].

As a surrogate in vivo estimate for myelin integrity, they all employ a quanti�ca-

tion of the myelin bound water fraction (MWF). In this water pool, the motility of

the H2O molecules trapped between the lipid myelin bilayers is restricted (Fig. 2.3)

which results in a characteristic shorter transverse relaxation (quali�ed either by a

T2 or a T ∗2 constant depending on the applied MRI sequence) as compared to other

MR detectable water pools [Mathur-De Vré 1984].

Figure 2.3: Myelin structure (graphic source: [Laule 2004]).

The initial research on this topic has shown, that in vivo imaging of CNS myelin

based on this phenomenon is not only realizable but the myelin water fraction also

correlates with the myelin density estimated by quantitative histopathologic mea-

sures [Laule 2004, Laule 2006, Laule 2008, Meyers 2009, Kolind 2009, Minty 2009,

Laule 2011]. In the imaging technique employed in these studies, a multi-exponential

analysis of the T2 relaxation data is conducted and the ratio between the fast decay-

ing water pool amplitude and the amplitude of all detected water pools is employed
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as an estimate for myelin water content. However, the employed MRI protocol is

restricted to a single transverse plane acquisition in approx. 25 minutes, which

renders inter-subject registration and comparison needed in clinical studies prob-

lematic. Techniques aiming at the acquisition of higher number of slices in less

time, are introduced by [Oh 2007, Du 2007, Deoni 2008, Hwang 2010]. The ap-

proach presented by [Oh 2007] allows for the acquisition of 16 slices with a voxel

volume of 2 × 2 × 5 mm3 within 10 minutes. Here, 12 points on the T2 relaxation

curve are sampled using a fast T2-prep spiral sequence with a maximum echo time of

294 ms. [Du 2007] are the �rs to demonstrate the feasibility to map MWF based on

the T ∗2 relaxation curve sampling (126 points) using a two-dimensional multi-slice

multi-echo gradient echo (MEGE) measurement. They employ a 3-pool model to

study the myelin distribution in postmortem brains at 3 T. The method enables the

acquisition of only 5 slices with a voxel size of 0.78× 0.78× 5 mm3 in 8.7 minutes.

This technique is modi�ed by [Hwang 2010] who increase the number of slices to

8 in an acquisition time of 8.5 minutes and adapt it for in vivo measurements of

healthy subjects.

However, none of these approaches allows for a full-brain myelin mapping which

would provide a more clinically applicable examination. The �rst such technique

is introduced by [Deoni 2008] (and applied in a study on MS by [Kolind 2012])

who employ a rapid method for the voxelwise determination of the longitudinal and

transverse relaxation times, T1 and T2 respectively: mcDESPOT (multicomponent

driven equilibrium single pulse observation of T1\T2). Even though 60 slices can be

reconstructed in 16 to 30 minutes, this measurement exhibits a systematic shift of

the estimated MWF in white and gray matter towards higher values as compared to

results reported by other studies [Laule 2004, Kolind 2009, Vavasour 2009, Oh 2007,

Du 2007, Hwang 2010].

Another full-brain approach based on a multicomponent T ∗2 decay analysis is

presented by [Lenz 2012] who demonstrate the feasibility of in vivo myelin water

imaging using three-dimensional multigradient-echo pulse sequences (88 slices, voxel

size 2.2×2×2 mm3, acquisition time 9.7 minutes). However, though able to detect

demyelination in multiple sclerosis lesions, the myelin water fraction values obtained

with this technique remain systematically in the lower range of myelin water reported

in the literature (mean value in white matter amounts to 6.9% compared to e.g.

[Du 2007] who report 11% or [Hwang 2010] who obtain 10.2%).

Latest research avenues investigate the potential of modeling myelin more pre-

cisely based on an observed T ∗2 anisotropy. This e�ect is suggested to originate from

a frequency shift dependency of the axonal orientation relative to the main mag-

netic �eld, B0 [Bender 2010, Lee 2017]. Though no details about the underlying

e�ects are known yet, di�erent models have emerged that aim to incorporate these

�ndings into the MWF estimation. [Van Gelderen 2012] consider a model including

a frequency o�set term in the myelin water component aiming to reduce systematic

errors in early echoes. They employ a gradient-echo acquisition at 3 and 7 T to re-

construct a single slice with 2 mm thickness, an in plane resolution of 256×96 voxels

and a �eld of view of (240 × 180) mm. Furthermore, [Sati 2013] and [Nam 2015]
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investigate a complex three-component model including frequency shift in each of

the pools (myelin, axonal and extracellular water), which is �tted either to mag-

nitude or to complex data. [Nam 2015] publish a comparison of these approaches

when employed for the MWF estimation with di�erent numbers of echoes (from 12

to 32 echoes). They conclude that the complex model is advantageous when the

frequency shift between components becomes large (that is �bers are perpendicular

to B0), but does not outperform the magnitude model when there is small or absent

frequency shift between the signals (i.e. �bers are parallel to B0). In the publication

of [Lee 2017], an extensive review on this topic is presented.

Non of all introduced methods accounts for the simultaneous assessment of mul-

tiple quantitative parameters with full brain coverage. However, as simultaneous

changes in di�erent quantitative parameters such as di�usion coe�cients and char-

acteristic relaxation times have been reported in MS patients [Neema 2007, Bak-

shi 2008], it is expected that a multimodal imaging approach could potentially make

the MRI of MS more pathologically speci�c.

In the current work, an acquisition protocol optimized for the rapid high-resolution

(1× 1× 2 mm3 voxel size) assessment of the tissue-speci�c parameters T1, T
∗
2 and

total (absolute) water content H2O
total introduced by [Neeb 2008] is employed as

a basis to develop a full-brain measurement of the myelin bound water fraction,

H2O
myelin. Thus, with the proposed extension, a single scan allows for the re-

construction of four congruent brain maps depicting the spatial distribution of four

di�erent disease-sensitive quantitative parameters. This multiparametric data is the

basis for the analysis presented in Chapter 7.

The quantitative MRI protocol employed for the reconstruction of T1, T
∗
2 and

H2O
total includes two types of standard sequences available on any modern MRI

scanner: multi-echo gradient echo (MEGE) and echo planar imaging (EPI). In the

current work, all measurements are conducted at a 3T TRIO System (Siemens Med-

ical Solutions, Erlangen, Germany) and the original QUTE−ST ∗2 sequence (�Quan-

titative T ∗2 Image�) as introduced in [Neeb 2008] is replaced by a multi gradient echo

sequence termed �gre� provided by the manufacturer. Brie�y, in this quantitative

MRI protocol two MEGE sequences, MEGE1 and MEGE2, with di�erent acquisi-

tion parameters are used. MEGE1 measures the decay signal at ten equidistant time

points between TE = 4.8 ms and TE = 42 ms. A single exponential function is

�tted to the signal intensities at the ten times points for each voxel to estimate the

transverse relaxation time, T ∗2 , and the extrapolated initial signal intensity, S0,SE

which is a parameter proportional to the total water content. For the quanti�cation

of H2O
total, a series of di�erent in�uencing factors are considered. For this purpose,

the rest of the acquired sequences are used to correct for:

• di�erences in the signal saturation a�ected by the longitudinal relaxation time,

T1 (here, the second multi echo gradient echo sequence, MEGE2, which has

�ip angle and repetition time di�erent from MEGE1 is used and the signal

intensities from both measurements are employed to de�ne a function of T1);

• inhomogeneities of the transmitting B1 �eld, resulting in a spatial variation of
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the e�ective excitation �ip angle (an e�ective �ip map is calculated here based

on the signal intensity ratio of two EPI sequences with di�erent nominal �ip

angles, the rest of the acquisition parameters are identical);

• imperfections of the receive coil system (corrected by comparing the signal

intensities of two identical EPI sequences, where in the �rst case the signal is

acquired with the head coil while in the second case it is acquired with the

body coil).

Having considered all these factors, the total water content is estimated as the

ratio between the corrected signal intensity (for each voxel) and the signal intensity

within voxels depicting solely water. To avoid the time-consuming placement of

additional external water reference probe (which would need an additional correction

for temperature di�erences), the average signal intensity within the cerebrospinal

�uid (CSF) segment in the images is employed as an internal reference for 100%

water content. Further details concerning the exact acquisition procedure as well

as the reconstruction of the T1, T
∗
2 and H2O

total maps can be found in [Neeb 2008,

Tonkova 2010].

The method developed is published in [Tonkova 2012a] and has been successfully

employed in a multicenter study for the development of a whole brain atlas and its

application to low-grade multiple sclerosis [Neeb 2012]. In this study its indepen-

dence of a speci�c measuring setup has been validated. In addition, [Neeb 2014]

employ this protocol to design a supervised learning model predicting the presence

or absence of MS based solely on imaging information characterizing normal ap-

pearing brain tissue. This study demonstrates that neural tissue appearing not to

be a�ected in standard MRI is experiencing pathological changes and these changes

can be assessed by means of the proposed quantitative MRI protocol.

2.2 Myelin Water Content Mapping Method

The developed myelin water content mapping is based on the signal acquired with

the MEGE1 sequence. Multi-exponential T ∗2 signal decay of myelinated tissue is em-

ployed and H2O
myelin is measured based on the quanti�cation of two water pools

characterized by di�erent transverse relaxation times: �myelin water� and �rest�. As

the MRI protocol used as basis is focused on the fast mapping of quantitative MR

parameters with whole brain coverage in clinically relevant measurement times, the

sampling density of the T ∗2 curve is compromised to the ten echo times measured

with MEGE1. Therefore, the pool amplitudes are determined using a quadratic opti-

mization approach. The optimization is constrained by including a priori knowledge

about the brain water pools. All constraints are optimized in a simulation study to

minimize systematic error sources due to the incomplete knowledge about the real

pool-speci�c relaxation properties. Based on the simulation results, whole brain in

vivo myelin water content maps are acquired in ten healthy controls and one MS

patient.
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2.2.1 Simulations

For the evaluation of accuracy and precision of the proposed MEGE based myelin

water content quanti�cation, arti�cial T ∗2 data is generated. In this, a two-pool

model of white matter, extensively studied and validated by [Laule 2006], is em-

ployed. Assuming that the pools have relaxation times T ∗,f2 (characterizing the fast

relaxing component) and T ∗,s2 (characterizing the slow relaxing component) and cor-

responding pool fractions of 10% and 90%, respectively, the arti�cial decay signal is

generated as follows:

ymeasi =

(
0.1 e

−ti
T
∗,f
2 + 0.9 e

−ti
T
∗,s
2

)
+N

(
0,

1

SNR

)
, i = 1, . . . , 10 (2.1)

whereN

(
0, 1

SNR

)
represents normally distributed random noise with zero mean

and standard deviation given by the reciprocal of the signal-to-noise-ratio (SNR),
1

SNR . To conform the in vivo measurements, ten points with the same TE and echo

spacing as employed in MEGE1 are simulated.

2.2.2 Quadratic Programming

In the most general case, an ideal MRI measurement can be expressed as data points

ytheoi which are linear combinations of n exponential functions, depending on the

echo time, ti, and the compartment speci�c relaxation time, T ∗2 (j).

ytheoi =
n∑
j=1

sj e
−ti
T∗
2 (j) , i = 1, . . . , 10 (2.2)

Here, sj ≡ s
(
T ∗2 (j)

)
> 0 represents the relative fraction occupied by the j-th

compartment with relaxation time T ∗2 (j). For a given measured decay curve, ymeasi ,

Eq. 2.2 has to be inverted to determine the corresponding pool amplitudes, sj .

However, this is not possible given the underdetermined linear system of equations.

Therefore, a quadratic programming (QP) approach is employed which determines

the most likely amplitude vector s∗ by minimizing the squared di�erence between

the real data and the decay model,

min

(
10∑
i=1

∣∣∣ymeasi −
n∑
j=1

s∗je
−ti
T∗
2 (j)

∣∣∣2 + λA

)
(2.3)

The additional term

A =
n−1∑
j=1

∣∣s∗j+1 − s∗j
∣∣2 (2.4)

is introduced to obtain a smooth distribution of s∗j as described e.g. in [Laule 2006].

The regularization parameter λ is set to 1 which results in the smallest overall

systematic error in the simulation experiments. Omitting the term A in the objective
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function, i.e. setting λ = 0, results in a discrete distribution of the pool amplitudes,

s∗j . In this case, a tendency of s∗j to cluster at the lower or upper end of both

intervals de�ned by Eq. 2.5 is observed, resulting in an increased systematic error.

Furthermore, a signi�cant dependence of the optimization results on SNR is observed

in this case. Both e�ects are largely suppressed by extending the objective function

by the proper smoothness constraints for s∗j .

Quadratic programming o�ers the possibility to linearly constrain the solu-

tion space for the vector s∗, similar to standard linear optimization approaches

[Murty 1988]. As the current work is based on a two-pool model of white matter,

the amplitudes of the two distinct T ∗2 intervals are constrained by

s
(
T ∗2 (j)

)
≡ s∗j < af rect

(
T ∗2 (j)− T̂ ∗,f2

ŵf

)
+ as rect

(
T ∗2 (j)− T̂ ∗,s2

ŵs

)
(2.5)

whereas amplitudes outside those two intervals are forced to zero.

Here, T̂ ∗,f2 and T̂ ∗,s2 determine the positions, while ŵf and ŵs the total widths of

the intervals where a nonzero amplitude is allowed for the fast and the slow relaxing

pool, respectively. Furthermore, rect(x) = 1 for |x| < 0.5 and zero elsewhere. The

parameters af and as control the desired maximum amplitudes. Finally, s∗j ≥ 0 is

required for the whole T ∗2 range.

Equation 2.5 contains six parameters, T̂ ∗,f2 , T̂ ∗,s2 , ŵf , ŵs, af and as, which are

in general not a priori known. However, information extracted from the measured

T ∗2 decay curve can be incorporated into the de�nition of the free parameters. Most

importantly, it is noted that a single exponential �t of the decay curve will in general

yield a result close to T̂ ∗,s2 as the myelin pool accounts for only approx. 10% of the

whole decay signal. In order to estimate T̂ ∗,s2 from the data, the decay curve of

each point is therefore �rst �tted using a single exponential model. In this way the

parameters T ∗2,SE and S0,SE are obtained, which denote the corresponding transverse

relaxation time and the extrapolated initial signal intensity, respectively (Fig. 2.4,

left top). To estimate T̂ ∗,s2 for a given T ∗2,SE , biexponential decay curves are modeled

according to Eq. 2.1 for di�erent values of T ∗,s2 in the range between 25 ms and

230 ms with T ∗,f2 �xed to 10 ms. This provides the required mapping between T ∗2,SE

and T̂ ∗,s2 that can be formally expressed by the function T̂ ∗,s2 = f(T ∗2,SE), de�ning

the center position of the slow relaxation pool as shown in Fig. 2.4 (right panel).

Furthermore, the maximum amplitudes of the fast and slow relaxing compartments

are set to af = 0.5 S0,SE and as = 2 S0,SE , respectively. These are weak conditions

which do not signi�cantly constrain the estimation of myelin water content which is

supposed to be ≤ 20% [Laule 2004, Kolind 2009, Vavasour 2009, Oh 2007, Du 2007,

Deoni 2008, Hwang 2010].

The remaining three parameters in Eq. 2.5, T̂ ∗,f2 , ŵf and ŵs, are determined

based on simulation results as described in the next Sec. 2.2.3. Once the proper



16 Chapter 2. Multiple Sclerosis and Assessment of Tissue Myelination

values for all constraints (T̂ ∗,f2 , T̂ ∗,s2 , ŵf , ŵs, af , as) are estimated, they can be

employed for the calculation of the relative myelin water content, W rel
My, in the

following way. For a given measured decay curve, �rst the most likely amplitude

spectrum, s(T ∗2 (j)), is determined as described above (Fig. 2.4, left bottom). Based

on s(T ∗2 (j)), the relative myelin water content, W rel
My, is then de�ned by the ratio

between myelin amplitude, SMy =
∑

T ∗
2 (j)∈If S(T ∗2 (j)), and the total amplitude,

STot =
∑

T ∗
2 (j)∈(If∪Is) S(T ∗2 (j)). Here, If and Is represent the intervals de�ned by

the �rst and the second term on the right hand side of Eq. 2.5, respectively.

2.2.3 Protocol Optimization and Systematic Errors

To estimate the remaining free parameters in Eq. 2.5, T̂ ∗,f2 , ŵf and ŵs, simulations

are performed aiming to minimize the average systematic error. As the systematic

shift might depend on relaxation times of the fast and slow pool as well as on SNR,

synthetic data are generated according to Eq. 2.1 with T ∗,f2 ∈ [5, 18] ms, T ∗,s2 ∈
[35, 130] ms and SNR ∈ [10, 250], respectively. In addition, the three unknown

parameters are changed as follows:

T̂ ∗,f2 = 5 ms, 6 ms . . . , 20 ms

ŵf = 5 ms, 7.5 ms, 10 ms

ŵf = 2 ms, 5 ms, 10 ms, 15 ms.

(2.6)

For each of the possible combinations, the average relative myelin water content

is determined from 10000 independent samplings of the relaxation curve according

to Eq. 2.1. The result can formally be expressed as W rel
My

(
T ∗,s2 , T ∗,f2 , T̂ ∗,f2 ŵf , ŵs

)
.

As T ∗,s2 and T ∗,f2 generally depend on the spatial position in a real data set,

the goal here is to �nd the parameter vector
(
T̂ ∗,f2 , ŵf , ŵs

)
which minimizes the

deviation of W rel
My averaged over all possible T ∗,s2 and T ∗,f2 . An exhaustive search is

performed to de�ne the corresponding optimized parameter set. Furthermore, the

result might be biased by the presence of further relaxation pools which have been

observed in white matter [Laule 2007]. Based on the results given in [Laule 2007],

a third component with amplitude 0.05 and T ∗,3rd−pool2 = 200 ms is added to the

model de�ned by Eq. 2.2. The corresponding T ∗,3rd−pool2 here is chosen to be 0.5 T2,

as a pool with relative amplitude of 5% and T2 of ≈ 400 ms has been reported

in [Laule 2007]. However, the transverse relaxation time T2 is reduced by 50% in

the current study in order to account for the faster relaxation process employing

gradient echo data at 3 T as compared to spin echo acquisitions at 1.5 T .

2.2.4 Magnetic �eld inhomogeneity correction

To compensate modulations of the signal decay in regions with strong magnetic �eld

inhomogeneities, an approach similar to the one described in [Fernández-Seara 2000,



2.2. Myelin Water Content Mapping Method 17

10 200
0.4

0.5

0.6

0.7

0.8

0.9

TE [ms]

In
te

ns
it

y 
[a

.u
]

30 40 50

1

S0,SE

Measured data
Multi Exponential
Single Exponential

T*
2,SE

T*
2,SE T*,s

55.1
55.2
55.3
55.4
55.5

...

58.7
58.8
58.9
60.0
60.1

...

20 400
0

0.5

1

1.5

2

T2
* [ms]

In
te

ns
it

y 
[a

.u
]

60 80

af = 0.5 S0,SE

20 400
0

0.2

0.4

0.6

1

T2
* [ms]

In
te

ns
it

y 
[a

.u
]

60 80

T*,s

T*,sT*,f

as = 2 S0,SE

ws

wf

Constraints

Measured
data

S0,SE

0.8

Figure 2.4: Myelin Constraints Worklow.

Deoni 2008] is applied in the current work. Concretely, magnetic �eld o�set maps,

∆B(x, y, z), are constructed from a linear �t of the phase data acquired with the

MEGE sequence. The phase data are corrected for 2π-fold e�ects prior �tting. A

gradient map, ∆G(x, y, z), along the slice-select direction is determined based on

∆B(x, y, z) as the voxel size in z-direction, ∆z, is a factor two larger than those

in x or y. The measured signal intensity at time point, TEi, is then corrected

by multiplication of each measured data point with the factor c sinc−1(γGzTEi∆z2 ),

where c is a normalization constant and sinc (x) = sin (x)
x . As the determination of

relaxation pool fractions can be altered by magnetic �eld imperfections, the average

and the 99% quantile of ∆B(x, y, z) and ∆G(x, y, z) are determined for each subject

and are correlated with the average myelin water content.

2.2.5 In vivo Measurements

Whole brain myelin water content maps are acquired in a group of ten healthy

controls and one MS patient.

The acquisition parameters of the MEGE1 sequence employed for the myelin
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water content measurement are as follows: TE = 4.8 ms; echo spacing = 3.74 ms;

BW = 310 Hz/Pixel; repetition time TR = 2100 ms; �ip angle α = 40◦; ten

points sampled on the T ∗2 decay curve; matrix size = 256×192; 50 slices with 2 mm

thickness and a gap of 1 mm; in plane resolution = 1×1 mm2. All measurements are

performed on a 3T TRIO system (Siemens Medical Solutions, Erlangen, Germany)

equipped with a 16 channel head coil for signal reception. The standard automated

second order shimming procedure is performed for each patient individually prior

to the start of data acquisition. Informed written consent is obtained from each

subject.

2.2.6 Image Processing

Quantitative myelin water content maps are reconstructed as described above. To

better display relevant structures, the corresponding myelin water maps are smoothed

with a Gaussian �lter with kernel width of 1.5 pixels. Furthermore, quantitative T1

maps are reconstructed as described in [Neeb 2008]. A mask for white matter is cre-

ated using a T1-based histogram segmentation [Neeb 2006a] with adapted thresholds,

T1 ∈ [500 ms, 899 ms], due to the increased T1 at 3 T . The average myelin water

content in the white matter segment is determined for each subject. No analysis is

performed for gray matter, as the T1 distributions of gray matter and MS lesions

are comparable. The corresponding algorithms are implemented as described in

[Tonkova 2010].

2.3 Results

Figure 2.5 shows the relative myelin water content as function of SNR for di�er-

ent combinations of fast and slow relaxation time. The corresponding optimized

parameter vector,
(
T̂ ∗,f2 , ŵf , ŵs

)
is determined to (10, 5, 10) ms. As can be seen

from Fig. 2.5, the myelin water content measurement is almost independent of the

signal-to-noise ratio for SNR values ≥ 40. Furthermore, a systematic deviation of

W rel
My is observed when changing the fast relaxation time, T ∗,f2 . Pools with small

T ∗,f2 are overestimated whereas slower relaxing pools are correspondingly underes-

timated. The error shows a consistent pattern in the whole range of slow relaxation

times as can be seen from Fig. 2.5. Moreover, it is obvious that the systematic

error decreases with increasing T ∗,s2 and therefore increased spacing between both

peaks. For a SNR of 70, typical for the conducted in vivo experiments, the myelin

water content ranges between 0.085 − 0.115 for a true value of 0.1. Consequently,

the maximum systematic error amounts to ±0.015. The average absolute deviation

of all simulated points is smaller (±0.009). In contrast to the dependence on T ∗,f2 ,

the presence of a third relaxation component does not introduce a signi�cant bias

(absolute deviation ±0.0091).

Results from the healthy control group are given in Table 2.2. The relative

myelin water content in white matter ranges between 10.5% and 11.1% with an



2.3. Results 19

50 100
0

5

10

SNR

M
ye

li
n 

H
2O

 f
ra

ct
io

n 
[%

]

150 200 250

15

T2
*,s = 35 ms

T2
*,f= 15 ms

T2
*,f= 12 ms

T2
*,f= 10 ms

T2
*,f= 5 ms

50 100
0

5

10

SNR

M
ye

li
n 

H
2O

 f
ra

ct
io

n 
[%

]

150 200 250

15

T2
*,s = 55 ms

T2
*,f = 15 ms

T2
*,f = 12 ms

T2
*,f = 10 ms

T2
*,f = 5 ms

50 100
0

5

10

SNR

M
ye

li
n 

H
2O

 f
ra

ct
io

n 
[%

]

150 200 250

15

T2
*,s = 75 ms

T2
*,f = 15 ms

T2
*,f = 12 ms

T2
*,f = 10 ms

T2
*,f = 5 ms

50 100
0

5

10

SNR

M
ye

li
n 

H
2O

 f
ra

ct
io

n 
[%

]

150 200 250

15

T2
*,s = 130 ms

T2
*,f = 15 ms

T2
*,f = 12 ms

T2
*,f = 10 ms

T2
*,f = 5 ms

(a)

(c)

(b)

(d)

Figure 2.5: Relative myelin water content as a function of SNR for di�erent combinations
of fast and slow relaxation times.

average of (10.7 ± 0.2)%. The corresponding value is slightly reduced in the MS

patient (10.3%). Furthermore, no signi�cant correlation is observed between myelin

water content and the four variables measuring magnetic �eld inhomogeneities in

white matter (rMy−∆Bavg = 0.18, p = 0.62; rMy−∆B99%Quant = 0.21, p = 0.56;

rMy−∆Gavg = 0.05, p = 0.9; rMy−∆G99%Quant = −0.01, p = 0.98).

Figure 2.6(a) shows a myelin water content map for the MS patient. For a

better visualization of the underlying anatomy, Fig. 2.6(b) shows the corresponding

quantitative T ∗2 map. Myelin water content is reduced in the periventricular lesion

(white arrow) to 4.0% in comparison to 11.2% in the normal appearing white matter

surrounding the lesion.

Figure 2.7(a) shows the T ∗2 signal decay for the lesion visible in Fig. 2.6 (boxes)

and for normal appearing white matter (triangles). The average signal intensity is

higher for lesion voxels, consistent with an increased total water content. Further-

more, the biexponential decay is more obvious for normal appearing white matter.

This is consistent with the quantitative results obtained from the linear optimization

shown in Fig. 2.7(b). As can be seen from Fig. 2.7(a), the T ∗2 distribution of the

lesion is characteristically di�erent from the corresponding distribution of normal
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Table 2.2: Summary of the subjects studied. In the �rst three rows, age, gender and
EDSS score of each individual are shown. As the latter is a measure of MS disease grade it
is only determined for the MS patient (last column in the table) and is not acquired (n.a.)
in the rest of the cases. Furthermore, the average relative myelin water content in white
matter (Wmy) and the corresponding standard deviation, σ(Wmy), are shown. Finally, the
last four rows contain the average and the 99% quantile of the magnetic �eld o�set (∆B)
and the �eld gradient (∆G) distribution, respectively.

Parameter Healthy control group MS patient

Age 35 36 47 42 54 54 21 26 26 27 51
Gender m f m m f f f m m m f
EDSS n.a n.a n.a n.a n.a n.a n.a n.a n.a n.a 4.5
Wmy (%) 11.1 10.5 10.7 10.8 10.6 10.9 10.8 11.1 10.7 11.1 10.3
σ(Wmy) (%) 3.8 3.5 4.0 3.8 3.5 3.2 3.1 3.0 3.1 3.2 3.6

T ∗,f2 [ms] 9.8 10.2 10.0 9.9 10.3 9.7 9.8 10.1 10.0 9.5 9.8
T ∗,s2 [ms] 60.7 59.3 56.8 61.6 57.3 57.4 1.6 57.2 54.7 59.8 57.4
∆BAvg (×10−8 T ) 2.7 3.1 4.3 3.8 3.3 4.9 3.9 4.9 4.9 4.7 2.5
∆B99%Quant (×10−7 T ) 3.3 3.6 4.3 3.7 3.7 4.9 4.8 4.9 4.9 4.4 3.3
∆GAvg (×10−6 T/m) 2.3 2.6 3.4 2.6 2.6 3.1 1.6 3.5 3.5 2.8 2.0
∆G99%Quant (×10−5 T ) 2.6 3.1 3.2 2.4 3.1 2.9 1.7 4.1 4.1 2.3 2.4

appearing white matter. Both fast and slow relaxation times are more homogeneous

in the normal appearing white matter than in pathological tissue. Furthermore, the

peak spacing is larger for the lesion with a decreased average fast relaxation time

and an increased slow relaxation time. The latter can be attributed to the increased

free water content which is correlated with the transverse relaxation time whereas

the change of the fast relaxation pool might relate to changes in the microstructural

tissue composition.

2.4 Discussion

The current chapter is primarily focused on myelin water content mapping using an

existing approach for T1, T
∗
2 and absolute water content measurement with whole

brain coverage [Neeb 2008]. The corresponding MR protocol is optimized for high

spatial coverage and short acquisition time, Tacq, resulting in a compromised sam-

pling density of the decay curve. Due to the sparse sampling density and the rela-

tively low SNR, the non-negative least squares multiexponential analysis employed

previously is not feasible here [Laule 2004, Oh 2007, Du 2007, Hwang 2010]. In

contrast, the solution space has to be constrained in order to obtain reliable results.

However, any constraint results in systematic errors given the incomplete knowledge

about the true values. To minimize the bias, as much information as possible con-

tained in the measured data is incorporated. Most importantly, results from a single

exponential �t e�ectively constraint the position of the slow relaxation interval and

the maximum amplitudes. The remaining three parameters are systematically var-

ied to minimize the average systematic error over a wide range of relaxation times.

It is important to keep the corresponding parameter values constant when com-

paring measurements performed on di�erent scanners and/or di�erent time points.
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Figure 2.6: (a) Relative myelin water content map for the MS patient. The red arrows
point to a visible MS lesion which is analyzed as described in the text. The corresponding
T ∗
2 map is shown in (b) along with the T ∗

2 distribution in white and gray matter (blue
dashed and red solid line in (c), respectively).

The experiments conducted show that only T ∗,f2 has a signi�cant in�uence on the

systematic error. Unfortunately, not very much is known about the real distribution

of the fast relaxation time in cerebral tissue. Thus, a measured myelin water content

of 0.1 has to be conservatively estimated with a maximum error bar of ±0.015 for

a single voxel. Nevertheless, the deviation averaged over the whole range of T ∗,f2

investigated is lower (±0.009). In contrast, the systematic error is much less in�u-

enced by T ∗,s2 which again stresses the fact that the heuristic approach employed

here to de�ne T̂ ∗,s2 works very well. In general, the systematic error decreases with

increasing peak spacing. Furthermore, it is shown that the myelin water content is

immune against the presence of a potential third relaxation component with long

transverse relaxation. If one is primarily interested in the average myelin water con-

tent of white matter, the error estimate needs to be re�ned. Here, it is important

to notice the symmetric deviation from the true myelin water content with respect

to T ∗,f2 changes (Fig. 2.5). Assuming e.g. a �at distribution of T ∗,f2 in cerebral

tissue, the systematic error would be close to zero as negative deviations are almost
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Figure 2.7: (a) T ∗
2 signal decay for voxels within the lesion shown in Fig. 2.6 (green

solid lines and open boxes) and normal appearing white matter (blue solid line and open
triangles). (b) Corresponding result from the linear optimization. Each curve represents
the average over a ROI comprised of 42 voxels in normal appearing white matter and lesion,
respectively.

perfectly compensated by positive deviations.

The approach described in the current work allows for a measurement of myelin

water content using low SNR data. No averaging is performed to keep the mea-

surement times short. Apart from the very fast relaxing compartments with T ∗,f2 <

35 ms, an SNR of 40 is su�cient to provide a reliable measurement within the error

bars given above. Therefore, it can be expected that the approach should be equally

applicable to 1.5 T data, especially given the increased peak spacing at lower �eld

strength. Moreover, parallel imaging might be an attractive option to further re-

duce the measurement time as the SNR penalty is not expected to compromise the

measurement accuracy.

One has to bear in mind that e�ects other than demyelination might contribute

to an altered estimate of the corresponding pool fractions in vivo. Apart from the

motility of protons, which forms the basis for the identi�cation of myelin-bound

water, the transverse relaxation process is in�uenced by local magnetic �eld inho-

mogeneities or changes in microstructural tissue composition. Potential sources

which alter the relaxation times result e.g. from �eld gradients at tissue bor-

ders, di�erences in blood oxygenation, the deposition of paramagnetic substances

or changes in water di�usion. The latter is primarily correlated with the pack-

ing density of myelin sheets which is heterogeneously distributed throughout white

matter. A higher density subsequently results in a smaller T ∗2 due to the restricted

motility of water molecules [Mathur-De Vré 1984]. Furthermore, T ∗2 depends on

the orientation of axonal �ber bundles with respect to the external magnetic �eld

[He 2009, Denk 2011, Lee 2011, Nam 2015, Lee 2017]. A perpendicular orientation

of �bers results in a faster decay of the free induction decay (FID) signal than the

corresponding parallel orientation [Denk 2011, Lee 2011]. In the current study, the
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same tendency for both fast and slow relaxation times is observed. In the optic

radiation, where �bers are oriented more perpendicular with respect to the main

magnetic �eld, T ∗,f2 ranges between 8 − 9 ms while T ∗,s2 is ≈ 43 − 47 ms. Both

relaxation times are higher in the semioval center, where �bers are oriented more

parallel with respect to B0 (T
∗,f
2 ≈ 10−11 ms and T ∗,s2 ≈ 58−62 ms, respectively).

Therefore, the e�ect of �ber orientation seems to be most prominent for the slow

relaxation time. However, no test for signi�cance is performed and a more thor-

ough investigation is necessary to investigate the corresponding regional di�erences

between fast and slow relaxation times.

Although the relaxation process of water protons is altered by the processes

described above, the determination of myelin water content is expected to be immune

as long as the signal from both pools can be reliably detected and separated. Indirect

evidence for the validity of the developed approach is provided by the in vivo results

(WMy
rel ≈ 10−11%), which are consistent with results obtained by others [Laule 2004,

Kolind 2009, Vavasour 2009, Oh 2007, Du 2007, Hwang 2010, Sirrs 2007]. In contrast,

if pools would signi�cantly overlap, an overestimation of the myelin water content

would have been observed.

As the proposed method is based on multi-slice gradient echo data, two potential

error sources might bias the myelin water measurement. First, it is important to

notice that gradient echo sequences are sensitive to static magnetic �eld inhomo-

geneities. Therefore, the separation between fast and slow component decreases,

resulting in a potential overestimation of myelin water content. Moreover, the de-

cay signal deviates from the pure exponential behavior, rendering the estimation

of pool-speci�c amplitudes di�cult [Neeb 2006b]. As only ≈ 1% of all voxels in

the brain require a correction for o�-resonance e�ects [Neeb 2008], the overall sys-

tematic error can be neglected, even though the bias in the regions a�ected might

be considerable. This is consistent with the observed independence between myelin

water content and the parameters which quantify the magnetic �eld distribution in

white matter. However, the multi-slice measurement employed might still be biased

by magnetization transfer (MT) e�ects due to o�-resonance excitation. [Kalan-

tari 2011] have investigated MT e�ects between brain water compartments using

a 4-pool model including two semisolid proton pools. In this study, myelin water

content is measured using the standard multi-echo T2 based approach [Denk 2011].

However, an MT-pulse precedes the T2 readout module with variable delay times in

the range 18− 768 ms. They conclude that the in�uence of magnetization transfer

on the myelin water fraction measurement is weak as exchange times between myelin

and bulk water are much longer (> 1280 ms) than the corresponding pool speci�c

relaxation times [Kalantari 2011].

To sum up, the approach presented in the current chapter basically o�ers the

following three advantages:

• It is independent of speci�c hardware and/or proprietor sequence software and

therefore readily available on every modern MR scanner.

• It allows for a full brain mapping in less than ten minutes.
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• It allows for the simultaneous mapping of multiple parameters including total

water content.

The latter might be especially attractive for the accurate assessment of myelina-

tion in MS lesions as most plaques are associated with increased total water content.

Indeed, a considerable spread of total water content increase in MS lesions is ob-

served here, ranging from 0% up to 25%. Therefore, an accurate evaluation of lesions

should be ideally based on an absolute measurement of myelin water content, espe-

cially for the intra-individual comparison of di�erent lesions or for the longitudinal

follow up of a single plaque. However, an absolute measure is readily obtained using

the approach described here as both relative myelin water content and total water

content are quanti�ed.

The results obtained demonstrates that tissue T1, T
∗
2 as well as total and myelin

water content can be mapped simultaneously with whole brain coverage in less than

ten minutes. Without speci�c requirements on hardware or measurement sequence,

the approach can be applied on almost every clinical scanner. This might help to

expedite the further spread of quantitative MRI for both research and diagnosis of

demyelinating diseases such as multiple sclerosis.

As this multiparametric quantitative data is particularly advantageous for the

inter-subjects studies, it is of great interest to investigate whether cluster analysis

could disclose some natural tendency of patients' grouping corresponding to the

grade of disease impairment. The search for image-based features sensitive to the

patients' disability status could help to cure the diagnostic and monitoring problems

emerging from the clinico-radiological paradox observed in MS. An initial study con-

cerning this issue is conducted by [Peneva 2013] who employs standard clustering

techniques combined with di�erent feature selection: K-means, which is a represen-

tative of the hard clustering algorithms group (the method is tested with di�erent

prespeci�ed number of groups) and hierarchical clustering combined with an auto-

matic determination of the clusters number (details concerning the input parameters

as well as strengths and weaknesses of the di�erent clustering algorithms are pre-

sented in the following Chapter 3). However, non of the applied methods could

detect distinct meaningful groups in the investigated cohort of 54 MS patients. A

possible reason for these results could be that the features selected are not suit-

able for the chosen analysis methods. Remarkably, the tested algorithms cannot

properly handle correlated data since they employ the Euclidean distance metric as

a measurement of similarity between objects. Due to the isotropic nature of this

metric, these algorithms tend to detect spherical clusters, even if this does not cor-

respond to the grouping tendency within the sample. However, as the features in

the analyzed datasets are based on the multi parametric MRI acquisition presented

above, it is expected that the attributes derived are biophysically correlated leading

to the formation of non-spherical clusters. Furthermore, none of the tested methods

is capable of recognizing outliers in the data, as they perform a so called complete

clustering (cf. Sec. 3.2), where each point is assigned to a cluster. In the case of MS

such outliers may be for example patients su�ering from a severe injury impairment
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and their assignment e.g. to the most closely positioned compact group might be

unreasonable and result in misleading interpretations. Ideally, for this analysis a

clustering approach should be able to detect groupings of irregular form and distin-

guish them unambiguously from outliers. This particular challenge has led to the

development of the novel Nuclear Potential Clustering. Prior to presenting details

concerning the algorithmic speci�cations and the validation of the approach, the

next Chapter 3 gives a comprehensive discussion on the formulation of a clustering

task and the existing techniques for unsupervised explorative data analysis.
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This chapter introduces the topic of cluster analysis and establishes a conceptual

foundation for the development of a new clustering algorithm. First, it introduces

the notion of learning and how this idea is translated to the processing of digital data.

In this context the clustering task is formulated and di�erent types of clusterings

(i.e. algorithms' outcome forms) are discussed, with the focus put on the complexity

of setting up an exploratory data analysis problem (Sec. 3.1). Next, an overview

of the huge clustering algorithm family is given based on one of the most popular

taxonomies of this �eld. The aim here is to form a concise, yet comprehensive

overall frame in which the development of a new algorithm can be justi�ed and

properly positioned. In both, Sec. 3.2.1 and Sec. 3.2.2, the characteristics of di�erent

methodologies as well as their standard and most prominent representatives are

discussed. Whenever possible in this context, the strengths and weaknesses are

noted and current methods aiming to cure emerging drawbacks are presented.

3.1 Machine Learning and Formulation of a Clustering

Task

The concept of encountering and dealing with data by organizing it in sensible groups

is one of the most fundamental ways of understanding and learning. Generally, to

understand a new phenomenon, people try to �nd the features that can distinguish

and describe it, and then compare them to other possibly known phenomenon(s).

Only by categorizing objects, processes, attributes and basically everything that

surrounds and happens to us, we manage to process the constantly growing amount

of information at all. This ability of the human thought is the base for optimizing

our everyday routines and is actually one of the most primitive abilities of the human

beings that has played an essential role in our history [Aderberg 1998]. Therefore, it
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is only natural to transfer this notion of dealing with information to tasks concerned

with digital data.

Learning processes and algorithms can be broadly divided in two types: super-

vised and unsupervised [Duda 2001]. The �rst type pertains to cases in which a

new input is assigned to one of a �nite number of classes using a function (clas-

si�er) designed by exploiting some a priori known information [Cherkassky 1998,

Duda 2001, Theodoridis 2008]. In the following, a highly illustrative example taken

from our everyday life is given: During the last year I very often used to teach my

two years old son to tidy up his room at the end of the day. Every time he would

hold a small ball or a toy brick, I used to say to him �This is a ball, please put

it in the ball pit.� or �This is a brick, please put it in the box.� In the course of

this process he has learned from me which and what the di�erent categories are and

after a while he was able to properly assign the objects himself (Fig. 3.1(a)). Data

analysis algorithms based on this concept are referred to as supervised learning or

(supervised) classi�cation. Formally, such a classi�cation tasks is associated with

a set of N training examples {(x(1), y(1)), (x(2), y(2)), ..., (x(N), y(N))}, where each

single input (x(i), y(i)) consists of the following two terms:

• d measured attributes1, x
(i)
j , commonly represented as a column vector in a

d-dimensional feature space x(i) = [x
(i)
1 , x

(i)
2 , ..., x

(i)
d ]T and

• a label y(i) ∈ 1, ..., C incorporating a priori knowledge about the object, where

C denotes the total number of class types.

In a typical classi�cation routine, a new input x ∈ Rd is mapped to the �nite set

of discrete class labels by means of a mathematical function f = f(x,w), which is

modeled by a vector of adjustable parameters w. The values of these parameters

are speci�ed by minimizing an empirical cost functional (related to some inductive

principle) using the training set [Duda 2001, Theodoridis 2008].

In unsupervised learning, also referred to as clustering or exploratory data anal-

ysis or unsupervised pattern recognition, no labeled data is available. This is why

clustering is considered to be the more di�cult and challenging problem than clas-

si�cation [Jain 2010]. Just as classi�cation, clustering objects is a natural way for

humans to process data. However, in contrast to the predictive goal of classi�ca-

tion, the goal of clustering is descriptive. Going back to the example of my son,

I very often observe how he groups objects in a way meaningful to him by merely

observing them and searching similarities and common attributes (Fig. 3.1(b)). But

while humans are excellent in discovering clusters in two- and three-dimensional

space, automatic algorithms for the processing of high-dimensional data are needed.

Clustering algorithms are one of the standard and most widely spread ways of ex-

ploring data in probably every scienti�c �elds ranging from engineering, computer

1The di�erent types of attributes is a wide topic itself and it is indispensable in the context of
data analysis. However, here the focus lies on the concepts and formalism of learning tasks. The
interested reader is referred e.g. to [Theodoridis 2008].
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(a)

(b)

"Toy brick"

Figure 3.1: Di�erent types learning routines demonstrated by the acting of a child.
(a) Supervised learning: given the labels to the objects, a toddler can learn from them to
properly assign the objects himself. (b) Unsupervised learning: spontaneously grouping the
toys in a way meaningful for the kid by merely searching common attributes (not exactly
what an adult person would do, as he/she has already seen and comprehended that e.g.
the roofs are typically on top of the houses, which is a kind of supervised experience).
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sciences, life and medical sciences to geography, social sciences and economics [Ader-

berg 1998, Theodoridis 2008, Xu 2005]. They are employed for the partitioning of

N unlabeled points or observations, each represented by a feature vector x(i) in

a d-dimensional feature space, into M groups in such a way that samples within a

group are more similar to each other than to observations belonging to other groups.

The input data can be represented as a matrix X = {x(1),x(2), ...,x(N)}, referred
to as design matrix. Although there is no universal agreement about the de�nition

of clustering, most of the proposed formulations are centered around the idea of

exploiting similarity or dissimilarity, generalized as proximity [Theodoridis 2008].

These terms are quanti�ed by means of proximity measures and di�erent such mea-

sures are de�ned for the characterization of the di�erent types of existing features.

A short summary concerning this topic is given in [Xu 2005].

Generally, a �nal clustering solution depends on the one hand on the sample

being analyzed and on the other hand on the speci�c method applied. Thus, di�erent

combinations of a data representation, proximity measure and clustering schema can

lead to di�erent outcomes. Concerning these aspects, it can be stated that the most

bene�cial results are to be obtained by combining the following three steps:

• Choose features encoding as much information as possible relevant for the task

of interest, where a preprocessing routine may be necessary prior to feeding

them into the data analysis algorithm.

• Select a proximity measure suitable to capture the similarity between the cho-

sen features. A special attention has to be payed to ensure that no feature

dominates the others and all of the chosen attributes have comparable con-

tributions to the computed proximity measure. This aspect hast to be taken

into account during the preprocessing step.

• Apply a clustering routine suitable for the combination of formulated task,

chosen features and proximity measure.

Given the data to be clustered, a clustering task can be designed in di�erent

ways: either to divide the information into groups that are meaningful, or useful,

or both. The de�nition of what exactly these two terms mean for a concrete clus-

tering task is of crucial importance for the choice of a particular routine and the

�nal result, respectively. As stated in [Jain 2010], �a cluster is a subjective entity

that is in the eye of the beholder and whose signi�cance and interpretation requires

domain knowledge�. In market segmentation for instance, a possible goal can be to

�nd a structure in a population subset, which can then be used as a base for the

development of a certain marketing strategy. If, for example, a dataset containing

the height and the weight of a customer population is used to de�ne four clothing

sizes (small, medium, large, very large), then the data might look like the sample

presented in Fig. 3.2 (a subset containing the �rst 200 observations from the SOCR

Data Dinov 020108 HeightsWeights that can be found under http://wiki.stat.

ucla.edu/socr/index.php/SOCR_Data_Dinov_020108_HeightsWeights). There is

http://wiki.stat.ucla.edu/socr/index.php/SOCR_Data_Dinov_020108_HeightsWeights
http://wiki.stat.ucla.edu/socr/index.php/SOCR_Data_Dinov_020108_HeightsWeights
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no natural clustering tendency in this case. In fact, both features are strongly cor-

related and form a single cohesive structure. But the goal is still to �nd four groups.

In such a context, even in the case of badly conditioned clustering problem, where

actually no well distinguished groups exist, the strategy of constructive grouping

and arti�cially creating classes can still be useful [Dolnicar 2010]. However, the

more intuitive notion of clustering, which is mostly used in the scienti�c �eld, is to

divide the sample into classes that reveal some natural tendency of building groups

with respect to the de�ned features. This view on a clustering problem is referred

to as natural clustering in the literature [Jain 2010].
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Figure 3.2: Contrived example for demonstrating of di�erent clustering task formulations.
(a) A sample of 200 measurements of height and weight. (b) A segmentation into four
groups using K-means, useful e.g. for the de�nition of four clothing sizes or other marketing
strategies.

3.2 Clustering Algorithms

The di�erent clustering applications give birth to a vast range of conceptually dif-

ferent clustering paradigms. It is important to emphasize that there is no universal

approach of solving any clustering task, but it is rather typical to investigate the

characteristics of the problem at hand and choose or design an appropriate analysis

strategy. This idea of no best clustering algorithm is formalized by the Impossibility

theorem, which states that no single clustering algorithm simultaneously satis�es a

set of basic axioms [Kleinberg 2003].

Since clustering algorithms have a truly interdisciplinary history, their devel-

opment is rather inconsistent and it is not trivial to systematically order all the

members of the clustering algorithm family. For this reason, di�erent typologies

exist and a summary of the criteria building the basis of the most common ones is
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given in the following2. Some authors view the problem of systematically organiz-

ing the algorithms from a historical point of view, e. g. [Jain 2010, Xu 2005] who

starts back in 1956 with the K-means [Steinhaus 1956], one of the most popular

algorithms today even more than 60 years after its appearance. There is also an

attempt to cluster the clustering algorithms so as to reveal which methods tend to

have the same or di�erent performance [Jain 2010]. Further, a di�erentiation can be

made between serial and simultaneous methods depending on whether the patterns

are handled one by one or as an entire set; monothetic and polythetic, depending

on whether the features are used one by one or all at once; complete and partial

referring to whether every object is assigned to a cluster or not; as well as graph

based and matrix based, depending on which mathematic formalism builds the base

for expressing the clustering algorithm [Jain 1988]. In the following two subsections,

two further taxonomies are more explicitly explained.

3.2.1 Clustering typology based on the resulting structure

This di�erentiation is based on the form and structure of the results. It is more

commonly met in the literature, as it directly concerns the formulation of an analysis

task by the researcher. According to this criterion three di�erent clustering types

can be de�ned [Theodoridis 2008, Xu 2005]:

• Hard or also called crisp clustering is a procedure attempting to �nd an M -

partition of X, C = {C1, ..., CM} with M ≤ N such that

� Ci 6= ∅, where i = 1, ...,M ;

�
⋃M
i=1Ci = X;

� Ci ∩ Cj = ∅, where i, j = 1, ...,M and i 6= j.

Here, each pattern belongs to a single cluster.

The K-means algorithm is the best known representative of this group [Stein-

haus 1956, Lloyd 1957, Lloyd 1982]. It can be very easily implemented for

solving many practical problems and can work very well for compact hyper-

spherical clusters. Since it is widely applied, its drawbacks are very well stud-

ied as well. First, the number of clusters and an initial partitioning have to

be speci�ed, but there is no universal way to do this. Di�erent works address

this problem [Peña 1999, Bradley 1998, Likas 2003]. Another three classical

initial partition methods are proposed by Forgy [Forgy 1965], Kaufman [Kauf-

man 1990] and Mac Queen [MacQueen 1967] and later compared with regard

2Please note that the aim of this summary is to give an overall conception of the existing
clustering types based on their speci�cations, rather than listing all of the existing methods. The
latter is a tremendously e�ortful task itself (a search for the term �clustering algorithm� e.g. in
Google Scholar returns more than 350000 results) and is beyond the scope of this work. A series
of valuable survey papers addressing this problem are [Jain 1999], [Baraldi 1999], [Fasulo 1999],
[Jain 2000], [Jain 2010] and [Xu 2005].
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to e�ectiveness, robustness and convergence speed by [Peña 1999]. One inter-

esting technique called ISODATA adjusts the number of clusters by merging

and splitting the data based on a prede�ned threshold [Kaufman 1990]. How-

ever, in this case the problem of specifying the number of clusters is replaced

by the question of specifying the threshold.

Another problem is the sensitivity to outliers and noise. K-means forces every

single point into a cluster, even if it is far apart from a cluster centroid and thus

distorts the cluster shapes. Algorithms aiming at overcoming this problem

are PAM [Kaufman 1990], ISODATA [Ball 1967] and K -medoids [Estivill-

Castro 2000]. However, they still need to specify M , either directly or as

mentioned above in the case of ISODATA via a threshold.

• Hierarchical clustering construct a tree-like structure partition of X called

dendrogram, H = {H1, ...,HQ} with Q ≤ N , such that

� Ci ∈ Hm, Cj ∈ Hl and m > l imply Ci ∈ Cj or Ci ∩ Cj = ∅ for all i,

j 6= i and m, l = 1, ..., Q.

Here, each data point can belong to multiple subgroups nested into each other.

Hierarchical clustering algorithms is subdivided into agglomerative and divi-

sive methods, whereby in practice the �rst type is preferred, since it is compu-

tationally less expensive [Everitt 2011]. The di�erent agglomerative methods

employ di�erent de�nitions of intra-cluster distance. The two most popular

are the single linkage [Sneath 1957] and the complete linkage [Sørensen 1948]

techniques. The common criticism for classical hierarchical clustering algo-

rithms is that they are sensitive to noise, tend to form spherical shapes and

are computationally expensive, thus having limited application to large-scale

and high-dimensional data sets [Xu 2005]. These drawbacks are addressed by

more sophisticated hierarchical techniques such as CURE which is designed

to handle more complex cluster shapes [Guha 1998], ROCK addressing large

data sets [Guha 1999], Chameleon aiming at better handling highly variable

sizes and shapes [Karypis 1999], and BIRCH focusing on outliers, large data

and dealing with noise [Zhang 1996b].

• Fuzzy or soft clustering algorithm of X, into M partitions, such that

� uj : X→ [0, 1], j = 1, ...,M

�
M∑
j=1

uj(x
(i)) = 1, i = 1, ...N

� 0 <
N∑
i=1

uj(x
(i)) < N , j = 1, ...,M .

In this case a pattern is allowed to belong to all clusters with a certain degree of

membership, speci�ed by the so called membership function uj [Zadeh 1965].

This type of clustering is especially useful when the boundaries between the
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di�erent classes are ambiguous. One of the most popular representatives of

such algorithms are the fuzzy relative of the ISODATA [Dunn 1973] and its

generalization fuzzy C-means (FCM) [Bezdek 1981, Höppner 1999]. Similar

to its hard counterpart, K-means, FCM is prone to having problems with

outliers and noise. An improvement addressing this issue is suggested by

[Kersten 1997] and generalized by [Hathaway 2000] (both of them suggest-

ing the employment of di�erent distance measures), as well as by [Krishnapu-

ram 1993], [Zhang 2004] and [Davé 1997]. A further problem of fuzzy clustering

techniques is their computational burden for large scale data. This issue is ad-

dressed by [Kolen 2002] and [Hung 2001]. Last but not least, for the detection

of di�erent types of cluster shapes, a series of speci�cally developed meth-

ods exists including FSC (hyperspherical shells)[Bezdek 1992], FCSS (fuzzy c-

spherical shells) [Krishnapuram 1992], FCR (fuzzy c-rings) [Man 1994], FCQS

(fuzzy c-quadratic shells)[Krishnapuram 1995], and FCRS (fuzzy c-rectangular

shells) [Hoeppner 1997].

In addition, an algorithm combining fuzzy and hierarchical clustering is pro-

posed by [Geva 1999]. It addresses one of the major disadvantages of hierar-

chical clustering, namely the inability to reassign a point once it is ascribed

to a cluster.

3.2.2 Clustering algorithms' typology based on the parametric na-

ture

This cluster algorithm taxonomy is probably the most common in the machine

learning �eld. It pertains to both, supervised an unsupervised algorithms and char-

acterizes the algorithm's machinery itself. According to whether an approach has a

�xed or a �exible set of parameters it is said to be parametric or non-parametric,

respectively. The study of the theoretical fundamentals of these both types leads to

some general recommendations as to which (type) clustering routine is suitable for

a given data exploration task.

The use of parametric approaches requires some a priori knowledge about the

data distribution, such as the cluster structure or the number of clusters. Such tech-

niques can be viewed as cost based and/or model based depending on weather an

empirical cost function is minimized (e.g. K-means [Forgy 1965, MacQueen 1967],

K-medians [Bradley 1996], single linkage [Sneath 1957], minimum diameter cluster-

ing [Hochbaum 1985]) or they model the data in terms of a mixture of parametric

densities and the objective is to �nd the model parameters typically by optimizing a

cost derived from likelihood (e.g. the algorithms [Vempala 2004], [Dasgupta 2000],

[Sanjeev 2001] and [Achlioptas 2005]). Two main issues concern the parametric unsu-

pervised learning. The �rst one is the choice of the number of clustersM . Typically,

the computed cost decreases when increasing M , so it cannot be directly employed

to select M [Tan 2006]. A series of methods addressing this problem exist, e. g. the

BIC criterion for mixture models [Nugent 2010], the method of [Achlioptas 2005],

as well as X-means [Pelleg 2000], the gap statistic [Tibshirani 2000] or stability
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methods [Ben-Hur 2002]. Another main problem is the handling of outliers. The

general questions here are which points are outliers and whether the chosen number

of clustersM is meaningful in the presence of noise. A series of �remedy� approaches

are proposed, e.g. introducing a more robust cluster prototype such as in the case

of K-medians [Bradley 1996], replacing Gaussian with a heavier-tailed distribution

(e.g. Laplace) when concerning a mixture model [Nugent 2010], or in single-linkage

not counting clusters with a number points less than some threshold [Sneath 1957].

However, each of these operations imposes some particular assumption on the data:

form, size and number of the clusters. Generally, when applying a parametric clus-

tering routine one has to pay special attention to the fact that wrong assumptions

bias the �nal outcome and eventually result in misleading interpretations.

If no a priory knowledge about the data is available, non-parametric methods

are applied, where some local criterion is used to characterize the clusters. Com-

mon representatives are density-based algorithms such as DBSCAN, a special case of

DENCLUE, and grid-based clustering such as STING, GRIDCLUST, WaveCluster,

Bang-Clustering, MAFIA. They all detect clusters as dense regions of objects sur-

rounded by low-density areas [Aggarwal 2013, Duda 2001, Everitt 2011, Xu 2005].

The main advantage here is the ability to handle clusters of arbitrary shape and size

while being relatively resistant to noise and outliers. One has however to bear in

mind that the �nal clustering outcome can be strongly in�uenced by the accuracy of

the density estimation and that density-based algorithms have limitations concern-

ing high-dimensional data and data containing clusters of widely di�erent densities.

Both limitations are rooted in the key notion of locally assessed density, namely to

consider the number of points per volume unit at a certain position in feature space.

In DBSCAN for example for a particular point the density is estimated by counting

its neighbors within a speci�ed radius Eps. Since this parameter is �xed, regardless

whether data-driven or user-speci�ed, clusters of widely di�erent densities cannot be

detected. A further di�culty is that when the data is high dimensional the feature

space is usually sparse. As the volume is exponential in the number of dimensions

d, the density tends to zero, unless the number of points grows exponentially with

d, as well. Thus, the traditional notion of density in such cases becomes useless.

One possible resort in this case is to turn to dimensionality reduction techniques.

Alternatively, methods that �re�ne� the density notion can be used such as e.g.

DENCLUE where kernel functions are employed to model the density as the sum

of the in�uences of individual data objects [Tan 2006]. Another techniques address-

ing this limitation are subspace clustering algorithms, which aim at �nding clusters

embedded in low-dimensional subspaces of the given high-dimensional data set (e.g.

the grid-based method CLIQUE [Agrawal 1998]).

3.2.3 Nature-inspired Clustring Algorithms

One fascinating trend in the clustering algorithm development is to design methods

based on imitating natural processes. This idea is not new in the scienti�c world.

In fact, it builds the base for an entire discipline - bionics resorts to evolutionary
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highly optimized phenomena to design modern technologies. Not surprisingly, a

similar movement emerges also in the domain of data clustering.

Bio-inspired clustering methods As the name suggests, Evolutionary al-

gorithms (EA) grasp a basic idea similar to that of bionics, however with the con-

ceptual di�erence of imitating the evolutionary process itself, rather than directly

resembling its highly optimized outcome. They are employed in a vast range of ap-

plications including clustering tasks which in this context are addressed as NP-hard

grouping problems [Falkenauer 1998]3. The underlying concept of EA is to ad-

dress an optimization problem by treating candidate solutions (typically randomly

initialized) as members in a population. An arti�cial evolution of this population

takes place through repeatedly applying of the operators reproduction, mutation,

recombination, and selection over a series of so called generations. This process

is based on the optimization of some objective function, called �tness function,

which guides the evolutionary search. Though such an implementation is a strong

simpli�cation of its natural paragon, the presumption is that forced by the envi-

ronmental pressure an arti�cial Darwinian selection will take place leading to an

increase of the population �tness. This process can be conducted until a candidate

with su�cient quality is found or a previously set computational limit is reached

[De Jong 2006]. Clustering algorithms based on EA are mostly addressing crisp

partitional tasks with a �xed number of clustersM [Bandyopadhyay 2002a, Estivill-

Castro 1997, Fränti 1997, Kivijärvi 2003, Krishna 1999, Krovi 1992, Bezdek 1994a,

Kuncheva 1997, Lu 2004b, Lu 2004a, Lucasius 1993, Maulik 2000, Merz 2002,

Murthy 1996, Scheunders 1997, Sheng 2004], hard clustering with no a prori given

number of clusters where the goal is to optimize M and the corresponding par-

titioning [Cole 1998, Cowgill 1999, Bandyopadhyay 2001, Bandyopadhyay 2002b,

Hruschka 2003, Casillas 2003, Hruschka 2004a, Hruschka 2004b, Hruschka 2006,

Ma 2006, Alves 2006, Tseng 2001, Naldi 2007, Handl 2007, Pan 2007], as well as

fuzzy-clustering approaches with �xed M [Hall 1994, Hall 1995, Klawonn 1998,

Bezdek 1994b, Yuan 1995, Van Le 1995, Egan 1998, Hall 1999, Liu 1995] or meth-

ods introducing an optimization of M and the corresponding fuzzy-partitioning

[Park 2005, Liu 2003, Maulik 2003, Pakhira 2005, Hruschka 2004c, Alves 2007,

Campello 2009, Falkenauer 1998]. By comparison, there are considerably less EA hi-

erarchical clustering methods: to my knowledge only [Chi³ 2008] and [Lozano 1999]

have published researches pursuing this problem. As stated in [Hruschka 2009] the

reason for that lies most likely in the di�culty to de�ne a �tness function able of

guiding the evolution of a dendrogram. Main motivation for the employing of EA for

clustering tasks is their e�ectiveness in providing near-optimal solutions for NP-hard

global optimization problems. Still, in praxis, the speci�c design of an evolutionary

algorithm (concrete choice and combination of operators, encoding schemes, param-

eters etc.) is of crucial importance to its success in solving e�ectively or not a given

3As shown in [Brucker 1978] a clustering problem with number of clusters more than three is
NP-hard.
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problem.

Swarm Intelligence (SI) is a relatively young interdisciplinary research �eld in-

spired from the collective intelligence of a group of social animals. When acting

collectively bees and termites for example can accomplish very complex tasks, de-

spite the strongly limited capabilities of every single individual. Since the initial

introduction of SI in the context of cellular robotics [Beni 1989], two main SI re-

search directions emerge: the Ant Colony Systems (ACS) [Dorigo 1996, Dorigo 1997]

and the Particle Swarm Optimization (PSO) [Kennedy 1995]. Standard ACS clus-

tering methods are [Lumer 1994] and [Handl 2003]. A series of modi�cations is

also proposed aiming mostly at an improvement of the convergence rate as well as

the automatic determination of the number of clusters M [Tsang 2006, Handl 2002,

Ramos 2002]. A PSO-based clustering method is �rst introduced by [Omran 2002,

Omran 2005]. Main advantage of PSO is the ability to recombine and compare

several potential solutions simultaneously. However, PSO methods include user-

de�ned constants and much work is devoted to the parameter selection problem

[Taherkhani 2016, Eberhart 2000, Jiang 2007, Li-Ping 2005, Carlisle 2001, Shi 1998,

Van Den Bergh 2006, Trelea 2003, Pedersen 2010]. A series of modi�cations, mostly

hybrids with another data analysis methods are published, often being designed to

serve a particular application. A hybrid ACS mit K-means is introduced by [Mon-

marché 1999], while [Kanade 2003] introduce a hybridization of ACS with FCM

aiming to automatically determine M . More modi�cations of ACS are provided

in [Tsang 2006]. Concerning PSO, a hybrid with K-means is also introduced by

[Van der Merwe 2003], while [Xiao 2003] present a synergy of PSO with Self Orga-

nizing Maps for clustering of gene expression data. Furthermore, [Cui 2005] propose

a PSO based hybrid algorithm for clustering of text documents and [Das 2006] de-

velop a fuzzy PSO-based approach which aims at improving the choice of M , as

well.

Somewhat not quite related to biology, but still considered to be swarm intelli-

gence methods are the River Formation Dynamics [Rabanal 2007] and the Grav-

itational Search algorithm ([Rashedi 2009, Rashedi 2010], [Hassanzadeh 2010]).

Though both of these research topics are not devoted to clustering directly, but are

rather optimization methods, they reveal a further interesting research tendency,

namely to design physics-inspired approaches.

Physics-inspired clustering methods Here, one of the most exciting top-

ics is quantum clustering which relies on the �implication of quantum mechanics

for information processing purposes� [Nielsen 2011]. Being conceptually completely

di�erent from its traditional counterpart, quantum information cannot be measured

unfailingly and is disturbed by observation, it exists yet as a superposition of clas-

sical states. It builds the basis for the fascinating idea of constructing methods

for computationally e�ciently processing of huge data by a quantum computer, if

we had one. Most of the work in this �eld is dedicated towards improving clas-

sical algorithms and introducing so called �quantized� counterparts which aim at
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being signi�cantly faster than the original versions. A series of so called quan-

tum subroutines are introduced such as e.g. �nding the minimum of a function

or �nding the two farthest points in a data set. These are used to translate a

classical routine to a faster quantized version and this is already introduced for a

series of popular methods, including K-means [Aïmeur 2007]. This has the advan-

tage of using methods for which the strengths and the weaknesses are well stud-

ied. However, fact is that even being computationally more e�cient, the quan-

tized methods will still have the same demerits as the original ones. Further-

more, quantum computer history has virtually just started, the world's �rst fully

operational machine is introduced in June 2015 by D-Wave (the corresponding

press release can be found under https://www.dwavesys.com/press-releases/

d-wave-systems-breaks-1000-qubit-quantum-computing-barrier). This tech-

nique has surely an incredible feature ahead of it but it is still a long way o�, as one

of the main reasons why a certain - not only clustering - approach gains popularity

in the scienti�c community is simplicity and accessibility (if one thinks e.g. of the

example of the K-means method and refers e.g. to [Jain 2010]).

In this context, another very interesting research avenue is the developing of an

entirely new clustering approach based on physical intuition and tools derived from

quantum mechanics, rather than speeding-up existing methods. This idea is �rst

grasped by Horn and Gottlieb [Horn 2001b, Horn 2001a] who employ a quantum

potential as a density substitute. Here, a Gaussian wave function is associated to

each of the data points and the sum of all these terms, the total N -particle wave

function ψ, is constructed. Conventionally, this resulting function can be viewed

as a probability distribution that could have generated the observed points and

its maxima can be regarded as determining locations of cluster centers. Quantum

clustering, however, views it in a di�erent way requiring ψ to be the ground state

of a Hamiltonian (an operator in Hilbert space) represented by the Schrödinger

equation of which the probability function is a solution. This equation contains a

potential function that can be derived analytically from the probability function

and is eventually used to associate its minima with cluster centers. While quantum

clustering employs gradient descent to assign the data points to the nearest potential

minimum, an extension called Dynamic Quantum Clustering (DQC), introduces a

di�erent �nal step. Based on the quantum evolution of the system a proxy for each

datum is moved to the nearest potential local minimum. This algorithm is designed

as a highly visual tool in which the clustering is terminated by the user. The authors

put the stress on the ability of the user to see how and why structures form and to

determine when the clustering process is complete. In this, they anticipate to reveal

hidden structures that may otherwise not be recognized as a cluster. Applications

of DQC on a series of real world problems show that such a strategy is a very good

way of �nding natural clusterings of the data [Weinstein 2009, Weinstein 2013].

Interestingly, this wish of �nding out the natural tendency of building groups

inside a sample gives raise to two further non-parametric synergy approaches re-

sembling directly physical systems in which clusters appear spontaneously. Super-

paramagnetic Clustering [Blatt 1996] and Percolation Clustering [�Sá²ik 2001] both

https://www.dwavesys.com/press-releases/d-wave-systems-breaks-1000-qubit-quantum-computing-barrier
https://www.dwavesys.com/press-releases/d-wave-systems-breaks-1000-qubit-quantum-computing-barrier
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take the way of using statistical physics methodology for solving hard optimization

problems. The �rst approach detects domains of aligned spins which are interpreted

as clusters through the investigation of spin-spin correlations, measured in a super-

paramagnetic regime. On the other hand, percolation clustering is based on the

mutual connectivity of the points that de�nes the way �uids move through porous

materials and thus detect pores which are connected.

In a similar spirit, the current work presents an approach for pattern detection

by simulating a system of nucleons in which clusters appear naturally. The basic

idea of the so called Nuclear Potential Clustering (NPC) is to treat the points to

be classi�ed as nucleons in an N -dimensional space and to model their dynamic

behavior. A nuclear potential is associated to every �particle�, so that points that

are densely distributed in space fuse to form nuclei (clusters) when dynamically

modeled. The method inherently allows for the detection of noise and for the proper

grouping of high-dimensional data in correlated observations, which are typical for

multiparametric life and engineering science dataset.
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At the very beginning of this project, di�erent ideas of employing physical knowl-

edge for exploratory data analysis emerged. Here, the focus was invariably put on

the handling of high dimensional skewed data1 in the presence of noise, as this con-

stitutes the target type of problems of the current work (see Chapter 1). Natural

physical systems characterized by a dependence of the objects' interaction on their

mutual distances might be suitable for this purpose, so that the collective behavior

of the objects (here and in the following also referred to as particles) allows for the

identi�cation and separation of regions of high and low density. Among others, for

example, modeling the phase transition of a thermodynamic system was considered

as a con�guration expected to allow for the detection of noise and outliers in multi-

variate data containing irregularly formed groups. However, the ultimately pursued

idea of designing a tool inspired from nuclear fusion has the key advantage of not

merely detecting anomalies, but also distinguishing the dense cohesive regions in

a sample. In the following Sec. 4.1 the background physics concerning this topic

is brie�y introduced. It addresses mainly the nucleon-nucleon interaction and the

composition of nuclei as this constitutes the basis of the developed data clustering

1In the context of cluster analysis this term indicates data containing irregularly shaped clusters.
This has not to be confused with skewed classes as uses in the context of classi�cation problems
where one class is overrepresented in the training set.
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method. Next, in Sec. 4.2, the Nuclear Potential Clustering approach is explained

in detail. In the last Sec. 4.3 of this chapter, the speci�c implementation of the

algorithm is discussed.

4.1 Physical Fundamentals

4.1.1 Nuclear constituents and their interaction

An atomic nucleus is the small, positively charged central part of an atom. It

consists of A nucleons: Z positively charged protons and N uncharged neutrons,

where Z and A are denoted as atomic and mass number, respectively. Nucleons, in

turn, are composite particles themselves. They are built up of three quarks (a basic

type of elementary particles) bound by one of the fundamental forces of nature, the

strong interaction. The nucleon-nucleon interaction is a spillover e�ect of the strong

force. Except for a very short repulsive core, it is of attractive nature, saturates

and is electric charge-independent. It is this short-ranged strong interaction that

governs the process of nuclear fusion. In addition, a Coulomb interaction is e�ective

between the likely charged protons. Though it is much weaker than the strong force

at short distances (which is the reason why nuclei can be bound), it is of much

longer range. The overall nucleon-nucleon interaction is a combination of these two

e�ects. Its strength varies with the mutual distance of the particles.2 Figure 4.1

shows a schematic representation of the nuclear potential energy and indicates the

dominance of the strong attraction for ranges smaller than a few Fermi (the natural

length scale in nuclear physics, see Table 4.1).

Table 4.1: Some basic properties of nucleons.

charge mass (u) radius (fm) spin (~)

proton e 1.007276 0.85 1
2

neutron 0 1.008665 0.85 1
2

1u = 1.6605× 10−27kg
1fm = 10−15m
e = 1.6022× 10−19C
~ = 1.0546× 10−34Js

The fact that two forces of di�erent strength, range and opposite sign are re-

sponsible for the build-up of nuclei, is of crucial importance for the nuclear stability.

Unstable species, called radionuclides, undergo disintegration by emitting a particle

and can transform thereby to a di�erent nuclide. As it can be seen in Fig. 4.2(a),

in light nuclei the average binding energy per nucleon increases with mass number

A. However, the size of the nucleus increases thereby, as well. Since the strong

2It furthermore can depend on other variables such as the spin and momentum of the nucleons.
However, since these e�ects are not utilized in the current work, no further details about them are
discussed in the following.
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Figure 4.1: Potential energy for a system of two nucleons.

force is short-ranged, nucleons interact directly only with their nearby neighbors.

Thus, the binding energy of a nucleon due to the total nuclear force tends to ap-

proach a constant value at large mass numbers A. On the other hand, the repulsive

Coulomb force acts over much longer distances which leads to a constant increase

of the potential energy per proton as the atomic number Z increases. Due to these

two phenomena, the average binding energy per nucleon in natural nuclei increases

up to A ∼ 60 and eventually decreases as shown in Fig. 4.2(a).

The presence of neutrons in a nucleus has generally a stabilizing e�ect. They

experience and are the source solely of the strong binding force, thus counteracting

the repelling electrostatic interaction that acts between protons. This is particu-

larly necessary in the case of heavier elements, where the repelling character of the

cumulative Coulomb force becomes increasingly dominant. To maintain stability

in this case, the proton-neutron ratio Z/N is shifted to lower values, so the most

energetically stable con�guration for a heavy element typically exhibits a neutron

excess. In Fig. 4.2(b), a so called nuclidic chart is presented in which the stability of

the known nuclei is depicted as a function of the number of neutrons N and protons

Z. It can be seen that the curve of stability for light nuclei sticks to the Z = N

line and bends away from it as Z increases. However, this compensatory mechanism

has an ultimate limit. For reasons rooted in quantum physics, getting increasingly

neutron-rich makes nuclei unstable, as well. According to the nuclear shell model,

nucleons are allowed to occupy discrete quantum energy levels. Protons and neu-

trons are treated in this regard separately, each particle type has its individual set

of quantum states. Being half-integer particles (refer to Table 4.1), nucleons obey

the Pauli exclusion principle that states that no identical fermions can occupy the

same quantum state. Thus, in cases of a too low proton-neutron ratio Z/N , part of
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the neutrons are forced to be in states with high energies, making the system less

stable.

For these reasons, no stable element with Z greater than 83 occurs naturally.

4.1.2 Natural Paradigm of NPC

Nuclear Potential Clustering is inspired by a process that is assumed to have taken

place about 100 seconds after the Big Bang. According to Georges Lemaitre's the-

ory, the universe expanded explosively from an extremely dense and hot state, and

continues to expand ever since. A graphical illustration of the main events taking

place in the evolution of the universe is depicted in Fig. 4.3. In the �rst moments of

its existence, the universe started to cool down and the �rst building blocks of mat-

ter emerged - quarks and electrons. A few millionths of a second later, the quarks

aggregated to produce protons and neutrons. Within the next three minutes these

nucleons fused to form the �rst ever existing nuclei. Exactly this nucleosynthesis

process embodies the prototype of the NPC method. Data points represent herein

nucleons. Their position in space, more speci�cally in feature space, is speci�ed by

their domain speci�c attributes. In a dynamic simulation, the physical behavior of

such a system is then modeled. Its goal is that data points distributed densely in

space fuse to build nuclei, while outliers and noise are repelled. Such an arti�cial

fusion is likewise governed primarily by the strong interaction. Due to its short-

range nature, it is exerted primarily on directly neighboring data points. Thus,

an unsupervised machine learning approach based on this logic will tend to detect

natural clusters in the sense of the formulation of a clustering task as discussed in

Chapter 3 on page 31.

In contrast to its natural paradigm, the proposed nuclear fusion simulation has

to take the following aspects under consideration:

• There should be no size limitation for a fused nucleus. No cluster size has to be

preferred. During the early nucleosynthesis, temperatures were extremely high

(1010◦C) and after the Big Bang only light elements are formed (deuterium,

helium, lithium). In contrast, in a data clustering approach, any kind of cluster

size preference not rooted in the data sample itself, is unreasonable and should

be avoided.

• All particles must interact in the same way. In the particular realization of the

NPC method, all data points represent protons as the Coulomb term of the

potential energy is employed for the detection of outliers. Therefore, neutrons

which do not feel the electromagnetic interaction are not modeled by NPC.

• All formed nuclei must be stable. This has to hold true even in the case of a

big nucleus consisting solely of protons (see previous item).

• The range of the strong interaction should be data-speci�c and sensible to the

assessed features.
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Figure 4.2: Stability of natural nuclei (image source: [Halliday 2014]): (a) Binding energy
per nucleon as a function of mass number A. (b) A plot of the known nuclides. The green
shading identi�es the band of stable nuclides, the beige shading the radionuclides. Low-
mass, stable nuclides have essentially equal numbers of neutrons and protons, but more
massive nuclides have an increasing excess of neutrons. The �gure shows that there are no
stable nuclides with Z > 83.
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Figure 4.3: Graphical illustration of the main events which have taken place in the history
of the universe. The Nuclear Potential Clustering approach is inspired from the process
of nucleosynthesis (image inspired by http://www.ctc.cam.ac.uk/images/contentpics/

outreach/cp_universe_chronology_large.jpg).
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• Last but not least, for the purposes of computational e�ciency, the developed

method should represent a reasonable simpli�cation of its natural paradigm.

Thus, no shell structure is emulated. Instead, for the purposes of cluster

identi�cation, nucleons experiencing mutual attraction are allowed to fuse into

a single point in feature space subsequently occupying a single energy level.

Details about the concrete realization of the method are given in the following

section.

4.2 Nuclear Potential Clustering Approach

4.2.1 Nuclear Potential

Nuclear Potential Clustering is based on the dynamic modeling of a physical system

in which each data point of the d-dimensional dataset represents a single proton.

Each point is the source of a central potential φ(r) comprised of two terms. First,

a short range strong interaction de�ned by a Woods-Saxon ansatz

φs(r) =
−V0

1 + e
r−R
a

(4.1)

is responsible for the mutual attraction of particles in dense regions. Here, the

interaction strength is de�ned by the magnitude of V0, r de�nes the distance to the

observation point in feature space, R is the range at which the strong interaction

is e�ective and a de�nes the slope of the potential at the border where it starts to

increase from −V0 to 0 [Woods 1954].

At separations larger than the width of the above de�ned potential well, r > R,

the nucleons feel merely their mutually repulsive electromagnetic interaction

φC(r > R) =
VC
r

(4.2)

where VC speci�es the normalized electromagnetic coupling constant3. Figure 4.4

displays a schematic representation of the e�ective potential of a point as function

of the distance, φ(r).

As previously mentioned, no neutrons are involved in the simulation. Thus, in

contrast to the previous Sec. 4.1, where N denotes the number of neutrons in a

nucleus as typically done in the context of nuclear physics, here and in the following

this parameter will denote solely the size of the sample to be analyzed as de�ned in

Sec. 3.1, i.e. the number of data points.

Given the initial position of the protons, as de�ned by their feature vectors

ri(t0), i = 1, . . . , N (4.3)

3In physics, a VC = 1
4πε0

Q1Q2, with charges Q1 and Q2 of two particles and ε0 =

0.854 . . . 10−12 As
Vm

being the vacuum permittivity.
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Figure 4.4: Schematic representation of the potential of each data point in a sample as a
function of the distance r. It is viewed as a proton whose total potential φ(r) is comprised of
a Woods-Saxon and a Coulomb term denoted by φs and φC , respectively. The parameters
V0 and R characterize the strength and the range of the strong interaction, respectively. a
de�nes the thickness of the transition zone between attractive and repulsive term, and VC
speci�es the electrostatic potential energy barrier, also called Coulomb wall.

the e�ective potential at the location of each particle is given by the superposition

of the potential of the remaining N − 1 particles from which the Newtonian force

at spatial location ri can be calculated from

Fi(t) = −∇φ(ri, t) (4.4)

As a result, the force between nearby protons is dominated by the strong interac-

tion, resulting in a mutual attraction. On the other hand, particles at larger dis-

tances experience solely a cumulative repelling electromagnetic force. Thus, when

dynamically modeling such a system, nearby points in space fuse to larger nuclei,

representing the clusters, whereas single nucleons, i.e. outliers, move apart from the

dense regions of feature space. Figure 4.5 shows a two-dimensional data set and the

corresponding potential energy of the system at the initial time point of the simu-

lation, t0. As it can be seen, nucleons in dense regions form an e�ective negative

potential sink. In contrast, noise points are located on a positive potential plateau,

thus not being accelerated towards the local potential minima in feature space. In

addition, a Coulomb barrier between adjacent groups builds up, which e�ectively

prevents neighboring clusters from merging.

The default values characterizing the potential function (Eq. 4.1 and Eq. 4.2)

are empirically chosen by testing the performance of the algorithm on a series of

test datasets with di�erent number, shape and density of cluster as well as di�erent

dimensions of the feature space: V0 = 3500, VC = 10, a = 0.05 and R = 10%

quantile of the initial distance distribution between all points. The range of the

strong interaction is thus adapted to the dataset to be clustered. Since the NPC
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parameters take on relative values, here and in the following, all parameters are

assumed to be unitless.

4.2.2 Dynamic Modeling

To explore the dynamical behavior of the given system, the Newtonian equation of

motion
d2

dt2
ri(t) + η

d

dt
ri(t) = −∇φ(ri, t) (4.5)

is solved. Here, the damping term η ddtri(t) with η < 0 is introduced in order

to suppresses scattering of protons with kinetic energies exceeding the maximum

potential energy of a cluster of points. Furthermore, it leads to a quicker transition

to equilibrium state, making the algorithm signi�cantly faster.

Typically, points do not directly form stable nuclei but rather oscillate towards

an equilibrium state. The precise system development is revealed by its temporal

temperature evolution, which typically exhibits a behavior similar to that shown

exemplarily in Fig. 4.6(b). To terminate the dynamic modeling of such oscillating

systems, an objective stopping condition is needed. For this purpose, the system

temperature as a function of time, T (t), is employed. T (t) is determined by the

average kinetic energy of all particles:

T (t) =
1

N

N∑
i=1

( d
dt
ri(t)

)2
(4.6)

The simulation is stopped when T is less than 0.1% of the absolute temperature

maximum, Tmax, reached during dynamical modeling. Furthermore, an additional

breaking condition is implemented that stops the NPC algorithm when the �rst

derivative of the temperature remains d
dtT (t) = 0 over more than ten consecutive

time steps.

The Newtonian equation of motion Eq. 4.5 is solved by default with a fourth

order Runge-Kutta method with time step size calculated as follows:

∆t = 4

√
bdmina

NV0
(4.7)

Here, the value of dmin is data speci�c and is given by the minimum mutual particles'

distance in the sample. b is a local scale factor whose value is set to 0.001. Its

estimation, as well as di�erent ODE solvers that are implemented and can optionally

be used, are extensively discussed in Sec. 5.4.

4.2.3 Potential Modulation

In regions with local density �uctuations, the cumulative repelling Coulomb force

can result in a splitting of larger clusters into subgroups. To prevent such an arti�cial

partitioning, the range of the strong interaction R in Eq. (4.1) is modulated during
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dynamic modeling as follows :

R(ti)← sRR(t0) (4.8)

The scaling factor is chosen to be sR = 1.5, as larger values do no longer represent

the intra-cluster distances properly and therefore may lead to the fusion of distinct

adjacent clusters into one larger group. This issue is explicitly discussed in the next

Chapter 5.

Furthermore, the parameter a is increased to a = amax, where amax = 0.06 is an

empirically chosen value, discussed in the following chapter.

The modulation of R and a takes place after the �rst in�ection point of the

temperature curve is reached, as this is exactly the moment before points inside

of the cluster(s) start to repel. Omitting this step �sticks� some of the protons in

local minima of the hyper-dimensional potential �eld, leading to the formation of

fragmented clusters.

4.2.4 Cluster Assignment

At equilibrium, the nucleons form almost dot-formed nuclei. Thus, protons belong-

ing to the same cluster have approximately equal �nal potential energies. Therefore,

the number of clusters in a data sample, M , is given by the number of maxima in

the �nal potential energy distribution, resulting in a set of M discrete labels:

L = {l1, l2, ..., lM} (4.9)

Points with a positive potential energy are classi�ed as outliers as they experience

solely the repulsive Coulomb term. The rest of the particles are assigned a label

according to the �nal potential energy minimum they are attracted to.

As the simulation starts, particles belonging to a cluster are accelerated towards

the potential minimum corresponding to that particular group. With increasing

time, they might repeatedly by-pass the desired potential minimum. If the simula-

tion is left to reach the absolute equilibrium sate, all of the nucleons belonging to

a cluster would strive and concentrate into a single point in feature space, which

is representative for this group. As an objective termination condition is needed

to increase the computational speed, however, the process may be terminated at

a moment when some single points still slowly oscillate through that minimum.

They typically have a potential higher than the value of the potential minimum it

is accelerated to. For this reason, the minimum potential value ever reached by the

nucleons during simulation is employed for cluster assignment. This is assumed to

be the particle equilibrium state. The number of clusters is therefore given by the

number of peaks in the �nal potential energy distribution and each data point is

given a label according to the potential minimum it falls into.
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Figure 4.6: NPC cluster assignment demonstration. (a) Original data including two
speroids and an elongated formation overlaid by random noise. (b) Temperature evolution
of the system assessed during simulation. (c) Final potential energy distribution employed
for cluster assignment. (d) NPC results where the data points are grouped according to
their �nal potential energy.
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4.2.5 Minimizing Misclassi�cation of Outliers

In order to reduce the incidental assignment of noise points to one of the clusters

formed, the NPC procedure can be repeated multiple times with di�erent initial

particle velocities. During the �rst run, particles start at rest. For the following

repetitions, the initial velocities are chosen to have random direction. The corre-

sponding absolute values are sampled from a normal distribution with zero mean

and standard deviation given by the average velocity calculated from the previous

step. The number of iterations, K, is variable and can be increased in cases when

noisy data is expected.

Running the algorithm K times results in a set of K �nal potential energy values

for the i-th particle:

{U (1)
i , U

(2)
i , ..., U

(K)
i }. (4.10)

To obtain the partitioning of the input data, the averaged �nal potential energy

is determined:

Ui = U
(k)
i =

∑
U

(k)
i

K
, k = 1, ...K (4.11)

This value is employed for cluster assignment as described in Sec. 4.2.4

4.2.6 Nested Clusters

After de�ning all clusters using either a single or multiple runs of the NPC routine,

the whole procedure can be repeated for each of the groups found. In this way

one can explore if sub-structures within a cluster are present in a manner similar

to the hierarchical clustering, however having the advantage of being capable to

handle correlated attributes and sub-formations of irregular shape. When taking

advantage of this additional action, one has to bear in mind that the NPC algorithm

intrinsically detects noise. Thus, if the analyzed sample contains formations, where

the density falls o� e.g. at the rim of the clusters, points located in those regions

are categorized as outliers. If one is interested in �nding solely subgroups without a

�zoomed-in� search for noise in the sub-clusters, an optional additional second last

step can be run. Here, the centroids of the found sub-groups are calculated based on

the �nal positions of the nucleons after the system has reached state of equilibrium.

The points classi�ed as noise are then assigned to the cluster with the nearest center

of mass.

4.3 Algorithm Implementation

All of the steps presented in Sec. 4.2 can be assembled as displayed by Algorithm 1.

In the given framework, the Euclidean distance metric is applied. Thus, it

is important to properly preprocess the data to be clustered. Otherwise, due to

the isotropic nature of this measure, features of vastly di�erent scales would lead
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Algorithm 1 Nuclear Potential Clustering algorithm

1: read design matrix XN×d

(optional: mean normalization of features)
2: calculate distance matrix D = (dij)
3: estimate minimal nonzero particles' distance in the sample dmin

4: determine initial range of strong interaction R(dmin)
5: initialize V0, VC , a, η, ρ, ∆t

6: for k = 1 to K do
7: start procedure with di�erent initial particles' velocities
8: repeat dynamically modeling the system
9: for the i-th particle, i = 1, ..., N do identify interaction with remaining nucleons
10: for the j-th particle, i = 1, ..., N − 1, j 6= i do
11: estimate potential and force at position ri resulting from j-th neighbor
12: accumulate φ(ri)← φ(ri) + φ(dij)
13: accumulate F(ri)← F(ri) + F(dij)
14: end for
15: end for
16: solve d2

dt2 ri(t) + η d
dtri(t) = −∇φ(ri, t) within time interval [t, t+ ∆t]

17: calculate system temperature T (t)
18: if �rst �ex point of temperature curve T (t) reached then
19: R← sRR(t0)
20: a← amax

21: end if
22: detect lowest potential energy U

(k)
i of a nucleon in k-th iteration

23: t← t+ ∆t

24: until breaking condition, T (t) ≤ 0.001 maxT (t)
or d

dtT (t) = d
dtT (t− 10∆t) = 0 is reached

25: end for (iteration number K reached)

26: calculate average �nal potential energies Ui = U
(k)
i of each particle

27: detected peaks of the averaged potential energy distribution of all N particles
28: assign cluster labels to observations according to their �nal potential energy

to a shift in the de�nition of the parameter R and hence the potential function,

allowing attributes with larger values to dominate the outcome of the algorithm.

Thus, an optional zero-mean and unit-variance standardization of the input data is

implemented. In this case, each feature is normalized as follows:

xi ←
xi − µi
σi

, i = 1, ..., d (4.12)

where µi and σi are the distribution mean and the standard deviation of the i-th

attribute.

Concerning the computational cost, the most time-consuming step is presented

by lines 9 to 15 in Algorithm 1, as the force and potential update of all particles (for

each time point) has a computational complexity of O(N2d). This is due to the fact

that the resulting interaction on each of the N nucleons is a cumulative pair-wise

interaction with all of the rest N −1 particles and the e�ective force is a vector sum

in a d-dimensional feature space. Furthermore, the runtime increases linearly with
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the number iterations K, as well as with the number of groups identi�ed, when an

additional search for subgroups is conducted as described in Sec. 4.2.6. However, no

exact determination of the runtime is possible, since the stopping condition for the

dynamic modeling depends on the individual behavior of the system and the time

it needs to cool down and reach an equilibrium state.
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The current chapter concerns about the description of parameters which in�u-

ence the performance of the Nuclear Potential Clustering method. Their determina-

tion involves much experimental work and is not a straightforward procedure, but

rather a recursive one. Most of the decisions considering the NPC subroutines are

introduced after some particular e�ect is observed, so as to achieve optimal clus-

tering results (e.g. potential modulation, damping). In the conducted tests, both

the dynamic simulation and the �nal clustering outcome have to be studied. For

this purpose, test samples with di�erent characteristics are generated as described

in Sec. 5.1. The procedure of visualizing and assessing the �nal clustering outcome

are described in Sec. 5.2 and Sec. 5.3, respectively. The rest of the chapter addresses

the process of estimating the optimal set of default values for all NPC parameters.
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5.1 Generating Test Data

Two types of test data are generated for the performance evaluation. The �rst type

(also referred to further in the text as Type 1 test data) consists of three-dimensional

samples containing one bent horseshoe-formed cluster and two spheroids whose size

and number of points can be varied. An example of this type test data can be

seen in Fig. 4.6(a). The elongated formation (depicted in magenta in Fig. 4.6(a))

consists of nh points positioned along a parable. Their radial distances to the

parable are sampled from a normal distribution and scaled by a variable radius rh.

The spheroids are constructed by points sampled from a normal distribution, as well,

with the radial distances to their centers being scaled by the variables ris and ros.

The number of points in each spheroid is speci�ed by nsi and nso, respectively. In all

of the conducted tests, one of the spheroids is positioned inside of the parable-formed

cluster and the second one outside of it. In this way toy problems are constructed

which represent nontrivial clustering tasks since the intra-cluster distances can be

considerably higher than the inter-cluster ones.

Table 5.1: First type of test data employed for NPC parameter estimation (test data of
Type 1).

Adjustable parameter

Cluster Radial distance number points

Horseshoe towards the parable rh nh
Spheroid outside towards the center rso nso
Spheroid inside towards the center rsi nsi
Noise ∅ nnoise

Note: Generated test data are three dimensional.

The second type of test samples (also referred to further in the text as Type 2

test data) is constructed of two elongated cylindrical clusters. They consist of points

positioned along two skewed lines, g1 and g2, with variable radial distances to the

lines as sampled from a normal distribution with standard deviations rg1 and rg2 ,

respectively. This con�guration can be expanded to higher dimensions and allows

to examine the performance of NPC as a function of dataset dimensionality. In

addition, by varying the distance between the lines, the radii of the clusters, rg1
and rg2 , and the number of points, ng1 and ng2 , the performance in the presence of

touching or overlapping clusters can be elaborated.

In both types of test data, the cohesive groups are overlaid by variable random

noise speci�ed by the parameter nnoise. The variables that control the speci�c

appearance of a generated sample are summarized in Table 5.1 for the �rst type of

samples and in Table 5.2 for the second one.

In the same manner as the training data in a supervised learning task, each test

sample consists of a design matrix X and a corresponding label vector y in which

each element y(i) indicates the class a�liation of a data point and takes one of C
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Table 5.2: Second type of test data employed for NPC parameter estimation (test data of
Type 2).

Adjustable parameter

Cluster Radial distance Length Number points

Cluster 1 towards g1, rg1 lg1 ng1
Cluster 2 towards g2, rg2 lg2 ng2
Noise ∅ ∅ nnoise

Note: Sample dimensionality d is variable.

discrete values (cf. Sec. 3.1). Here, C equals four for the �rst set (three clusters and

noise), while C = 3 di�erent classes (two clusters and noise group) are present in

the second test data sample.

5.2 Visualization during Simulation

To evaluate the e�ect of a certain NPC-parameter value change, the system's be-

havior (acceleration, oscillation and fusion of the nucleons, changes in kinetic and

potential energy), along with the clustering outcome, is studied. For low-dimensional

data containing up to three features, it is convenient to observe the particles' mo-

tion in feature space as shown in Fig. 5.1. However, to study the dynamics of the

system, it is more revealing to observe the particles' energy evolution during simu-

lation. The temporal kinetic energy change of the whole system is revealed by its

temperature change (see Fig. 4.6(b)). A more detailed insight into the process can

be obtained by visualizing both, the potential and the kinetic energy of each nucleon

as shown in Fig. 5.2. The main advantage of this representation is that it can reveal

how a sample behaves, regardless of its dimensionality. In this way it can easily be

observed how each particle is accelerated towards a potential minimum.

5.3 Parameters of Performance Evaluation

Di�erent clustering evaluation metrics/indices/approaches exist. In the context of

the vast number of existing machine learning methods, some of them aim to generally

assess the quality of the built groups or the whole clustering outcome, while others

focus on some particular task (an extensive comparative overview study on this

topic can be found in [Arbelaitz 2013]). Generally, one can distinguish between

two types of cluster validation criteria: internal and external. The �rst type is

based on information intrinsic to the data, while the second one relies on available

knowledge about the data [Manning 2008]. In the current work, where the quality

of a clustering result is evaluated using synthetically generated test data, the label

vector y is used as an evaluation benchmark (or gold standard) and is employed

for external validation. The task here is to compare the gold standard partitioning



60 Chapter 5. NPC Parameter Optimization

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 1

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 100

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 200

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 800

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 1000

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 1200

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 1400

4
2

0
-2

-4-5

0

5

4

2

0

-2

-4

-6
10

f1

f3

f2

time point 1600

Figure 5.1: Demonstration of the temporal evolution of particles in feature space (spanned
by f1, f2 and f3) during simulation. Each panel represents a scatter plot of all particles from
the test set, labeled in color using the known ground truth. In each case, the corresponding
time step is displayed in the upper right of the panel. The last plot exhibits the �nal
spacial distribution. The red arrows mark the three nuclei that are formed and recognized
as coherent cluster.
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Figure 5.2: Temporal evolution of potential energy, U , and kinetic energy, Ekin, during
simulation. Each panel represents a U − Ekin scatter plot of all particles from the test
set, labeled in color using the known ground truth. In each case, the corresponding time
step is displayed in the upper right of the panel. The last plot exhibits the �nal energy
distribution. The red line marks zero potential energy level, to which typically outliers stick
during the whole procedure.
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C = {c1, c2, · · · , cC} with the clustering C′ = {c′1, c′2, · · · , c′M}.
This can be achieved by constructing a contingency table (also confusion matrix,

error matrix or matching matrix) with two dimensions: �reference� and �clustering

outcome� [Powers 2011]1. Such a table constitutes a C ×M matrix with C rows

corresponding to the groups in the gold standard partitioning and M columns cor-

responding to the detected clusters. The fij element of the matrix indicates the

number of objects common to the class ci and the cluster c′j :

fij = |ci ∩ c′j |, 1 ≤ i ≤ C, 1 ≤ j ≤M (5.1)

The sum over the elements of row ci yields the total number of elements within

this class. Analogously, the sum over the elements of column c′j gives the number

of elements of the j-th cluster. Table 5.3 represents the general form of such a

contingency table, while Fig. 5.3 demonstrates three di�erent clusterings of a toy

problem matched to the benchmark solution.

Table 5.3: Contingency table for comparing two partitions.

C′

Class\Cluster c′1 c′2 · · · c′M Sum

C

c1 f11 f12 · · · f1M f1.

c2 f21 f22 · · · f2M f2.
...

...
...

. . .
...

...
cC fC1 fC2 · · · fCM fC.

Sum f.1 f.2 · · · f.M f.. = N

While a contingency table summarizes and visualizes the information on the

overlap between two partitionings, a series of methods for external quantitative

evaluation exist that measure the global quality of a solution in the form of a single

real number. For the NPC parameters evaluation study where a large number of

experiments is conducted, a simple and intuitive evaluation index is indeed required.

Here, the Rand index, RI, is employed. It is based on counting the pairs of points

assigned in the same way (or not) in both partitionings, C and C′. The key idea is

that a pair of objects should be associated with the same group if and only if they

are similar with respect to the assessed features. The set of all N(N − 1) pairs of

1Since in [Powers 2011] a series of di�erent cases and applications is discussed, the author refers
generically to both dimensions as to �the model� and �the world�. In the current thesis, these
notations are changed to better �t in the remaining context.
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Figure 5.3: A toy problem demonstrating di�erent contingency tables resulting from
matching the ground truth solution (presented in the upper panel) with di�erent clustering
solutions (depicted in the second row).

observations is given by the disjoint union of the following sets:

S11 = {pairs belonging to the same group within both C and C′}
S00 = {pairs belonging to di�erent groups within both C and C′}
S01 = {pairs belonging to di�erent groups within C but are in the same within C′}
S10 = {pairs belonging to the same group within C but in di�erent ones within C′}

(5.2)

The corresponding sizes can be interpreted as true positives (TP), true negatives

(TN), false positives (FP) and false negatives (FN):

TP = |S11|
TN = |S00|
FP = |S10|
FN = |S10|

(5.3)

The Rand index, RI, is then given by:

RI =
TP + TN

TP + TN + FN + TN
=
TP + TN

N(N − 1)
(5.4)
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Its value lies in the range [0, 1] and amounts to the fraction of correct decisions. It

thus represents the accuracy of the clustering results. In the following, the index is

also referred to as Rand accuracy and is expressed as a percentage.

5.4 Numerical Solution of the Newtonian Equation of

Motion

The classical equation of motion Eq. 4.5 governs the dynamics of a given sample

when analyzed using NPC. For its numerical integration di�erent approaches can

be applied. Here, four commonly used methods are considered: Euler, Runge-Kutta

of second order, Runge-Kutta of fourth order and Runge-Kutta-Fehlberg. Their

computational schemes are presented in detail in Appendix C. The goal of the

conducted experiments is to explore the typical dynamic behavior and determine

the most e�cient procedure to solve the NPC problem for an arbitrary explored

sample. The �rst three of the approaches evaluated employ a �xed time interval,

∆t, at which the numerical approximation is calculated. Generally, in the limit

∆t → ∞, all of the tested solvers lead to the same results. The main advantage of

the higher order methods is that they allow for larger time steps without increasing

the discretization error, thus being signi�cantly faster. However, this is possible

only at the expense of the space complexity of the algorithm, which in the speci�c

case of NPC is O(pqNd), with q denoting the order of the ODE to be solved (q = 2

for Eq. 4.5), p the order of the ODE solver, N and d the number of points and the

dimensionality of the data set to be processed, respectively. As it is revealed by

the computational schemes in Appendix C, this is caused by the fact that higher

order methods require additional intermediate function evaluations of the integrands

within each time step.

In the following, �rst a discussion and a series of experiments considering the

de�nition of a data speci�c time step are presented. Its estimation is based on the

Euler method and is evaluated with test data of di�erent size and dimensionality.

Details about the test samples are given in Sec. 5.4.1. Next, in Sec. 5.4.2 the de�ned

estimate for ∆t is employed and evaluated for two further solvers of higher orders:

Runge-Kutta of second order and Runge-Kutta of fourth order. The experiments

with these two solvers are carried out further and a modi�ed version of them is

developed, which allows to solve the NPC problem more e�ciently with respect to

its time consumption.

5.4.1 Problem Speci�c Time Step ∆t with Euler Method

Since it is clear that ∆t should be problem speci�c as no a priori information about

the points' spatial distribution and hence their resulting motion is available, the

most intuitive choice may seem to be a solver employing an adaptive time step.

Such methods dynamically adjust ∆t by comparing di�erent solutions and keeping

the local truncation error of a single integration step within a desired level εtol.
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Figure 5.4: Adaptive time step values calculated during simulation using Runge-Kutta-
Fehlberg for two test samples. (a) Test data of Type 1 generated with nsi = 30, nso = 40,
nh = 750, nnoise = 30, rsi = 5, nso = 5 and rh = 7; error tolerance is set to εtol = 10−4.
(b) Five-dimensional skewed dataset, consisting of two clusters with ng1 = 40, ng2 = 200,
nnoise = 20, lg1 = 5, lg2 = 20, rg1 = 5 and rg2 = 10; error tolerance is set to εtol = 10−3.

There are di�erent strategies of realizing this, e.g. performing a single integration

step with ∆t and then repeat the integration within the same interval but taking

two single steps with 0.5∆t. Other adaptive step size algorithms are based on the

outcome comparison of two solvers of di�erent orders. Common example here is

the Runge-Kutta-Fehlberg approach which is based on the combination of Runge-

Kutta of fourth and �fth order. In either case, the calculation of the ∆t correction

term results in increased memory demands. In the concrete case of NPC, the space

complexity of the above mentioned Runge-Kutta-Fehlberg method is 16qNd. This

is due to the fact that for the integration within a single time step, six intermediate

evaluations of both integrands, velocity and position, are required (Eq. C.10), as well

as two �nal steps in which their fourth and �fth order Runge-Kutta approximations

are calculated as shown by Eq. C.11 and Eq. C.12, respectively.

Furthermore, each of the �rst six steps requires an update of the particles' forces

and potentials. However, as previously stated, this update is the most time consum-

ing part of the NPC algorithm, so that employing Runge-Kutta-Fehlberg method

does not lead to an e�cient solution of the NPC problem, neither with regard to

memory consumption nor with regard to speed.

Still, taking a closer look at the values of ∆t calculated typically during simula-

tion using the Runge-Kutta-Fehlberg approach reveals a useful clue: it is possible

to choose larger steps only in the beginning and at the end of the simulation, the

rest of the time steps are in the range of some constant value. Two exemplary plots

of this demeanor are displayed in Fig. 5.4 for two di�erent test data sets. Obviously,

applying an adaptive step method in the case of NPC does not lead to en e�cient

solution, since ∆t cannot be largely varied and an adaptive time step strategy results

solely in high memory consumption and computational cost.
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Therefore, further investigations are conducted aiming at the determination of

some simple heuristic to derive a �xed ∆t su�cient to solve the equation of motion

without adapting the time step. Based on what is known about a given sample and

the acting forces, the following consideration is employed.

Given a system of N particles, the maximal possible acceleration amax for a

nucleon occurs in the case, when the remaining N − 1 particles are located exactly

at distance r = R. As the force is a vector sum, it is maximized when the N − 1

nucleons are located at the same point in space, i.e. have already fused to a larger

nucleus. Given that all particles' masses are normalized to unity, amax at time point

t = t0 is given by:

amax(t0) = −∇φ(r, t)

=
V0(N − 1)e

r−R
a

a(1 + e
r−R
a )

(5.5)

The absolute acceleration at r = R is therefore given by:

|amax| ≈
NV0

a
(5.6)

Within a single Euler step, the acceleration is constant. Hence, the maximal

particle's displacement during the �rst step of numerical integration is given by

∆r =
1

2
|amax|∆2

t (5.7)

Note that no initial velocity term is included in Eq. 5.7, as the particles start at

rest.

Next, the minimum mutual particle distance in the sample, dmin, with dmin 6= 0

is determined and employed to de�ne a local scale speci�c for the analyzed sample,

ζ. Restricting the maximal particle displacement to one unit of this local scale

∆r = ζ �xes the time step to

∆t =

√
2ζ

|amax|
(5.8)

At time points t > t0 the distances between intra-cluster particles start to de-

crease. Thus, the local scale ζ is chosen to be a fractional part of dmin, ζ = bdmin
with 0 < b < 1. The scale factor b is empirically determined as described in the

following.

Estimate local scale factor b based on a �xed sample of Type 1 For a

�xed dataset generated with nsi = 36, rsi = 5 and nso = 57, rso = 8, nh = 561,

rh = 8, nnoise = 79, �rst, a reference solution is calculated with the Euler method

by choosing b = 0.0001 which results in a su�ciently small time step. Next, the

procedure is repeated for:

b = 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005. (5.9)
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All of them lead to identical results, when considering the �nal clustering outcome.

However, taking a closer look at the system temperature evolutions presented in

Fig. 5.5, reveals that only time steps calculated with b ≤ 0.001 lead to results

identical with the reference solution, in the sense of identical system behavior. In

the rest of the cases, an additional oscillation of the system is observed. The fact

that this e�ect becomes more evident as b and therefore ∆t increase, indicates that

this behavior is solely an artifact resulting from increased numerical error. It is

partly compensated by the damping term introduced in the Newtonian equation of

motion, which is the reason, why all of the tested values lead to the same clustering

results.

Nevertheless, for the further investigations the value of b = 0.001 is chosen and

tested in the next step on di�erent, now randomly sampled datasets. This choice is

motivated by the fact that the temperature evolution is employed as the basis for

the NPC stopping condition (cf. Sec. 4.2.2). An additional oscillation may lead on

the one side to a delay of reaching equilibrium to later time points thus worsening

the computational e�ciency of NPC even though a larger time step is employed.

In the worst case, the algorithm would not reach the stopping condition at all. On

the other hand, an arti�cial oscillation may cause the algorithm to break before

reaching equilibrium if the temperature rapidly falls below 0.01Tmax prematurely.

Furthermore, taking undue large steps may cause some strongly accelerated intra-

cluster nucleons to �jump out� of the cluster and be eventually falsely recognized

as outlier. This e�ect can lead in the worst case to dissociation of formed nuclei.

As in general no a priori knowledge about the systems studied is available, there is

no possibility to foresee whether one of these e�ects would occur or not. Thus, a

value for the local scale factor b is chosen which guarantees that the solution of the

Newtonian equation of motion does not implicate oscillations based on a numerical

error, but represents solely the motion resulting from the forces interaction between

the particles.

Verifying the estimated local scale factor b for increased particles acceler-

ations taking place in dense cluster(s) In a �rst test series, samples of Type 1

are generated, where the number of both clusters and the noise points is �xed to

nso = 30, nsi = 40 and nnoise = 20. The number of points within the �horseshoe�

formation, nh, is varied to examine whether the chosen b value is su�cient in the

cases when the strong attractive force (and acceleration, respectively) on the nu-

cleons inside of the group increases. Datasets with total number of points, N , set

to

N = 250, 350, . . . , 950 (5.10)

are processed now only with b = 0.001 and b = 0.0001 and the system behaviors in

both cases are found to be identical.

Verifying the estimated local scale factor b for samples of di�erent dimen-

sionality To explore e�ect of changing the dimensionality, in a second series, test
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data of Type 2 are generated and processed in the same way (with b = 0.001 and

b = 0.0001). Here, all samples are generated with ng1 = 80, ng2 = 100, nnoise = 20,

lg1 = 5, lg2 = 10, rg1 = 3 and rg2 = 7. The dimensionality is varied as follows:

d = 5, 10, 20, 30, 50, 80, 100. (5.11)

As in the previous test series, the processing with b = 0.001 and b = 0.0001 leads to

identical system behavior.

5.4.2 Higher Order ODE Solvers with Fixed Time Step: Runge-

Kutta of Second and Runge-Kutta of Fourth Order

Once a data speci�c time step for the Euler method, ∆t, is de�ned, the algorithm is

run with Runge-Kutta of second order with doubled time step ∆t
..= 2∆t and Runge-

Kutta of forth order with ∆t
..= 4∆t for the same two series of test datasets employed

for the estimation of the local scale factor b (Type 1 samples with varied number of

points as stated by Eq. 5.9 and Type 2 data with varied dimensionality as stated by

Eq. 5.11). Here, the results are found to be identical with the references calculated

with b = 0.0001 and the Euler solver. As expected, compared to the reference Euler

solution the processing time is reduced on average by 40% and 65%, respectively.

However, the space consumption in the case of second-order Runge-Kutta amounts

to 4qNd, whereas the faster fourth-order Runge-Kutta method demands 8qNd.

Since the force update is the most time-consuming part of the algorithm, some

further tests are conducted. In this, a standard fourth-order Runge-Kutta solver is

employed, where the nuclear force term is assumed to be constant within a single

time step. The resulting computational scheme Eq. C.9 is shown in Appendix C.3,

along with the standard fourth-order Runge-Kutta scheme. The background idea

motivating this modi�cation is the following: For an intra-cluster nucleon the force

is invariably directed towards the nearest potential minimum, whereas for an outliers

it has exactly the opposite direction. Choosing a data-speci�c time step as given by

Eq. 5.8, however, allows to consider this minimum to be �xed in feature space and

the resulting force to be constant (within the time interval ∆t).

The experiments with this modi�ed approach showed that it reproduces the same

results as the rest of the considered solvers in less time. Here, the same two test

data series employed previously in this section are processed. Apart from some small

discrepancies, the systems behave in the same manner, regardless of which solver is

employed. An exemplarily demonstration of this trend is displayed in Fig. 5.6(a)

where the temperature curves of a sample (Type 2, ng1 = 80, ng2 = 100, nnoise = 20,

lg1 = 5, lg2 = 10, rg1 = 3 and rg2 = 7, d = 5) processed with the di�erent solvers

are plotted. Furthermore, Fig. 5.6(b) shows the run times assessed for datasets

of di�erent sizes processed with all �ve discussed solvers. Here, again the second

test data series, employed previously in the current section, is processed where N

is varied as stated by Eq. 5.10. The results show that the modi�ed fourth-order

Runge-Kutta solver is especially e�cient for larger datasets with high N , since the
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Figure 5.5: (a)-(e) Temperature evolution curves demonstrating the dynamic behavior of
a system (nsi = 36, rsi = 5 and nso = 57, rso = 8, nh = 561, rh = 8, nnoise = 79) when the
local scale factor b is varied. In each case the used b-value is displayed in the upper right of
the panel. The reference temperature curve calculated with b = 0.0001 is displayed in (a).
(f) Dependence of the measured runtime on the local scale factor.
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Figure 5.6: Comparison of the di�erent ODE solvers tested. (a) Temperature curves
revealing the temperature evolution of a test sample when processed with di�erent solvers.
(b) Run time for a series of test data sets of di�erent size, where the number of data points
N is varied.

calculation of the mutual particles' forces has time complexity of O(N2). Thus, it

is chosen to be the default NPC solver.

5.5 NPC Parameter Bounds

The initial choice of the parameters specifying the NPC performance is not based

on a straightforward procedure, but is rather an integral part of the whole method

development process. First of all, the parameters specifying the potential function,

V0, R, a and VC in Eq. 4.1 and Eq. 4.2 are considered. All the additional components

of the algorithm as described in the previous chapter, have then emerged based

on the observed e�ects during the dynamic modeling of test data. For example,

the idea of introducing a damping term η was born after observing that all of the

modeled systems oscillate. By testing a range of di�erent values for this parameter, it

became evident, that η > 0 not only leads to a quicker transition to equilibrium, but

also allows for the development of an objective stopping condition for the dynamic

simulation. This, in turn, has led to the idea of using the temperature development

of the system to de�ne when the algorithm has to stop. By the time NPC was

established in its �nal form, many di�erent ideas were tested. The �rst decisions

concerning reasonable parameter ranges are an inquiry resulting from this process

of experimenting and deciding whether to keep working with an idea or discard

it. The following subsections describe the experiments and observations that have

led to the choice of proper ranges which are the basis for the further parameter

estimation (Sec. 5.6).
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5.5.1 Strong Interaction Potential Well Depth and Coulomb Bar-

rier

The assignment of cluster members, as well as the decision whether a �uctuation in

the particles density in feature space should be considered as a border between two

touching clusters or not, is controlled by the parameters V0, VC and a. As stated

in 4.2, V0 is responsible for the mutual attraction of cluster members, VC controls

the strength of repelling nuclei and single protons, and a speci�es the thickness of

the transition zone delimiting a formed cluster. They are thus responsible for the

detection of noise in marginal regions and for the splitting or the combination of

particles located in local potential minima.

To achieve an optimal clustering result, a balance between the attractive strong

interaction and the repulsive Coulomb term must be found. Clearly, the height of

the Coulomb barrier VC should be chosen to be greater than zero, to assure that non-

cluster structures are repelled. If its value is set to zero, no repulsion would occur

and adjacent clusters may easily be combined, especially in the presence of noise. On

the other hand, its value must be considerably smaller than V0, in order to allow for

the formation of any nuclei. Thus, a V0/VC ratio suitable for the purposes of NPC

has to be estimated. As the NPC parameters are relative values and presumably

many di�erent combinations of VC and V0 exist, here the experiments are started

with a �xed value for the strong interaction magnitude, V0 = 3500, and VC is �rst

varied within the boundaries VC ∈ [0, V0]. However, preliminary tests on a samples

of Type 1, values VC > 100 result in splitting of the elongated horseshoe-formed

structure in the majority of the cases into two ot three separate groups. Thus the

further investigations are restricted to VC ∈ [0, 100].

5.5.2 Transition Zone between Strong and Coulomb Interaction

The slope of the potential function at the border between strong and Coulomb

interaction is controlled by the parameter a which is increased to a maximal value

amax during NPC simulation. As shown in Fig. 5.7, a value of a = 0 corresponds to a

Woods-Saxon potential, φS , having the form of a box potential. Increasing the value

leads to a decrease of the slope and a simultaneous decrease of the e�ective height

of the Coulomb wall. Thus, the range of attractive interaction is increased and the

strength of electrostatic repulsion is lowered. These e�ects result in a smoother

transition zone between attractive and repulsive term.

Considering the clustering results, a narrow transition zone leads to a higher

sensitivity to local density �uctuations. This is expected to be bene�cial in the

case of closely positioned clusters and detecting noise points on the rim of a cluster.

However, only values a > 0 are considered, to avoid the discontinuity of the potential

function as the Newtonian force is the spatial derivative of φ(ri, t) (see Eq. 4.4).

Furthermore, an unsuitably low value may lead to the splitting of cohesive structures

due to small intra-cluster density �uctuations. On the other hand, increasing a too

much can result in the inability to detect any cluster as all points fuse to one single
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Figure 5.7: One-dimensional potential curves for di�erent values of the parameter a as
discussed in the current chapter. In the case of a = 0, the strong interaction term of the
potential function, φs, has the form of a box potential (blue curve). Increasing the value of
a lowers the slope at the border between the strong attractive and the weak repulsive term
(φs and φC , respectively), as well as the e�ective height of the Coulomb barrier speci�ed
by the parameter VC .

nucleus. As can be seen in Fig. 5.7, when compared to a = 0, a value of a = 0.1 leads

to an increase of the attractive range by approx. 50% and a drop of the Coulomb

barrier by almost the same factor. For these reasons, the further estimation of the

values a and amax is restricted to the interval [0.01, 0.1], a < amax.

5.5.3 Strong Interaction Range

Along with V0, VC and a, the range of strong interaction, R, is a parameter that

governs the mutual attraction of points and thus controls the formation of nuclei.

Clearly, it has to be a data speci�c measure, representing the mutual distances of

adjacent particles inside of the cluster(s). To determine a suitable estimate of R, the

distribution of intra-cluster distances in three series of test data sets with di�erent

characteristics are studied.

As described in detail in the following, the �rst set is used to study e�ects based

on changes of the geometrical form of a cluster, especially when it di�ers from the

case of a compact spheroid. Here, elongated cylindrical formations are generated.

The second experimental series explores e�ects based on changes of the particles'

density within a cluster. In the last series, the impact of the samples' dimensionality

is considered.

E�ects related to changes in the form of the cluster(s) In this series, three

dimensional test data sets of Type 2 are generated with d = 3. In all samples, the

noise level is set to nnoise = 50 and one of the clusters is chosen to be a compact

group with rg1 = 5, lg1 = 5 and ng1 = 50. The second group has the same width,

rg2 = 5, but is gradually elongated by varying its length lg2 between 10 and 510
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with

lg2 = 10, 35, 60 . . . , 510 (5.12)

To explore solely the e�ects of varying cluster forms, the average intra-cluster par-

ticles density (clusters do not have sharp borders) is kept approximately constant

by increasing the number of points ng2 proportional to the length, lg2 . In this, it is

assumed that the volume occupied by the elongated cluster in feature space can be

approximated by the volume of a cylinder:

Vg2 = πr2
g2 lg2 (5.13)

and the density is given by:

ρg2 =
ng2
Vg2

(5.14)

Three such samples are exemplary demonstrated in Fig. 5.8 along with the nor-

malized histograms of the mutual particles' distances within each group of the sam-

ple. As it can be seen, the distance distribution of the compact unchanged group

shows a single narrow peak. In comparison, increasing the length of the second

cluster, lg2 , leads to a continuous shift of the mutual distances towards higher val-

ues. The e�ect increases with the length of the cluster. In all generated samples,

however, the maxima of the intra-cluster distances distributions of both clusters lie

closely together and represent the mutual distances of the close neighbors. When

compared to the cumulative distribution functions of the mutual distances within

the whole test sample (red curves in Fig. 5.8), it becomes evident that the two intra-

cluster distances peaks correspond to values near the 0.1-quantile (marked with a

red circle in Fig. 5.8).

A similar behavior is observed in the case of clusters whose form di�ers from

that of a straight line, such as the one presented in the last row of Fig. 5.8. Here,

a test sample of Type 1 is shown that contains only one spheroid (green) enclosed

by the horseshoe-formed group. It is generated with rh = 5, nh = 350, rsi = 5,

nsi = 50, rso = 0, nso = 0 and nnoise = 50. The length of the (blue) bent structure

is approximately 60 and is thus comparable to lg2 of the third sample of Type 2

presented in Fig. 5.8. As it can be seen, due to the bent form of the elongated cluster

in this case, the shift towards higher distances is enhanced. Thus, the maxima of

the mutual distances of particles belonging to both clusters (blue and green) lie in

the interval between the 0.1-quantile and the 0.2-quantile (marked with a red circle

and a red square in the lower right plot of Fig. 5.8, respectively).

E�ects related to changes in the density of the cluster(s) To explore e�ects

related to density changes of a cluster, three types of experiments are conducted.

First, the same setting as in the previous experimental series is employed (test

samples of Type 2), however, with keeping the number of points in the elongated

cluster constant to ng2 = 50 while varying its length as stated by Eq. 5.12. As the

particles' density is inversely proportional to lg2 , it drops as lg2 is increased.

In the second case, test data of Type 1 is generated with the same parameters
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Figure 5.8: Test data employed to explore the e�ects of changing the clusters' form while
keeping the density approximately constant as described in Sec. 5.5.3. The left panels show
scatter plots of the samples. The �rst three present data of Type 2 where the length of one
of the clusters (blue) is varied. In each case, the corresponding length and number of points
are displayed in the upper right of the panel. For a comparison, the density and form of the
compact cluster (green) are kept unchanged. The fourth sample is of Type 1. The elongated
cluster here has the same length and density as the third sample of Type 2 presented. The
right panels show the normalized histograms of the mutual particles' distances within each
group of the samples, where noise points (yellow) are regarded as one group. In each case,
the histograms are overlaid by the cumulative distribution function of the mutual points'
distances within the whole test data (red curves). The red circles and squares denote the
0.1-quantile and the 0.2-quantiles in each case.
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Figure 5.9: Two test samples, generated with the same parameters, as the third and the
fourth test data presented in Fig. 5.8, except for the number of points in the elongated blue
clusters. The left panels show scatter plots of the samples. In each case, the corresponding
values for lg2 , lh, ng2 and nh are displayed in the upper right of the panel. The right panels
show the normalized histograms of the mutual particles' distances within each group of
the sample, where noise points are regarded as one group. The histograms are overlaid by
the cumulative distribution function of the mutual distances within the whole test sample,
which is represented by the red curves in each graph. The red circles and squares denote
the 0.1-quantiles and the 0.2-quantile in each case.

as the fourth dataset displayed in Fig. 5.8. However, the number of points within

the elongated horseshoe-formed cluster is gradually reduced as follows:

nh = 600, 300, 150, 75 (5.15)

Figure 5.9 shows two samples generated with the same speci�cations as the last

two test data depicted in Fig. 5.8, except for the number of points in the elongated

clusters: ng2 = 50 in the �rst case and nh = 150 in the second one. When considering

test data from Type 2, the e�ects are similar to those observed in the �rst series.

Increasing lg2 leads to shift of the intra-cluster distances to higher values, but the

maxima of the distributions of both dense groups lie near values corresponding to

the 0.1-quantile. In the case of samples of Type 1, however, a more prominent

shift of the �horseshoe� distances towards higher values occurs and the distribution

maximum reaches values near the 0.2-quantile.

In a third experiment series, three dimensional test data sets of Type 2 are

generated (dimensionality set to d = 3). In all samples, the noise level is set to
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Figure 5.10: Three-dimensional test samples of Type 2 demonstrating the e�ects of a
variable radius, rg2 . The left panels show scatter plots of the samples. In each case, the
corresponding values for rg2 and the resulting particles density ρg2 are displayed in the
upper right of the panel. The right panels show the normalized histograms of the mutual
particles' distances within each group of the sample, where noise points are regarded as one
group. The histograms are overlaid by the cumulative distribution function of the mutual
distances within the whole test sample, which is represented by the red curves in each graph.
The red circles and squares denote the 0.1-quantiles and the 0.2-quantile in each case.

nnoise = 50 and the �rst cluster is chosen to be a compact spheroid with rg1 = 5,

lg1 = 5 and ng1 = 50. The second cluster is generated with the same parameters as

the �rst one, whereby the radius rg2 is varied as follows:

rg2 = 10, 12, . . . , 100 (5.16)

As previously stated, the volume of the formations are approximated by the volume

of a cylinder (Eq. 5.13). Thus, the average particles density ρg2 within the changed

cluster (Eq. 5.14) is inversely proportional to r2
g2 .

Increasing rg2 leads to shift of the intra-cluster distances within the cluster

changed. In Fig. 5.10, two of the samples are exemplarily shown in which the

resulting average particle density di�ers by a factor of 50%. As it can be seen, the

compact groups (displayed in green) have maximum intra-cluster distances around

the 0.1-quantile. In comparison, the maximum of the dilated groups is shifted and

corresponds to a value near the 0.2-quantile in all cases examined.

Note that if the intra-cluster densities of both cohesive groups are similar (such

as in the test data displayed in Fig. 5.8), the cumulative distribution function in the
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Figure 5.11: Three test samples of Type 2 generated with di�erent dimensionality d.
Each panel shows the normalized histograms of the mutual particles' distances within each
group of the sample, where noise points are regarded as one group. These histograms
are overlaid by the cumulative distribution function of the mutual distances within the
whole test sample, which is represented by the red curves in each graph. The red circles
and squares denote the 0.1-quantiles and the 0.2-quantile in each case. In each case the
corresponding sample dimensionality d is displayed in blue color under the legend of the
plot.

interval between the 0.1-quantile and the 0.2-quantile has a steep increase. Thus, the

distance values corresponding to the 0.1-quantile and the 0.2-quantile, respectively,

are similar, too. Increasing the di�erence between the clusters' densities, leads to a

drift of the distance values corresponding to the 0.1-quantile and the 0.2-quantile.

E�ects related to changes in the sample dimensionality To explore e�ects

related to changes in the sample dimensionality d, a series of test data of Type 2

is generated with rg1 = 5, lg1 = 5, ng1 = 50, rg2 = 5, lg2 = 20, ng1 = 200 and

nnoise = 50. The dimensionality d is varied as follows:

d = 10, 50, 100 (5.17)

Figure 5.11 displays the resulting normalized histograms of each group within

the test sets again, overlaid by the cumulative distribution functions of the mutual

distances within the whole samples. As expected when employing the Euclidean



78 Chapter 5. NPC Parameter Optimization

distance, the inclusion of additional dimensions leads to a shift of all distances

towards higher values. This e�ect is most prominent when considering the noise

points. Nevertheless, the distributions of the intra-cluster distances in all examples

exhibit the same form as in the previous tests with data of Type 2: the distances of

the compact cluster (rg1 = 5, lg1 = 5) build a single narrow peak, while the elongated

cluster (rg2 , lg2) has an asymmetric distribution with a shift towards higher distance

values. However, both distribution maxima lie again near values corresponding to

the 0.1-quantile of the cumulative distance function. Note that this holds true, even

though the density drops rapidly when increasing d since the volume of a d-cylinder,

Vd, is proportional to the d-th power of its radius, Vd ∝ rd.
Based on the observed e�ects, R is chosen to be the qR-quantile of the dis-

tance distribution of a sample. The search for the optimal values of qR and for the

modulation scaling factor, sR, is carried out in the intervals qR ∈ [0.08, 0.2] and

sR ∈ [1.1, 2], respectively.

5.5.4 Damping Constant

The initial experiments showed that the above discussed values and ranges of the re-

maining NPC parameters cannot be combined with values for the damping constant

less than 70. In cases of η < 70, all systems studied showed an ongoing oscillation

(best revealed by the temporal evolution of the potential and kinetic energies of

the particles as demonstrated in Fig. 5.2), so that no equilibrium is reached at all

and the NPC breaking condition is therefore not reached. On the other hand, an

undue high η value prevents the particles from being su�ciently accelerated at all

and forces them towards local minima, thus leading to the fragmentation of cohesive

groups. In the cases of η > 500 the points move extremely slow even towards the

local minima. Therefore the bounds for the damping turn constant are chosen to

be η ∈ [70, 500].

5.5.5 Parameter Bounds Summary

In the following table, all considerations concerning the parameter bounds employed

in the further optimization study are summarized:

Table 5.4: NPC parameter bounds.

Parameter

V0 VC a amax qR sR η

Lower bound 3500 1 0.01 0.01 0.08 1.1 70
Upper bound 3500 100 0.1 0.1 0.2 2 500



5.6. Estimation of Default Parameter Values 79

5.6 Estimation of Default Parameter Values

5.6.1 Optimization Procedure Setup

For the purposes of parameter optimization, a cost function, J , is de�ned as the error

rate (fraction of incorrectly clustered points), 1−RI, averaged over P independent

test data sets:

J =
1

P

P∑
i=1

(1−RIi) (5.18)

The parameter optimization is based on two di�erent test data series:

• A series of P = 25 independent samples of Type 1, with rh = 5, nh = 350,

rsi = 5, nsi = 50, rso = 7, nso = 40 and nnoise = 50. These data are

employed to evaluate e�ects on clusters of irregular and intertwined shape

as one cluster is partly enclosed by an elongated curvilinear group. For the

calculation of a single cost with a certain set of parameters, 25 new samples

are randomly generated. The average error rate, denoted in this case as J1, is

accordingly calculated as J1 = 1
25

∑P
i=1(1−RIi). An example of a test sample

and the corresponding cost, J1, calculated with varied qR, VC , sR and �xed

amax = 0.055, η = 200 and K = 1, are shown in Fig. 5.12(a) and Fig. 5.12(b),

respectively.

• A set of P = 5 samples of Type 2, with d = 3, rg1 = 5, lg1 = 30, ng1 = 100,

rg2 = 7, lg2 = 35, ng1 = 150 and nnoise = 70. Here, special attention is

paid to the distance between the clusters. In particular, only test data are

chosen in which the two cohesive groups are positioned very closely in order

to evaluate e�ects on touching clusters. In contrast to the �st test series of

25 samples, the cost here is calculated based on the same set of �ve samples,

J2 = 1
5

∑P
i=1(1− RIi) 2. An example of a test sample and the corresponding

cost, J2, calculated with varied qR, VC , sR and �xed amax = 0.055, η = 200

and K = 1, are shown in Fig. 5.12(c) and Fig. 5.12(d), respectively.

For a given parameter set, the error rates, J1 and J2, are �rst calculated. This

allows to estimate if there are regions in parameter space which are particularly

bene�cial (or not) for di�erent cluster speci�cations which are characterized by both

types of test data. To equally weight these e�ects, the total cost is then estimated

as the average of J1 and J2:

J =
1

2
(J1 + J2). (5.19)

For the experiments performed here, only three-dimensional test data are em-

ployed, since they allow a detailed visual inspection of the results in feature space, in

addition to the information revealed by the contingency tables. In this way, details

2Note, that no averaging P = 5 is needed for the actual minima search. However, to keep the
calculated cost comparable, i.e. J ∈ [0 1], the J2 calculation is kept consistent with Eq. 5.18
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Figure 5.12: Demonstration of the intermediate steps when calculating the cost J as the
average of the terms J1 and J2. (a) An example of a test sample of Type 1 employed for the
calculation of J1. (b) J1 as a function of sR, VC and qR. (c) An example of a test sample
of Type 2 employed for the calculation of J2. (b) J2 as a function of sR, VC and qR. In
the demonstrated example the remaining NPC parameters are �xed to a = 0.05, η = 200,
K = 1 and amax = 0.055.
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about the e�ects occurring can easily be evaluated, especially if misclassi�cations of

a certain data fraction occur.

The �rst attempts to �nd a parameter value combination suitable for the clus-

tering task are conducted with the interior point algorithm [Waltz 2006, Byrd 2000,

Byrd 1999]. These experiments, however, have led to no satisfactory results since

the observed minima were extremely sensitive to the chosen initial starting points.

Table 5.5 shows exemplarily two results obtained with di�erent initial points.

Table 5.5: Demonstration of two attempts to optimize the NPC parameters by means of
the interior point algorithm where starting the optimization with di�erent initial points in
parameter space leads to di�erent results.

Parameter

V0 VC a amax qR sR η

Initial point 3500 1 0.04 0.07 0.08 1.5 200
Estimated optimum 3500 4.599 0.051 0.055 0.125 1.541 200.021

Initial point 3500 100 0.04 0.07 0.08 1.5 200
Estimated optimum 3500 40.010 0.042 0.070 0.185 1.500 200.142

These preliminary results suggest that the cost has either many local minima

or a wide potential minimum valley in parameter space, or both. In the given

optimization setup, both cases may exist. Thus, an extensive search is conducted

as described in the following. It allows to not only estimate an optimal parameter

set, but also study closely the areas of increased cost and the particular e�ects that

changing the parameters' values have on the clustering results.

In the course of estimation of suitable parameters' bounds, it became evident

that VC , qR, sR, and amax have the most signi�cant in�uence on the NPC per-

formance. In contrast, a a�ects the initial �sharpness� of cluster borders and thus

in�uences solely the assignment of particles located near the edge of a cluster (this,

however holds true solely if a is kept in the estimated bounds, otherwise it can sig-

ni�cantly impair the NPC accuracy). Another parameter that controls the correct

clustering of marginal nucleons is the number of iterations, K. The damping con-

stant η in�uences primarily the run time of the algorithm (here, too, if kept within

the estimated bounds, otherwise it can signi�cantly reduce the NPC accuracy, as

well).

Thus, the further investigation is divided into three steps. First, the parame-

ters VC , qR, sR, and amax controlling the global NPC performance are studied, as

described in the following Sec. 5.6.2. Next, a and η are considered in Sec. 5.6.3,

followed by a discussion on the number of iterations, K, in Sec. 5.6.4.

5.6.2 Estimation of Optimal VC, qR, sR, and amax

In this �rst step, the parameters VC , sR, qR and amax are varied within the estimated

bounds, while keeping the rest �xed to:
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• a = 0.05, a value in the middle of the investigated range (see Table 5.4);

• η = 200, a value that is known to lead to a su�cient damping allowing the

breaking condition to be met, but not suppressing the nucleons' motion ex-

cessively so as to stick them to local minima;

• K = 1, to optimize the main NPC routine.

To allow for a visual examination, qR, sR and VC are varied and the resulting

cost, J , is displayed as a scatter plot. This procedure is repeated for di�erent amax
values. Since the cost calculation is a highly time consuming task, �rst the following

discrete values are employed:

qR = 0.08, 0.09, . . . , 0.2

sR = 1.1, 1.2, . . . , 2

VC = 1, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100

amax = 0.02, 0.04, 0.06, 0.08

(5.20)

The minimal cost within the entire ranges of qR, sR and VC tested, is observed

for amax = 0.06. In a next step, the cost is calculated for amax = 0.055 and

amax = 0.065, in addition to amax = 0.06. The resulting sR-VC-qR scatter plots are

shown in Fig. 5.13. Comparing the results obtained for amax = 0.065 (Fig. 5.13(c))

and amax = 0.06 (Fig. 5.13(b)), it becomes obvious that values amax > 0.06 lead to

an increase of the error rate for all values of qR, sR and VC investigated.

Note that due to the random nature of the test data generated, in all samples

some noise points are located inside a cluster so that the calculated average minimum

error rate is systematically slightly greater than zero with J ≈ 0.03.

The results obtained with amax = 0.055 and amax = 0.06 exhibit similar values.

To compare them, the di�erence J(amax = 0.055)−J(amax = 0.06) is calculated for

all examined qR, sR and VC , as displayed in Fig. 5.14(a). In addition, the distribution

of the di�erence values is examined (Fig. 5.14(b)). It shows clearly that the cost in

the case of J(amax = 0.055) is higher on average than in the case of J(amax = 0.06).

Thus, the default value for this parameter is chosen to be amax = 0.06.

When considering the scaling factor sR, there is a distinct minimum valley of

the cost at sR = 1.5. In this region of sR-VC-qR space, di�erent combinations of VC
and qR lead to satisfactory results. In the range qR ∈ [0.15, 0.18] the average error

rate is J ≈ 0.03 for all VC values tested, except for VC ≥ 90 where the cost increases

to J ≈ 0.10. As previously discussed, however, a lower strong interaction range

value is expected to increase the NPC sensitivity in the cases of closely positioned

clusters. Thus, qR = 0.15 is chosen which is the lowest value for which all VC values

tested lead to minimal cost, J ≈ 0.03.

Next, the default height of the Coulomb wall is set to a value in the middle of

the range tested, VC = 50. This aims at an optimal balance between the ability

to detect correctly cluster boundaries and prevent the splitting of large and/or

elongated structures due to the cumulative repelling Coulomb force (see Sec. 5.5.1).
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Figure 5.13: Cost J calculated as a function of sR, VC and qR for three di�erent values
of amax. (a) Results for amax = 0.055. (b) Results for amax = 0.06. The two regions
of increased cost marked in light green and gray result from di�erent e�ects, as explained
in the current section. The chosen parameter optimum is marked with a red arrow. (c)
Results for amax = 0.065.
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Figure 5.14: Exploring the di�erence between the cost values calculated with amax =
0.055 and amax = 0.06 (both cases are displayed in the �rst and the second panel of
Fig. 5.13, respectively). (a) Three-dimensional distribution of the di�erence J(amax =
0.055)− J(amax = 0.06). (b) Histogram of the calculated di�erence values.

The optimum chosen in this �rst step is marked with a red arrow in Fig. 5.13(b).

In addition, the regions in which an increase of the cost is observed are further

examined by inspecting the results of such parameter choices on test data (contin-

gency tables and clustering outcome in feature space). Here, the e�ects underlying

the increase of the cost can be divided into two types. On the one hand, undue

high values of sR and qR, lying in the region marked in light green in Fig. 5.13(b),

reduce the ability to detect closely positioned clusters. This e�ect cannot be com-

pensated by increasing the Coulomb wall and occurs for all tested VC values. Thus,

both clusters in the samples of Type 2 are recognized as one group as shown in

Fig. 5.15(d) (the corresponding original data labeled with the ground truth is de-

picted in Fig. 5.15(c)).

On the other hand, combinations of low sR and qR within the region marked in

gray in Fig. 5.13(b) lead to the splitting of large cohesive clusters as demonstrated

in Fig. 5.15(b) (the corresponding original data labeled with the ground truth is

depicted in Fig. 5.15(a)). This e�ect can be partly compensated by decreasing the

height of the Coulomb barrier, however not for all data tested.

5.6.3 Estimation of Optimal a and η

After determining qR = 0.15, VC = 50, sR = 1.5 and amax = 0.06 as optimal values

for those parameters in the �rst part of the analysis, the remaining parameters, a

and η, are next variated as follows:
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Figure 5.15: E�ects underlying the increased cost values in sR-VC-qR space (the remaining
parameters are �xed to V0 = 3500, a = 0.04, η = 120). (a) Test set of Type 1 labeled with
the ground truth. (b) Results obtained with amax = 0.06, sR = 1.3, VC = 70, qR = 0.1, a
point located in the region of parameter space marked in gray in Fig. 5.13(b). (d) Results
obtained with amax = 0.06, sR = 1.8, VC = 30, qR = 0.18, a point located in the region
marked in light green in Fig. 5.13(b).
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Figure 5.16: Second NPC optimization step concerning the parameters a and η. (a) Cost,
J , calculated as a function of a and η. (b) Runtime as a function of a and η. The remaining
parameters are �xed to qR = 0.15, VC = 50, sR = 1.5 and amax = 0.06. The chosen
parameter optimum is marked with a red arrow in both plots.

a = 0.01, 0.015 . . . , 0.06

η = 80, 90, . . . , 500
(5.21)

Figure 5.16(a) shows the resulting cost, J , as a function of a and η. Here, the

average error rate exhibits a minimum at a = 0.045 and η = 120 which are thus

chosen to be the default NPC values for these parameters.

In addition to the cost, J , the average runtime as function of a and η is assessed.

As previously discussed, values η < 70 prevent the NPC algorithm from reaching

the breaking condition as they do not su�ciently damp the particles and cause the

systems to oscillate in�nitely. This ultimately a�ects the NPC performance as can

be clearly observed in Fig. 5.16(b): in the case of η < 80 the runtime increases

rapidly, which con�rms the initial considerations.

5.6.4 Iteration Number K

All of the parameter selection experiments described so far, are conducted by run-

ning the NPC procedure once and assuming the particles start at rest. The default

number of NPC iterations is therefore K = 1. However, as described in Sec. 4.2.5,

the dynamic modeling can be expanded by repeating the whole algorithm K times

with di�erent initial velocities. This extension aims to minimize the incidental as-

signment of noise points to one of the clusters formed. It a�ects solely nucleons lo-

cated near the maximum of the potential barrier delimiting each cluster. Figure 5.17

schematically demonstrates the particular e�ects of the three possible scenarios that

can occur. Here, a two-dimensional toy problem is shown in which a noise point

(red square) is positioned at the rim of a cluster (green stars). The range of the
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Figure 5.17: Schematic demonstration of the e�ects resulting from starting NPC with
di�erent initial particles' velocity, v0. The range of attractive strong interaction of each
particle is represented by a circle. A noise point (red square) is positioned at the border of
a cluster (green stars). Starting NPC with v0 = 0 leads to the detection of a single cluster,
including the outlier. The same clustering outcome results in the cases where the initial
velocity vector points towards the potential well of the cluster (green area). In all other
cases, the red particle will be detected as noise (as long as the associated kinetic energy is
higher than the e�ective strong interaction potential of nearby nucleons).

strong attractive interaction of each nucleon is depicted by a circle (green for the

cluster points and orange for the noise point). Due to the moderate overlap of the

green and the orange areas, starting NPC with zero initial velocity, v0 = 0, leads

to the detection of a single cluster, including the outlier point. The same clustering

outcome results in the cases when the noise point is assigned a nonzero initial veloc-

ity directed towards the potential well of the cluster (green area in Fig. 5.17). In all

other cases, the red particle will be detected separately as noise. The latter e�ect

is enhanced when increasing the data dimensionality d, as each dimension brings

along an additional translational degree of freedom. Thus, the chance of a particle

to be initially �tapped� towards the cluster decreases and outliers are detected more

e�ectively.

If one is interested in closely exploring nucleons located in marginal regions,

running NPC with K = 10 is recommended. As stated in Eq. 4.11, the �nal parti-

tioning of the data is based on the �nal potential energy of each particle averaged

over the K iterations. At equilibrium, P particles that have built a nucleus have

�nal potential energies Ui ≈ PV0. Clearly, a nucleon accelerated towards the clus-
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ter during the �rst NPC run has U1
i ≈ PV0, as well. If in some of the following

iterations the same particle has the �nal potential energy typical for a noise point,

U1
i ≈ 0, the value employed for cluster assignment, Ui = U

(k)
i , will be Ui 6= 0 and

Ui 6= PV0, lying in the interval PV0 < Ui < 0. Thus, it will be assigned a distinct

label and appears in the results as a singleton cluster. If the researcher is interested

to disclose which is the noise point's neighboring cluster, he/she can compare the

outcome with the results based on U1
i where the particle is assigned to the cluster

nearby. Note that the resulting Ui = U
(k)
i can theoretically happen to be equal

to a �nal potential energy characteristic for some other cluster. As, however, the

peaks built in the �nal potential energy distribution are very sharp (the particles in

a nucleus have Ui values typically equal up to the �fth digit), this practically is not

observed in any of the test data.

5.7 Advice for Applying NPC

When analyzing data using NPC, it is recommended to employ the default parameter

values as estimated in the current chapter and summarized in Table 5.6.

To sum up, NPC o�ers the opportunities of

• detecting major clusters and noise (by running it with the default parameter

set and K = 1);

• closely studying marginal noise points (by increasing the number of iterations,

K, as discussed in Sec. 5.6.4);

• exploring sub-groups (as described in Sec. 4.2.6)

� either by considering noise in every additional clustering step

� or by reassigning the outliers.

In addition, as the e�ects of the NPC parameters are well studied, the researcher

can vary them to deliberately achieve di�erent e�ects. For example, higher sensi-

tivity to local density drops can be achieved by

• increasing VC (e.g. VC = 100);

• decreasing sR and amax (e.g. by testing sR = 1.1, amax = 0.055 or disable

potential modulation completely by choosing sR = 1 and amax = a);

• increasing the damping constant, η.

Note that increasing η has the additional advantage of speeding up the algorithm

(see Fig. 5.16). Thus, to attain a deliberate cluster fragmentation (for example

if one wants to explore which points inside of a cohesive cluster are more closely

positioned), it is recommended to vary the damping constant �rst.

On the other hand, one can cause the opposite e�ect and increase the robustness

against density �uctuations (for example if one is explicitly interested to cluster

closely positioned groups together) by:
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• decreasing VC (e.g. VC = 10); note that VC = 0 leads to the detection of a

single group containing all points as discussed in Sec. 5.5.1 and is thus not

suitable for any clustering task;

• increasing sR and amax (e.g. by testing sR = 1.7, amax = 0.07).

Recall, that reducing the value of the damping constant, η < 70, prevents the

NPC from reaching the breaking condition and has thus not the e�ect of increasing

robustness against local density �uctuations.

Table 5.6: Summary of the default NPC parameters' and the general e�ects of increasing
or decreasing their values. Choosing a value greater than the default is marked with an
upward pointing arrow, while choosing a value lower than the default is marked with a
downward pointing arrow.

Parameter

V0 VC a amax qR sR η

Default value 3500 50 0.04 0.06 0.15 1.5 120

Increase sensitivity to
density �uctuations

3500 ↑ ↓ ↓ ↓ ↓ ↑

Increase robustness against
density �uctuations

3500 ↓ ↑ ↑ ↑ ↑ ∗

∗ decreasing η prevents the NPC from reaching the breaking condition
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The current chapter presents a performance study and a comparison of the devel-

oped NPC algorithm with four standard clustering methods. First, the application

details concerning the considered approaches are brie�y discussed in Sec. 6.1. Next,

two types of clustering problems that might be potentially problematic for NPC are

closely studied in Sec. 6.2 and Sec. 6.3, respectively. Section 6.4 presents a compari-

son of the clustering algorithms considered. Based on a series of arti�cially generated

samples representing di�erent (nontrivial) clustering problems, the performance is

evaluated and compared with regard to accuracy and time e�ciency in Sec. 6.4.1. In

Sec. 6.4.2 a multivariate benchmark real data set is considered, commonly employed

for the evaluation and comparison of machine learning techniques.

6.1 Application Details of the Considered Algorithms

To achieve an informative comparison, NPC is tested along with the most prominent

representatives of the clustering algorithm family whose strengths and weaknesses

are well known to the research community: K-means as a representative of hard

clustering methods; hierarchical clustering with single and complete linkage; and

DBSCAN, which is the most prominent density based clustering approach. No

fuzzy clustering algorithms are discussed in this context, as the NPC produces only

a hard and/or hierarchical partitioning of the input data. Though brie�y discussed
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Figure 6.1: Demonstration of agglomerative hierarchical clustering. (a) Test data. (b) A
dendrogram of the test data displayed in (a) generated with complete linkage. Cutting the
tree at the level marked with a red dashed line in (b) results in a clustering of the sample
in two groups as denoted by the red dashed ellipses in (a).

in Chapter 3, the application details concerning the compared algorithms are given

in the following paragraphs.

K-means The K-means algorithm needs as input argument the number of ex-

pected groups in the studied data, K. It starts by placing K centroids at random

locations in feature space. Next, in an iterative manner, the data points are as-

sociated with the nearest centroids and based on these associations, the centroids'

positions are consecutively corrected. The process is then terminated when the

assignments no longer change [Steinhaus 1956, Lloyd 1957, Lloyd 1982].

Agglomerative hierarchical clustering The basic idea underlying agglomera-

tive hierarchical clustering is to consider every observation as a singleton cluster and

then successively combine the most closely positioned clusters into larger group(s)

until all sub-clusters are combined. The resulting tree-like structure of the data is

typically represented by a dendrogram as shown in Fig. 6.1(b). A horizontal line

in a dendrogram represents the merging of two groups, while the ordinate value

corresponding to a horizontal line indicates the similarity of the merged clusters.

To obtain a hard partitioning of the sample, the tree needs to be cut at some level.

Di�erent cuto� criteria exist, such as choosing a prespeci�ed level of similarity or

cutting at the largest gap between two successive merging levels (more on this topic

can be found e.g. in [Jain 1988, Duda 2001]). In the following experiments, the

number of clusters in the test data is employed as such criterion.

For the hierarchical clustering procedure, an evaluation of pair-wise distances

between the clusters is needed. Di�erent criteria measuring the similarity of sets

exist, which are called linkages. The most commonly employed types are single

linkage and complete linkage. In the case of single linkage, the distance between

sets of observations, e.g. sets A and B, is estimated as the minimum pairwise
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Figure 6.2: Sorted 4-dist graph for an exemplary sample database used to demonstrate
the recommendation for choosing the Eps parameter for DBSCAN in [Ester 1996].

distance between the points in the di�erent sets,

min{dist(a, b) : a ∈ A, b ∈ B},

where dist is the metric chosen to compute the distance between points a and b

(typically the Euclidean distance). In contrast, in the case of complete linkage the

distance between sets of observations is given by

max{dist(a, b) : a ∈ A, b ∈ B}.

DBSCAN Originally proposed by [Ester 1996], DBSCAN has two parameters

that need to be speci�ed. The �rst one, Eps, de�nes the radius of neighborhood

around each data point in a sample, while the second one, MinPts, speci�es a

minimum number of neighbors within the Eps radius. Based on these two argu-

ments, the points in a sample are recognized either as a core point (whose number

of neighbors is greater than or equal toMinPts), or border point (whose number of

neighbors is less than MinPts but it is in the neighborhood of another core point),

or noise (neither a core nor a border point). The authors propose �xing the mini-

mum number of neighbors toMinPts = 4 and estimating Eps interactively. Here, a

function, k-dist, is de�ned which maps each point to the distance from its k-th near-

est neighbor. A so called sorted k-dist graph is then constructed where the points

are ordered in a descending order with respect to their k-dist values. The authors

recommend to choose the Eps parameter as the ordinate value corresponding to the

�knee� of the curve1.

In the tests presented in 6.4.2, a modi�cation of DBSCAN avoiding the manual

selection of Eps as introduced by [Daszykowski 2001] is also considered. In this NP

(natural patterns) algorithm, only the MinPts has to be prespeci�ed which makes

it advantageous in cases where no distinct �knee� of the sorted k-dist graph can be

estimated.

1The original recommendation is �The threshold point is the �rst point in the �rst �valley� of the
sorted k-dist graph [...]. All points with a higher k-dist value (left of the threshold) are considered
to be noise, all other points (right of the threshold) are assigned to some cluster.�.
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NPC NPC does not require any a priori knowledge or an interactive decision

concerning the analyzed data. Being based on the strong interaction acting between

nearby positioned data points in feature space, it is most closely related to the

group of density based clustering algorithms. As previously discussed in Sec. 3.2.2,

the common criticism concerning this type of algorithms is that they are sensitive to

di�erences in the clusters' densities. Thus, the following performance study starts

with an experimental series aiming to explore the feasibility of NPC to handle groups

of di�erent densities.

6.2 NPC Applied on Samples Containing Clusters of

Di�erent Densities

To explore e�ects related to density changes of a cluster, an experimental setting

previously employed in Sec. 5.5.3 is employed. Here, test samples of Type 2 (cf.

Table 5.2) are generated with d = 3, nnoise = 50, ng1 = 50, rg1 = 5, lg1 = 5,

ng2 = 50 and lg2 = 5. The radius of the second cluster is gradually increased as

follows:

rg2 = 10, 12, . . . , 30 (6.1)

Keeping the number of points ng2 = 50 constant leads to a drop of the cluster density,

ρg2 , when increasing rg2 , as ρg2 is inversely proportional to r2
g2 (cf. Eq. 5.14).

Up to rg2 = 20 (which corresponds to a di�erence in the clusters' densities by

the factor
ρg2
ρg2

= 15) both clusters and the noise points are correctly detected by

the NPC method. Yet, increasing rg2 leads to a continuous increase of the run

time. In the cases of rg2 > 20, the systems cool down very slowly, so that the NPC

breaking condition cannot be reached in a reasonable computational time. However,

when analyzing clusters of very di�erent densities, the temperature evolution curve

exhibits a characteristic form (di�erent from the T -curves typical for clusters of

similar densities, such as the one demonstrated e.g. in Fig. 4.6(b) or Fig. 6.6(d)).

This phenomenon can be employed to de�ne an additional breaking condition and

cure the emerging problem as described in the following.

As shown in Fig. 6.3, the T (t)-curve typically starts with a rapid increase of

the temperature. Observing the particles' motion in feature space and in U -Ekin
space as demonstrated in Fig. 5.1 and Fig. 5.2, respectively, reveals that this rapid

temperature increase corresponds to the fusion process of the dense cluster. This

region is then followed by a plateau. Its form is typically not �at, but rather �clut-

tered� with minor maxima and minima, whereby the maxima reach increasingly

high values at later time points and the minima do not reach low temperature val-

ues (Fig. 6.3). This temperature evolution results from the fact that within the

more sparsely populated cluster, the particles' mutual attraction at the beginning

of the dynamic modeling is weaker than the interaction within the dense cluster.

Thus, the points in the sparse cluster are �st slowly accelerated towards local po-

tential minima in feature space building small groups, which then fuse to build

larger and larger groups. When these small groups are accelerated towards each
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other, the system temperature rises and this corresponds to the minor maxima in

the T (t)-curve. At the same time, the minima separating them do not reach low

temperature values, indicating that the fusion of the subgroups is ongoing and the

system has not yet reached equilibrium. However, it is also typical for such samples

that the �nal cool-down phase is strongly prolonged. It is characterized by an o�set

between the temperature �tail� at later time points and the zero line (red line in

Fig. 6.3). The temperature values in this region decrease very slowly thus prevent-

ing the systems from reaching the temperature-based breaking condition. Merely

increasing the damping constant η cannot cure this problem, as this would stick

the particles of a sparse cluster into local minima and prevent them from fusing to

a nucleus at all. Thus, another additional stopping condition is introduced. Here,

the �rst derivative of the temperature as a function of time, d
dtT (t) (green dashed

line in Fig. 6.3), is employed and the process is terminated, when its value pertains

negative d
dtT (t) < 0 for more than 1500 consecutive time steps. This large number

of time steps is deliberately chosen, so as to assure that all points in local potential

minima have enough time to fuse and build nuclei. If the NPC analysis is termi-

nated because this breaking condition is met, the researcher/user is noti�ed that

the found groups are presumably of di�erent densities.

Introducing this additional stopping condition allows to examine sparse clusters

generated with values rg2 > 20. The results show that up to rg2 ≈ 22, which

corresponds to a di�erence in the clusters' densities approximately by the factor
ρg2
ρg2

= 17, both groups are correctly identi�ed (Fig. 6.4(a), (c) and (e)). Due to the

rapidly decreasing density, larger rg2 values increasingly lead to the recognition of

some fractions of the sparse cluster as separate groups and marginal cluster points

as noise (as in the sample demonstrated in Fig. 6.4(b), (d) and (f)). This, however,

is not necessarily to be considered as a drawback, as these points typically have

distances towards the rest of the group lying in the range of the distances between

the noise points.

Furthermore, the introduced additional breaking condition is generally met in the

cases of sparse samples where the particles' motion is largely or primarily dominated

by the repulsive Coulomb force. This occurs for example, in the cases of unstructured

data or high dimensional data including many non-discriminative features. One such

sample comprised of 20 points randomly positioned in a 15-dimensional space is

demonstrated in Fig. 6.5. In such cases, no clusters or only small clusters comprised

of a few nucleons are built. Note, however, that the temperature here starts with

a rapid increase and the typical plateau at the beginning of the curve as described

previously in this section is not observed (see Fig. 6.5(a)). A possible (though

uncommon) constellation here may also be that even the constitutes of the already

fused small clusters repel each other to such extend that all of them reach a positive

�nal potential energy. In the current implementation of NPC, the user is noted

that this e�ect is observed and has the possibility to decide interactively how to

treat these points. Since the cluster-building particles here fuse initially and thus

exhibit at early time points the typical negative potential energy of approximately

NiV0 (Ni number of members in the i-th cluster), the standard NPC routine detects
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Figure 6.3: A temperature curve (blue) typical for samples containing cluster of di�erent
densities. It starts with a rapid increase corresponding to the fusion of the dense cluster(s),
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the maxima values increase at later time points due to the fusion of sparce clusters and the
minima do not reach low temperature values. In the �nal phase, the system cools down
very slowly, so that an additional breaking condition based on the �rst derivative of the
temperature (green curve) is introduced.

the cluster(s) found based on the minimal potential energy reached during dynamic

simulation. The other possibility is to treat these points as one unordered group of

noise.

6.3 NPC Applied on Prolonged Clusters

In the case of NPC, the particles interaction is governed not only by the short-

ranged strong attractive force but also by the long range repulsive Coulomb force.

Thus, a series of tests is conducted that aims to explore whether the cumulative

long range repulsion leads to an undue split of prolonged clusters. It is analogous

to the experiments described earlier in Sec. 5.5.3 aiming to study the e�ects related

to changes in the clusters' form for the purposes of the NPC parameter estimation.

Here, three-dimensional (d = 3) test samples of Type 2 are considered with one

of the clusters chosen to be a compact spheroid generated with ng1 = 50, rg1 = 5

and lg1 = 5. The second cluster has ng2 = 50 points, width speci�ed by rg2 = 5 and

its length is gradually increased as follows:

lg2 = 10, 20, . . . , 110 (6.2)

As in Sec. 5.5.3, here again solely the e�ects of varying the cluster form are studied by

keeping the average intra-cluster particles density approximately constant through

increasing the number of points, ng2 proportional to the length, lg2 (cf. Eq. 5.13 and

Eq. 5.14). Furthermore, both cohesive groups are overlaid with nnoise = 50 random

noise points.
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Figure 6.4: NPC performance in the case of samples containing groups of di�erent densi-
ties. (a) and (b) show the test data labeled with the ground truth. (c) and (d) demonstrate
the temporal temperature evolutions and the �rst derivatives, d

dtT (t), for the samples de-
picted in (a) and (b), respectively. In the last row, (e) and (f) show the corresponding NPC
results.

For all test samples studied, NPC correctly detects the two groups regardless

of the grade of prolongation. This is due to the potential modulation introduced

in Sec. 4.2.3 and further discussed in Sec. 5.5.2 and Sec. 5.5.3, that prevents the

fragmentation of the prolonged formations. This is ampli�ed in the following three

examples shown in Fig. 6.6. The �rst one, Fig. 6.6(a), contains two compact clus-

ters generated with the above listed parameters and lg2 = 10. As it can be seen

in Fig. 6.6(d), the temperature curve in such cases, typically exhibits one main

maximum after which the system reaches equilibrium with no apparent oscillations.
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Furthermore, a test sample of Type 1 is displayed in addition to the samples of

Type 2 studied so far. Here, the clusters also have similar densities (generated with

rh = 5, nh = 550, rsi = 3, nsi = 50, rso = 4, nso = 70, nnoise = 35) and the length

of the curvilinear formation is approximately lh = 60. Though the bent form of the

elongated structure has apparently no in�uence on the ability of NPC to detect the

group, the increased length leads to an increased oscillation of the system (indicated

by the additional multiple minor minima and maxima) and a shift of the simulation

termination to later time points (Fig. 6.6(e)).

Fig. 6.6(f) displays the T -curve of a sample of Type 2 generated with the above

listed parameters and lg2 = 110 (the data labeled with the ground truth is displayed

in Fig. 6.6(c)). It shows that the e�ect of increased systems oscillations enhances

when increasing the cluster's length. Despite the resulting increased computational

time, the observed pattern of the temperature evolution curve may be utilized as

indicator that the sample studied with NPC may contain (strongly) prolonged clus-

ter(s). Thus, it is advantageous to not only behold the NPC clustering outcome,

i.e. the points' labels, but also the temperature evolution of the studied sample.

6.4 Comparison with Standard Clustering Algorithms

6.4.1 Arti�cial Data

The following performance evaluation and comparison of NPC with other clustering

algorithms is based on �ve test samples with di�erent speci�cations. The details

concerning their generation are summarized in Table 6.1.

The clustering results for all considered algorithms are summarized in Fig. 6.7.
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Figure 6.6: Exploring the e�ciency of NPC to detect clusters of prolonged form. Three
test samples are shown which are generated as described in the text. (a) Three-dimensional
test data of Type 2 containing two compact spheroids overlaid with noise. (b) Test sample
of Type 1, where one of the clusters is elongated (lh = 60) and of irregular form. (c) Three-
dimensional test data of Type 2 containing a compact spheroid, a prolonged cluster of length
lh = 120, both overlaid with noise. (d), (e) and (f) display the temperature evolution curves
corresponding to the samples (a), (b) and (c), respectively. The last panels, (g), (h) and
(i) show the results obtained with NPC.

Here, each column corresponds to a test sample. In the �rst row, the data sets la-

beled with the ground truth are presented, followed by the NPC results in the second

one and the corresponding systems' temperature evolution curves in the third one.

The fourth row displays the DBSCAN 4-dist curves employed to manually select a

threshold (marked with a red square) as explained in Sec. 6.1. The corresponding

DCSCAN results are displayed in the following �fth row. Finally, the results ob-

tained with single linkage and complete linkage hierarchical clustering are shown in

the sixth and the seventh row, respectively, followed by the K-means partitionings

shown in the last, eight row.

The corresponding Rand index values for all experiments are summarized in Ta-
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Table 6.1: Comparison of NPC with four standard clustering methods for a series of �ve
di�erent clustering problems.

Sample Data speci�cations

1. Type 2 test data with d = 3, rg1 = 5, lg1 = 5, ng1 = 50, rg2 = 20,
lg2 = 5, ng2 = 50, nnoise = 50 (total number of data points N = 150).

2. Type 1 test data with rh = 5, nh = 550, rsi = 3, nsi = 50, rso = 4,
nso = 70, nnoise = 35 (N = 805).

3. Three spheroids generated analogously to the clusters constructed
in test data of Type 2 overlaid by nnoise = 50 noise points. All of
them are comprised of 50 points and have radii rs = 5. Two of the
spheroids are closely positioned, while the third one is well separated
(N = 200).

4. N = 500 points randomly positioned in feature space, no cluster
structure emulated.

5. A spheroid containing ns = 30 points, with radius rs = 1 surrounded
by a torus speci�ed by dtorus = 2 and ntorus = 400 as described in
the text. Both clusters are overlaid by 20 randomly positioned noise
points (N = 450).

ble 6.2. Furthermore, the assessed run times in all considered cases are displayed

in Table 6.3. For a more informative comparison, the measured time values are dis-

played along with the general time complexity for each of the considered algorithms

as a function of the input parameters and/or test sample size and dimensionality.

1. Sample The �rst sample consists of two spheroids of di�erent densities (Type 2

test data with d = 3, rg1 = 5, lg1 = 5, ng1 = 50, rg2 = 20, lg2 = 5, ng2 = 50) overlaid

by random noise (nnoise = 50). The clustering results show that in this case only

NPC and DBSCAN are capable of detecting correctly both groups and separating

them from the noise. Based on the temperature evolution of the sample displayed

in the third panel of the �rst column of Fig. 6.7, NPC provides the additional

information that the groups found are presumably of largely di�erent densities.

In the case of DBSCAN, an interactive manual selection is needed, whereby in

the concrete case a threshold at 4-dist=7.09 is selected (see third panel of the �rst

column in Fig. 6.7). Note that in cases of clusters with di�erent densities overlaid

by noise such as in the current test data set, it is not trivial to select �the �rst

point in the �rst �valley� of the sorted k-dist graph� as recommended originally by

[Ester 1996]. Selecting for example the �rst �knee� value of the curve marked in

green in the 4-dist plot, leads to the detection of merely 5 noise points while the

rest is clustered as one group.

Considering the remaining three algorithms tested, single linkage hierarchical

clustering fails to detect both groups and separate them from the noise, while com-
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plete linkage hierarchical clustering and K-means split the data set into two groups

containing the clusters. However, the surrounding noise is assigned to the nearby

positioned group, thereby failing to identify the group of noise points.

2. Sample The second sample tested consists of three clusters overlaid by ran-

dom noise: two compact spheroids, one of which is partly enclosed by a curvilinear

cluster (test data of Type 1 with rh = 5, nh = 550, rsi = 3, nsi = 50, rso = 4,

nso = 70, nnoise = 35). As in the previous case, here again only NPC and DBSCAN

correctly detect the cohesive groups and separate them from the noise points. Even

though the number of the searched groups is provided to the rest of the clustering

methods, they all fail to correctly cluster them. Concretely, single linkage hierar-

chical clustering detects two singleton clusters and groups the rest of the sample

together. In the case of complete linkage hierarchical clustering, the group posi-

tioned outside of the bent group is recognized but the elongated group is split into

two fragments, one of which is clustered together with the enclosed spheroid. K-

means fragments the �horseshoe� into three parts and clusters two of them together

with one of the spheroids. Furthermore, both hierarchical clustering methods and

K-means fail to detect the noise points and assign them to one of the found groups.

3. Sample The third sample is used to examine the ability to distinguish touching

clusters in the presence of noise. Here, three spheroids are generated in an anal-

ogous way as the clusters in the samples of Type 2 (cf. Sec. 5.1) and overlaid by

nnoise = 50. They are all comprised of 50 points and have radii rs = 5. The centers

of two of the spheroids are chosen to have distance 2rs, while the third one is well

separated. In this case, best results are achieved by NPC which can successfully

detect all clusters and separate them from the noise. DBSCAN cannot distinguish

the two closely positioned groups and clusters them together. A threshold value of

4-dist=2.92 is chosen here, which is rather the second �knee� of the curve. However

it is visually the more prominent one and leads indeed to better results as choosing

for example the value marked in green in the corresponding sorted 4-dist graph (an

assertion which is generally only possible in the presence of ground truth informa-

tion). The three remaining methods examined cannot properly detect the groups.

Single linkage hierarchical clustering detects a singleton cluster, one group consist-

ing of points labeled as noise in the ground truth and one group combining the rest

(the three clusters and the remaining noise points). K-means detects correctly the

well separated group, but combines the two closely positioned spheroids and the

surrounding noise into a single cluster. Furthermore, as in the case of single linkage,

it clusters the same group of noise points together.

Finally, complete linkage hierarchical clustering detects one of the closely posi-

tioned groups as a separate cluster but groups the other one together with the well

separated spheroid. In addition, it fails to detect the noise points as such.
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4. Sample The fourth sample consists of 500 unordered points and aims to exam-

ine the performance of the di�erent algorithms in the case where no cluster structure

is present. Apart from one singleton cluster, NPC detects here all points as one

group. Considering DBSCAN, the question of selecting a threshold in this case be-

comes increasingly problematic. The value selected here is 4-dist=7.35 which most

likely corresponds to the �rst �knee� of the 4-dist curve. It leads to the detection of

15 points as noise and clustering the remaining data together.

Single linkage hierarchical clustering leads to similar results as NPC and detects

a singleton cluster and a cluster containing the rest of the points. Complete linkage

hierarchical clustering and K-means lead to a splitting of the sample into K groups

(in this caseK = 2) wherebyK-means results in di�erent partitionings of the sample

when run multiple times (due to the random initialization of the cluster centroids,

see Sec. 6.1).

5. Sample The last arti�cial test set examined contains a compact group sur-

rounded by a completely enclosed cluster, both overlaid with random noise. The

spheroid is constructed in an analogous way as the ones included in test data of

Type 1 (cf. Sec. 5.1). The radius and the number of points within this group

are set to rs = 2 and ns = 50, respectively. The torus is constructed by placing

ntorus = 400 points at random positions on a circle of radius rs + dtorus, where

dtorus = 5 is the distance between the circle and the center of the spheroid. The

points' radial distances towards the circle are sampled from a normal distribution

and scaled by radius rthorus = 1.

In this case, NPC detects both groups as a single cluster. The reason for this

is that the particles constituting the enclosed outer structure start to shrink due to

the mutual attractive strong intra-cluster forces. Thus, the distance between the

outer and the inner cluster is continuously reduced. Though the Coulomb force

provides for a repelling between distinct cohesive groups, in such cases it cannot

prevail over the strong interaction, and both �nuclei� fuse to one structure, resulting

in the distinction only between particles belonging to a cluster and noise points.

Considering the rest of the tested algorithms, only DBSCAN allows for the

successful detection of both groups and the outliers. The rest of the methods do

not lead to a correct detection of the groups and the noise points. Furthermore, as

in the case of the previous test sample, K-means results in di�erent partitionings

when run multiple times on the same sample.

Table 6.3 shows the observed run times along with the general time complexity

for each of the considered algorithms as a function of the input parameters and/or

test sample size and dimensionality. As can be noted, NPC has the highest run

times and a time complexity of the order O(N2d). However, a more thorough

evaluation reveals that the computational time needed is mostly in�uenced by the

spatial distribution of the data in feature space and only to a smaller extend by the

sample size. Systems containing elongated, irregularly formed and/or nested clusters

as well as unordered data tend to need more time to reach equilibrium. In the case
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Figure 6.7: Comparison of NPC with four standard clustering methods based on a series of
�ve test samples, representing di�erent clustering problems. Details are given in Sec. 6.4.1.
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Table 6.2: Rand index for NPC and four standard clustering methods calculated for a
series of �ve di�erent clustering problems.

Sample

Clustering method 1. 2. 3. 4. 5.

NPC 0.975 0.915 0.998 0.996 0.798
DBSCAN 0.975 0.973 0.991 0.946 0.989
HC single linkage 0.344 0.666 0.352 0.996 0.663
HC complete linkage 0.731 0.603 0.691 0.507 0.537
K-means 0.736 0.513 0.711 0.499 0.503

of DBSCAN, the threshold values for all samples are separately estimated and the

time required for this evaluation is not included in the measurements displayed in

Table 6.3. Single linkage and complete linkage hierarchical clustering, as well as K-

means have the best time performance. However, they all fail to detect the studied

clusters correctly in the presence of noise.

Table 6.3: Comparison of the time complexity for NPC and four standard clustering
methods. Columns two to six display the measured times for the �ve considered test
samples in seconds. The last column displays the time complexity for each of the considered
algorithms as a function of the input parameters and/or test sample size and dimensionality.
Here, N is the number of points in a sample, d the sample dimensionality (number of
features) and K the number of groups to be found (needed to be prespeci�ed only in the
case of K-means).

Clustering Sample Time
algorithm 1. 2. 3. 4. 5. complexity

NPC 33.615 79.032 13.828 79.453 156.474 O(N2d)
DBSCAN 12.575 9.306 6.771 7.882 8.849 O(N log(N)) †

Single
linkage

0.087 0.010 0.003 0.006 0.008 O(N2) *

Complete
linkage

0.006 0.007 0.003 0.006 0.006 O(N2) *

K-means 0.006 0.010 0.006 0.014 0.015 O(NKd) *

O(NdK+1) ‡

† [Ester 1996] * [Xu 2005] ‡ [Inaba 1994]

6.4.2 Fisher Iris Data

In addition to the series of di�erent arti�cial clustering problems, the performance

of the developed NPC algorithm is further tested on the Fisher Iris data: the bench-

mark dataset most commonly used to examine and compare novel clustering meth-

ods. Three classes of iris �owers are contained in the sample, Setosa, Versicolor and
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Figure 6.8: Fisher Iris data labeled in color with the ground truth.

Virginica, each having 50 observations and four features measured in centimeters:

sepal length, sepal width, petal length and petal width. Importantly, the Setosa

class is linearly separable from the rest, while the Virginica and Versicolor groups

cannot be linearly separated from each other. The complete data set as published

originally by [Fisher 1936] and employed in the current work is given in Appendix D,

Table D.12. Fig. 6.8 depicts the data labeled with the ground truth.

Figure 6.9 displays the results for the Fisher Iris sample obtained when applying

NPC (denoted in the following as one-step NPC). Furthermore, a two-step NPC

analysis is performed. Here, a search for subgroups is conducted without additional

noise detection within the nested clusters (cf. Sec. 4.2.6) and the results are dis-

played in Fig. 6.10. The contingency tables corresponding to both cases are given

in Table 6.4.

Table 6.4: NPC Analysis of Fisher's Iris Data. Ci denotes the i-th found cluster.

One-step NPC Two-step-NPC

C1 C2 Noise C1 C2 C3 Noise

Setosa 47 0 3 47 0 0 3
Versicolor 0 49 1 0 50 0 0
Virginica 0 41 9 0 16 25 9

2Note that there are di�erent databases referring to as Fisher Iris Data, where some of the
measurements are not consistent [Bezdek 1999]. In the current thesis, the sample is employed in
its original version as published by [Fisher 1936].
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Figure 6.9: Fisher Iris data processed with one-step NPC.
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groups is conducted (two-step NPC). Here, outliers are detected only during the �rst clus-
tering step, while noise detected when searching for subgroups is reassigned as described in
Sec. 4.2.6.
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Processing the data with one-step NPC leads to a Rand accuracy of 0.77, as

the adjoining Virginica and Versicolor clusters are pooled together (cf. Table 6.4,

Table 6.5 and Fig. 6.9). Applying a two-step NPC, however, detects two further sub-

groups, resulting in a Rand accuracy of 0.85 (cf. Table 6.4, Table 6.5 and Fig. 6.10).

Next, the NPC results obtained for the Fisher Iris data are compared with

DBSCAN, hierarchical clustering with single and complete linkage, as well as K-

means.

In the case of DBSCAN as proposed by [Ester 1996], Fig. 6.12 shows clearly that

the sorted 4-dist curve does not exhibit a distinct �knee� that can be employed to

manually select the Eps threshold required for the further cluster analysis. In order

to estimate whether there is any threshold leading to the recognition of the three

classes, all 4-dist values in the range [0.1 1.1] are tested. Indeed, there is a threshold

value that leads to the distinction of the three clusters as displayed in Fig. 6.11 at

Eps = 0.42. However, as seen in Fig. 6.12 the corresponding region of the sorted

4-dist curve cannot be associated with any kind of a �knee� type curve. Moreover,

selecting a slightly higher threshold, e.g. Eps = 0.44 (marked in green in Fig. 6.12),

leads to the detection of Virginica and Versicolor as one cluster surrounded by 22

noise points, while selecting a slightly lower threshold, e.g. Eps = 0.41 (marked

in yellow in Fig. 6.12), leads to the fragmentation of the points within Virginica

and Versicolor into three clusters surrounded by 29 outliers (i.e. one third of the

points in both groups are clustered as outliers). As there is no distinct visual

criterion suggesting the best threshold value, this method cannot be employed for

the unsupervised analysis of the Fisher Iris data. For this reason, a modi�cation on

DBSCAN without manual interaction is employed for the further analysis: the NP

DBSCAN algorithm proposed by [Daszykowski 2001].

As previously stated in 6.1, the parameter NumPts has to be prespeci�ed for

this method. It refers to the minimum number of points that is to be considered as

a cluster. Since a low NumPts value allows for the detection of smaller, possibly

closely positioned groups, as it is the case of the classes Virginica and Versicolor, the

following analysis is held by employing NumPts = 1. It leads to a Rand accuracy

of 0.78. The well separated Setosa class is correctly recognized but Virginica and

Versicolor are clustered together (apart from one detected noise point and a cluster

comprised of four Versicolor points). To assure an objective comparison, the algo-

rithm is then run for each of the groups found in analogous manner as the two-step

NPC. The aim here is to ascertain whether NP DBSCAN can detect Virginica and

Versicolor as separate clusters. The results from this two-step process are displayed

in Fig. 6.14. It can be noted that, apart from the detection of additional noise

points, Virginica and Versicolor are still not separated. The Rand index in this case

is 0.74.

For the rest of the considered methods, hierarchical clustering with single linkage,

hierarchical clustering with complete linkage and K-means, the best possible results

are taken by specifying the number of clusters to M = 3.

As seen in Fig. 6.15(a), single linkage hierarchical clustering fails to disclose

properly the structure of the data, detecting the well separated Setosa class correctly,
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Figure 6.11: Best possible partitioning of the Fisher Iris data that can be achieved with
DBSCAN as published by [Ester 1996] and setting the threshold for partitioning the data
to 4-dist=0.42. It is achieved by gradually varying the 4-dist threshold between 0.1 and 1.1
and choosing the results corresponding to the maximal RI value.

but splitting the other two groups into a singleton cluster (one Virginica species)

and a group containing the rest of the Virginica points and the Versicolor group.

In this case, a Rand index of 0.78 is attained. On the other hand, complete linkage

hierarchical clustering exhibits a Rand index of 0.84 and is capable of detecting that

there are three clusters in the sample analyzed (Fig. 6.15(b)).

In the case ofK-means, the analysis of the Fisher Iris data results in two di�erent

partitionings of the sample as shown in Fig. 6.16(a) and Fig. 6.16(b). This is an

e�ect of the random initialization of the clusters' centroids (cf. Sec. 6.1). For the

current algorithm performance comparison, the results displayed in Fig. 6.16(b),

corresponding to the higher Rand index of RI = 0.84, are further considered.

The obtained Rand indices for all clustering techniques tested on the Fisher Iris

data are summarized and displayed in Table 6.5.
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overlapping Setosa and Versicolor classes. In both cases, no distinct elbow of the function
is observed that can be employed for choosing the Eps parameter for DBSCAN.

Table 6.5: Fisher Iris Rand indices for NPC and four commonly employed clustering
methods.

Algorithm Rand index Number of clusters correct

NPC, one-step 0.7685 no
NPC, two-step 0.8446 yes
DBSCAN (NP) 0.7773 no
DBSCAN (NP), 2steps 0.7399 no
Hierarchical clustering, single linkage 0.7766 no
Hierarchical clustering, complete linkage 0.8368 yes
K-means (K = 3) 0.8368 no/yes
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Figure 6.13: Fisher Iris data processed with NP DBSCAN.
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The analysis presented in the current chapter rehandles the problem that has

initially inspired the development of NPC: the clinico-radiological paradox in mul-

tiple sclerosis and the attempt to address it by means of multimodal quantitative

MRI. The acquisition protocol employed has been optimized for the rapid high-

resolution mapping of the parameters T1, T
∗
2 and absolute water content, H2O

total

[Neeb 2008]. As previously described in Chapter 2, in a �rst step of the current

translational research work, it is successfully extended by the full-brain measure-

ment of myelin water content, H2O
myelin. With this expansion, a single individual's

scan allows for the reconstruction of four di�erent quantitative maps depicting the

spacial distribution of parameters sensitive to in�ammatory processes as well as

tissue myelination. Thus, in the context of a chronic in�ammatory demyelinating

disease such as multiple sclerosis, the quantitative nature of this imaging data set is

expected to be particularly advantageous. As the individual's lesion load observed

in standard MRI images does not necessarily correspond to the actual clinical �nd-

ings, quantitative information characterizing the normal appearing brain tissue can

be analyzed to additionally characterize the disease state of an individual subject.

Generally, the ultimate goals in this context are to improve the personalized di-

agnosis and therapy, thus delaying disease progression. Advances considering the

following two aspects are of particular importance here:

• expedite and facilitate an early diagnosis since MS tends to lead to more

damage in the �rst year than in later stages of the disease [Kuhlmann 2002];
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• attain a medical strati�cation and enable detection of patients who are at risk

to develop a MS relapse and/or steady disability progression.

The �rst aspect has been successfully addressed by [Neeb 2014] who investigate

whether quantitative MRI of normal appearing brain matter can be employed to au-

tomatically di�erentiate between MS patients and healthy subjects. They present

a straightforward and robust dimensionality-reduction scheme in combination with

supervised learning models. The results here clearly demonstrate that the normal

appearing neural tissue is experiencing MS-induced changes and that the employed

MRI technique is an examination that allows for a quantitative and objective as-

sessment of such subtle pathological abnormalities.

The avenue pursued in the current chapter addresses the second aspect stated

above. It aims to study whether there is some natural tendency of patient grouping

that corresponds to the individual disease progression (i.e. impairment as measured

by the clinical EDSS score) when solely quantitative MRI of normal appearing brain

tissue is employed. Such disease strati�cation could enable the indication of a po-

tential exacerbation in cases where no new lesions or no MS relapse is yet observed.

Advances in this area could be especially advantageous for the disease monitoring

since the genesis of brain pathology typically predates the onset of clinical symptoms

so that earlier and putatively more e�ective treatments can be o�ered to patients.

Whether quantitative MRI data could be employed to attain such a strati�cation

or not is the last question posed within the current translational research work.

7.1 Data Acquisition and Preprocessing

For the current analysis, 18 male and 24 female MS patients aged between 18 and

77 years (mean age 40.52± 11.34 years) are scanned on a standard clinical 3T MRI

scanner (TRIO, Siemens AG, Erlangen) at the Radiological Institute Hohenzollern-

strasse Koblenz. Informed written consent is obtained from each subject prior to

examination. The individuals' expanded disability status scores at the time of MRI

scan range between EDSS = 0 and EDSS = 6.5. Figure 7.3(a) shows the frequency

of the di�erent EDSS values within the studied cohort. For each subject, full brain

quantitative T1, T
∗
2 , H2O

total and H2O
myelin maps are acquired as described in

detail in Chapter 2.

All constructed parameter maps are segmented using the following thresholds:

voxels having T1 ∈ [500, 900] ms and H2O
total ∈ [60, 85] % are assigned to the

white matter (WM) segment and voxels having T1 ∈ [901, 1300] ms and H2O
total ∈

[70, 93] % to the gray matter (GM) segment. The rest is considered as non-brain

tissue and is not relevant for the further analysis.

7.2 Feature Extraction

To extract potentially discriminative features, the following procedure is followed:
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• For each of the four quantitative MR parameters, H2O
total, H2O

myelin, T1 and

T ∗2 , the mean and median values as well as the standard deviations in gray

and white matter are determined. These characteristic values are calculated

for each transversal slice as well as for the whole three-dimensional WM and

GM segments.

• To assess brain atrophy, which is a clinically relevant component of MS pro-

gression, the number of voxels within the white and gray matter segments is

determined. Again, this is calculated for each transversal slice as well as for

the whole three-dimensional WM and GM segments.

• As previously mentioned, the attributes derived based on the employed quan-

titative MR protocol are biophysically correlated. The next set of features

derived are based on the study of [Hilkert 2010] who has demonstrated that

the correlation angles between the quantitative parameters assessed are indica-

tive of MS pathologies. Thus, for the following analysis the average correlation

angles between T1 and T ∗2 are calculated along with the standard deviations

as described in [Hilkert 2010] for each transversal slice as well as for the whole

three-dimensional WM and GM segments.

• Information concerning the distributions of T1 and T ∗2 is included in the form

of histogram counts. For each scanned slice, a histogram of the longitudinal

relaxation times within the interval T1 ∈ [500, 1300] ms is generated and the

observed frequencies are employed as features. The same procedure is con-

ducted for the transverse relaxation times within the range T ∗2 ∈ [35, 130] ms.

• Finally, the average values and the standard deviations of the fast and the slow

transverse relaxing time, T ∗,f2 and T ∗,s2 , respectively, are considered. These

four values are calculated for the three-dimensional WM and GM segments.

This procedure results in a total number of 5287 features. A full list of the at-

tributes derived can be found in Appendix E (VariableNames_minContrast_0.txt).

As the number of individuals examined is signi�cantly lower (N = 42) than the

number of features, analyzing the whole sample is not expected to lead to mean-

ingful results, an e�ect commonly known as the curse of dimensionality. To select

a subset of parameters that are more distinguishing with respect to the individual

MS-induced disability, the contrast between the group of patients G1 having an

EDSS > 3 and the group of patients G2 having an EDSS ≤ 3 is calculates for each

attribute as follows:

KG =
|µ(G1)− µ(G2)|√
σ(G1)− σ(G2)

(7.1)

Selecting only features which exhibit KG ≥ 0.4 results in a subset containing 583

attributes. A list of the features included here can be found in Appendix E (�le Vari-

ableNames_minContrast_0_4.txt). In comparison, choosing KG ≥ 0.2 results in a
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Table 7.1: Summary of the MS data sets analyzed and their speci�cations.

Data set Number
features

Contrast
threshold

Variance explained
by the �rst 15 PCs

Variance explained
by the �rst three PCs

1 583 KG ≥ 0.4 99.75% 89.88%
2 2259 KG ≥ 0.2 99.97% 99.74%
3 5287 KG = 0 99.97% 99.77%

selection of 2259 features (Appendix E, �le VariableNames_minContrast_0_2.txt).

These two data sets along with the full sample including all 5287 attributes are the

basis for the following analysis. Table 7.1 summarizes the speci�cations of the three

samples.

7.3 Data Analysis

For visualization purposes as well as additional explorative investigations, a principal

component analysis of each explored data set is conducted. The space spanned by

the �st three principal components (PC) is employed to graphically display the

clustering results obtained as well as the phenotypic data which enables a visual

comparison of both.

The data is clustered with the NPC default parameter set (cf. Table 5.6) and an

additional investigation of the groups found by employing a two-step NPC without

noise reassignment as described in Sec. 4.2.6.

For a comparison, the same procedure is repeated for all three data sets generated

(c.f. Table 7.1) as well as for the �rst 15 principal components of each sample (details

concerning the total variance explained in each case are given in Table 7.1, as well).

Furthermore, the 583-dimensional subset is clustered with DBSCAN by employing

di�erent values for Eps as discussed in Sec. 6.1.

7.4 Results

7.4.1 Data extracted with KG ≥ 0.4

The results obtained by clustering the 583-dimensional data with NPC are summa-

rized in Table 7.2 and graphically displayed in Fig. 7.2.

Two cohesive clusters are identi�ed during the �rst analysis step: the �rst one is

comprised of two patients with no neurological de�cits and mean age of 36.00±8.49

years, the second one - of six patients with mean EDSS of 0.60± 0.89 and mean age

of 33.00 ± 9.45 years. The rest of the patients builds the group of outliers with a

mean EDSS of 1.94± 2.14 and a mean age of 42.12± 11.46 years. The second NPC

step detects no subgroups within the found cohesive groups (denoted as Cluster 1

and Cluster 2 in Table 7.2 and Fig. 7.2). However, exploring additionally the noise

group detects one additional cohesive group consisting of two individuals with no
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components of the data set generated with a minimum contrast threshold of KG ≥ 0.4:
(a) Ages and (b) EDSS assessed at the time of examination. EDSS = −1 indicates an
unknown value.

Table 7.2: Characteristic values for the patient (sub)groups found with two-step NPC
applied on a dataset including 585 features.

NPC
step

Cluster Number elements µEDSS σEDSS µage σage

1
1 2 0.00 0.00 36.00 8.49
2 6 0.60 0.89 33.00 9.45

3 (noise) 34 1.94 2.14 42.12 11.46

2
3.1 2 0.00 0.00 39.50 4.95

3.2 (noise) 32 2.07 2.15 42.28 11.77
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neurological de�cits and mean age of 39.50 ± 4.95 years (denoted as Cluster 3.1

in Table 7.2 and as Cluster 3.1 (step 2) in Fig. 7.2). The rest of the patients is

recognized again as outliers.

Concerning the temperature curves in both NPC analysis steps, it is noticeable

that they are very similar. Both exhibit a rapid increase of T (t) at early time

points and a long cooling-down phase. Thus, the algorithm terminates in both

cases based on the additional breaking condition discussed in Sec. 6.2, and provides

an indication stating that the groups found are presumably of (vastly) di�erent

densities. Observing the temporal energy evolution of the points (as discussed in

Sec. 5.2) reveals that the systems' kinetic energy evolution is primarily determined

by the mutual repulsion of the noise points which indeed constitute the majority of

observations in both cases.
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Figure 7.2: NPC results for the dataset generated with KG ≥ 0.4 (585 features) as
described in Sec. 7.2. (a) Scatter plot of the results depicted in a space spanned by the
�rst three principal components of the data subset. During the �st NPC step the points
belonging to Cluster 3.1 are recognized as noise (labeled in red) and during the second
NPC step - as members of a cohesive cluster (additionally labeled in yellow). (b) System
temperature evolution during the �rst (blue) and the second (red) NPC step.

Taking a closer look at the results displayed in Fig. 7.2(a) and comparing them

to the phenotypic data (Fig. 7.1) reveals that the region in feature space in which the

cohesive groups detected are located correspond to a region of younger age and lower

EDSS. To explore this observation more closely, the distances w.r.t. the centroid of

the group with EDSS = 0.00± 0.00 and age of 36.00± 8.49 years (turquoise points

in Fig. 7.2(a)) are studied. Figure 7.3(b) displays a box plot of these distances for

three groups of patients: individuals with EDSS = 0, with 1 ≤ EDSS ≤ 3 and

with EDSS > 3 (note that unknown EDSS scores denoted with EDSS = −1 are not

included in this consideration). It reveals the tendency that highly impaired cases

are on average located further away in feature space from the low-EDSS region. It

can be also seen that the median values of the individual distances tend to increase

with higher EDSS but the variability within the groups increases as well.
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Figure 7.3: (a) Frequency distribution of the EDSS values within the studied cohort.
(b) Box plot of the distance w.r.t. the centroid of the group with EDSS = 0 (depicted
in turquoise in Fig. 7.2(a)) detected by clustering data generated with KG ≥ 0.4 (585
features). Here, three groups of patients are considered: patients with EDSS = 0, with
1 ≤ EDSS ≤ 3 and with EDSS > 3.

Conducting the same analysis with the �rst 15 principal components of the

dataset generated with KG ≥ 0.4 (explaining 99.75% of the total variance) leads to

very similar results. As seen in Table 7.3 and Fig. 7.4 in this case one additional

cohesive cluster comprised of only two points is detected during the �rst NPC step

(mean EDSS = 2.00± 0.00, mean age 37.00± 9.90 years). The remaining points are

again grouped in two low-EDSS clusters and noise. During the second NPC step,

only one subgroup is detected containing the same two patients already recognized

as a cohesive group when using the full KG ≥ 0.4 dataset instead of its 15 �rst

principal components (see Cluster 3.1 in Table 7.2 and Cluster 4.1 in Table 7.3).

The rest is again recognized as noise.

Table 7.3: Characteristic values for the patients' (sub)groups found with NPC applied on
a dataset including the �rst 15 principal components of the data selected with KG ≥ 0.4.

NPC

step

Cluster Number elements µEDSS σEDSS µage σage

1

1 2 2.00 0.00 37.00 9.90

2 2 0.00 0.00 34.50 10.61

3 6 0.17 0.41 32.83 9.99

4 (noise) 32 2.07 2.15 42.56 11.39

2
4.1 2 0.00 0.00 39.50 4.95

4.2 (noise) 30 2.22 2.15 42.77 11.71
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Figure 7.4: NPC results for a dataset generated with KG ≥ 0.4. Here the �rst 15 principal
components are employed as features. (a) Scatter plot of the results depicted in a space
spanned by the �rst three principal components. During the �st NPC step the points
belonging to Cluster 4.1 are recognized as noise (labeled in red) and during the second
NPC step - as members of a cohesive cluster (additionally labeled in yellow). (b) System
temperature evolution during the �rst (blue) and the second (red) NPC step. (c) Box plot
of the distance w.r.t. the centroid of the group with µEDSS = 0 (light blue in panel (a)).
Here, three groups of patients are considered: patients with EDSS = 0, with 1 ≤ EDSS ≤ 3
and with EDSS > 3.
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Table 7.4: Characteristic values for the (sub)groups found with NPC based on a sample
containing 2259 features exhibiting a minimal contrast of 0.2 between the patients' groups
with EDSS > 3 and EDSS ≤ 3.

NPC
step

Cluster Number elements µEDSS σEDSS µage σage

1
1 2 2.00 0.00 37.00 9.90
2 40 1.69 2.08 40.70 11.54

2
2.1 2 0.50 0.71 24.50 0.71

2.2 (noise) 38 1.77 2.12 41.55 11.20

7.4.2 Data extracted with KG ≥ 0.2

In exploring the MS data, an additional analysis is conducted with the sample gener-

ated by employing a contrast threshold of K ≥ 0.2, resulting in 2259 features. Here

again, the complete data set is clustered, as well as its �rst 15 principal compo-

nents, explaining 99.97% of the total variance. As stated in Sec. 7.3, the results and

the phenotypic data are displayed in the space spanned by the �rst three principal

components (Fig. 7.5).

The results from clustering the complete data set are listed in Table 7.4 and

graphically displayed in Fig. 7.5(c). In this case, only two cohesive groups each

comprised of two points are detected: one during the �rst NPC step with mean

EDSS = 2.00±0.00 and mean age 37.00±9.90 years, as well as a second one during

the second NPC step with lower mean EDSS = 0.50 ± 0.71 and of younger age of

24.00± 0.71 years.

A box plot of the distances toward the centroid of the low-EDSS group (green in

Fig. 7.5(c)) for the same three groups of patients considered previously in Sec. 7.4.1

is displayed in Fig. 7.5(e). Though the median values still reveal a tendency to shift

toward higher distanced with increasing EDSS, including features less sensitive to

the impairment also leads to higher variability within the groups when compared

with the previous results (see Sec. 7.4.1).

Concerning the temporal temperature evolution in both NPC analysis steps, it is

noticeable that they are almost identical, exhibiting a rapid increase of T (t) at early

time points and a long cooling-down phase. This is due to the fact that in both cases

only two nucleons are exploring mutual attraction and the systems' kinetic energy

evolution is primarily determined by the mutual repulsion of the noise points which

constitute the majority of observations. Here again, the algorithm terminates in

both NPC steps based on the additional breaking condition discussed in Sec. 6.2,

and provides an indication stating that the groups found are presumably of (vastly)

di�erent densities.

For comparison, the �rst 15 principal components of the data set are also clus-

tered. As shown in Table 7.5 and graphically displayed in Fig. 7.6, in this case �ve

clusters are detected during the �rst NPC step, all but one with µEDSS < 1. In the
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Figure 7.5: NPC results for the dataset generated with KG ≥ 0.2 (2259 features) as
described in Sec. 7.2. The obtained clusters as well as the patients' phenotypes are depicted
in a space spanned by the �rst three principal components of the data subset: (a) Ages and
(b) EDSS assessed at the time of examination. (c) NPC results. During the �st NPC step
the points belonging to Cluster 2.1 are recognized as noise (labeled in red) and during the
second NPC step - as members of a cohesive cluster (additionally labeled in green).
(d) System temperature evolution during the �rst (blue) and the second (red) NPC steps.
(e) Box plot of the observation distances toward the centroid of Cluster 2.1 (green points
in panel (c), EDSS = 0.50± 0.71, age of 24.00± 0.71 years) for three groups: patients with
EDSS = 0, with 1 ≤ EDSS ≤ 3 and with EDSS > 3.
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second NPC step all of the points have a positive �nal potential energy leading to the

detection of no additional subgroups. The temperature evolutions are similar to the

previous experiments and the NPC provides a noti�cation that the clusters found

in the �rst NPC step might be of di�erent densities. Also, the distances towards

the centroid of the EDSS = 0 points detected (singleton clusters 2 and 3 as listed

in Table 7.5) are calculated and a box plot of their distribution for the previously

considered patients groups is presented in Fig. 7.6(c). Here, the same tendency is

observed as in the case of clustering the whole dataset including all 2259 features.
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Figure 7.6: NPC results for a dataset generated with KG ≥ 0.2. Here the �rst 15 principal
components are employed as features. (a) Scatter plot of the results depicted in a space
spanned by the �rst three principal components. Cohesive groups are detected only during
the �rst NPC step, no subgroups are detected during the second NPC step. (b) System
temperature evolution during the �rst (blue) and the second (red) NPC steps. (c) Box
plot of the observation distances toward the centroid of the points with µEDSS = 0
(turquoise and light blue points in panel (a)) for three groups: patients with EDSS = 0,
with 1 ≤ EDSS ≤ 3 and with EDSS > 3.
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Table 7.5: Characteristic values for the patient groups found with NPC. Here, the �rst
15 principal components of a sample generated with KG ≥ 0.2 as described in Sec. 7.2 are
employed as features. Cohesive groups are detected only during the �rst NPC step, no
subgroups are detected during the second NPC step.

Cluster Number elements µEDSS σEDSS µage σage

1 1 2.00 0.00 44.00 0.00
2 1 0.00 0.00 36.00 0.00
3 1 0.00 0.00 42.00 0.00
4 3 0.50 0.71 44.00 14.53
5 7 0.92 1.80 38.43 12.26

6 (noise) 29 2.10 2.18 40.66 11.79

7.4.3 Full sample

Last but not least, clustering the full sample including all 5287 features does not

lead to any grouping. Repeating the analysis with the �rst 15 principal components

of this data results in the grouping presented in Table 7.6. Interestingly, here �ve

clusters are detected that correspond to groups characterized by di�erent age and

degree of disability:

• a singleton cluster with zero EDSS and age of 36 years,

• a second cluster comprised of four patients with low EDSS of 0.67± 0.58 and

higher age of 43.75± 11.98 years,

• a third group including nine patients with intermediate EDSS of 1.31 ± 1.95

and higher age of 40.44± 9.54 years,

• a fourth cluster including three patients with high EDSS of 2.67± 1.75 years

and younger age of 33.00± 10.39 years,

• a �fth group including six patients with a low to intermediate EDSS of 1.67±
1.75 and of younger age

• and �nally a sixth (noise) group including patients of higher disability, EDSS =

2.03± 2.34, and higher age of 42.32± 12.97 years.

No additional subgroups are detected when employing a two-step NPC approach.

The obtained results are graphically displayed in Fig. 7.7(c).

As in the previous cases, the distances towards the centroid of the cluster with

the lowest average age and EDSS (cluster 2 in Table 7.6 displayed in light blue

in Fig. 7.6(c)) are calculated and a box plot of their distribution for the di�erent

EDSS groups is presented in Fig. 7.7(e). Here, a similar tendency is observed as in

the case of clustering the dataset including 2259 features.
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Figure 7.7: NPC results for the full sample including all 5287 features. Here the �rst
15 principal components are employed as features. The obtained clusters as well as the
patients' phenotypes are depicted in a space spanned by the �rst three principal components
of the data subset: (a) Ages, (b) EDSS assessed at the time of examination and (c) NPC
results. (d) System temperature evolution. (e) Box plot of the observation distances toward
the centroid of Cluster 2 (light blue points in panel (c)) for three groups: patients with
EDSS = 0, with 1 ≤ EDSS ≤ 3 and with EDSS > 3.
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Table 7.6: Characteristic values for the patient groups found with NPC. Here, the �rst
15 principal components of the complete 5287-dimensional data are employed as features
(explaining 99.97% of the total variance).

Cluster Number elements µEDSS σEDSS µage σage

1 1 0.00 0.00 36.00 0.00
2 4 0.67 0.58 43.75 11.98
3 9 1.31 1.95 40.44 9.54
4 3 2.67 2.75 33.00 10.39
5 6 1.67 1.75 37.33 10.62

6 (noise) 19 2.03 2.34 42.32 12.97

7.4.4 Comparison with DBSCAN

Finally, the NPC results obtained for the 585-dimensional data are compared with

DBSCAN as proposed by [Ester 1996]. Two parameters need to be speci�ed here:

NumPts and Eps (cf. Sec. 6.1). The �rst is set to NumPts = 4 as recom-

mended in [Ester 1996]. Considering the second parameter, Fig. 7.8(a) shows that

the sorted 4-dist curve does not exhibit a single distinct but rather multiple �knees�

that can be employed to manually select the Eps threshold. The di�erent values

considered here are marked in color in Fig. 7.8(a) and the corresponding results

obtained with DBSCAN are displayed in the panels Fig. 7.8(b)-(f). Clustering

the data with Eps = 5180 leads to no detection of any group. In all other cases

(Eps = 4250, 3309, 2907, 2575) the sample is split into one cluster and noise. Re-

ducing Eps results in increasing the number of noise points detected. Comparing

the results with the patients phenotypes displayed in Fig. 7.1 reveals a similarity

to the NPC results, as the noise points detected correspond to patients of higher

age and EDSS. The characteristic phenotypic values for the groups found with the

di�erent Eps thresholds are summarized in Table 7.7.

Table 7.7: Characteristic values for the patients groups found when clustering 585-
dimensional data with DBSCAN and employing di�erent Eps values.

Cluster Noise

Eps Number
elements

EDSS Age (years) Number
elements

EDSS Age(years)

2575 25 1.82± 1.99 39.80± 9.23 17 1.53± 2.20 41.59± 14.23
2907 27 1.67± 1.97 39.00± 9.33 15 1.77± 2.28 43.27± 14.34
3309 32 1.59± 1.98 38.69± 10.34 10 2.06± 2.36 46.40± 13.13
4250 39 1.41± 1.85 38.87± 9.55 3 5.00± 1.32 62.00± 13.45
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Figure 7.8: Clustering results obtained with DBSCAN applied on a dataset including 585
features (cf. Table 5.6). (a) Sorted 4-dist curve, where the di�erent �knee�-values employed
are marked by colored squares. The value marked in green, dark red, orange, yellow and
light red result in the clusters presented in panel (b), (c), (d), (e) and (f), respectively.
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7.5 Discussion

The experiments conducted reveal that there is a consistent general grouping ten-

dency of the data points within the MS sample: NPC detects as a cohesive cluster

a fraction representing the low disease grade patients of younger age, while the pa-

tients of higher age and EDSS are recognized as outliers. As expected, this tendency

becomes increasingly prominent when employing features more sensitive to the in-

dividual EDSS: In the case of the data selected with KG ≥ 0.4 all cluster constitute

only of patients with EDSS < 1 and very similar results are obtained when pro-

cessing the �rst 15 principal components of this data due to the high percentage

of explained variance in this case. In comparison, employing KG ≥ 0.2 results in

approx. a four-fold increase in the number of features and leads to the detection of

only one group with EDSS < 1 when clustering the complete data (or the detection

of multiple smaller groups when considering the �rst 15 principal components of this

sample). Yet, the general tendency of detecting low-EDSS patients as a cluster con-

stituent is still present as four of the �ve groups found during the �rst NPC step in

this case have EDSS < 1.

Concerning the data set including all 5287 derived attributes where no EDSS-

based feature selection takes place prior to processing, no meaningful splitting of

points is obtained when analyzing the complete dataset. The reason for this observa-

tion is that choosing the threshold K = 0 includes all attributes, regardless of their

pathological relevance. Including a large number of features, many of which possibly

insensitive to the patient state, leads to an undue disproportionality between the

sample dimensionality and number of observations, d� N . In such a constellation,

commonly referred to as �the curse of dimensionality�, the mutual distance between

observations representing their similarity increases unduly so that the data becomes

sparse and no patterns can be detected. Indeed, we have d � N in the samples

created with K 6= 0, as well. However, selecting attributes sensitive (to a di�erent

extent) to the patients' EDSS allows NPC to detect similarities with respect to the

problem of interest.

Interestingly, in contrast to the preselected datasets, clustering the �rst 15 princi-

pal components of the sample including all 5287 attributes results in the recognition

of groups characterized by di�erent age and degree of disability. This suggests that

features included in the full sample, may be distinctive to disease characteristics

other than the overall physical impairment as assessed by the EDSS, which forms

the bases for the samples obtained with K > 0.

Taking a closer look at the results obtained for the 585-dimensional data (Fig. 7.2)

and comparing them to the phenotypic information (Fig. 7.1), reveals that the sim-

ilarity within the group of less a�ected patients (represented by the distance mea-

surement in feature space) can be employed to identify a region in feature space

characteristic for patients with normal neurological �ndings. This idea is also be-

hind the examination of the individuals' distances towards the centroid of the points

corresponding to this region in feature space. Indeed, even though not every possible

EDSS value is included in the patient sample studied here (see Fig. 7.3(a)), consid-
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ering the three groups of patients with EDSS = 0, 1 ≤ EDSS ≤ 3 and EDSS > 3

con�rms that highly impaired cases tend to be located further away in feature space

from the low-EDSS area. Furthermore, it can also be seen that along with the in-

crease of the median distance with higher EDSS, the variability within the groups

increases as well. This tendencies can be observed in all samples studied but are

particularly pronounced in the KG ≥ 0.4 dataset. Both e�ects are not unexpected

and demonstrate that patients experiencing no disease-induced pathologies are more

similar with respect to the employed quantitative features on one side, whereas pa-

tients of higher age, experiencing a longer disease course, di�erent therapies and

possibly additional age-related comorbidities are not. Based on this observation, it

can be presumed that studying a larger cohort including observations of all EDSS

(and especially a greater number of higher EDSS values) could lead to a more speci�c

disease strati�cation. Note also that here solely absolute distances are considered

and not the particular direction/region in which a point is located with respect to

the low-EDSS region.

However, as suggested by the results obtained with the third data set (K = 0),

restricting the attributes to not only those sensitive to EDSS leads to the de�nition

of more speci�c regions in feature space. It is of great interest, e.g. to study if

a patient position in this feature space shifts e.g during an exacerbation from the

region of younger individuals with no neurological �ndings (Cluster 1 in Table 7.6)

towards a group of higher impairment (Cluster 5 in Table 7.6). Conversely, a dis-

placement in the opposite direction could be employed to monitor whether a patient

responds to a therapy or not. Such possibilities would be very advantageous for pa-

tients with a relapsing MS course. But they would be also extremely bene�cial for

the monitoring of progressive MS (either primary or secondary) as these disease

courses are characterized by damage to the nerve cells which are sometimes �silent�

i.e. occurring without any noticeable symptoms. In both cases, the results obtained

suggest new opportunities for the strategic use of image data characterizing quan-

titatively the normal appearing white matter for optimizing personalized treatment

and ultimately improving patient outcomes.

Last but not least, comparing the clustering results with additional phenotypic

data may enable the association with di�erent disease manifestations and also allow

to examine for correlations with more speci�c mental and sensory functional system

scores. Tracking a patient's position in a feature space associated with such infor-

mation could on the one hand be employed for supporting the initial estimation of

the MS subtype. On the other hand, an individual's motion therein could disclose

a tendency to convert e.g. from a relapsing remitting MS to a secondary progres-

sive MS. According to the National Multiple Sclerosis Society, 50% of the patients

experience this conversion within 10 years after disease onset and 90% within 25

years. Unfortunately, it is not known if and when this transition takes place. Thus,

in addition to the positive psychological impact, the objective estimation of such

a disease conversion would be very bene�cial in supporting treatment decisions as

di�erent therapies are recommended for the di�erent MS types. Up to date, there

is no method capable of automatically suggesting the MS disease type, expected
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disease course or time of transition from relapsing to progressive manifestation.

Finally, clustering the 585-dimensional data with DBSCAN reveals that, simi-

larly to the NPC results, the noise points detected correspond to patients of higher

age and EDSS for all of the employed Eps thresholds, suggesting again that patients

with no or mild neurological �ndings are more similar with respect to the image-

derived features than the rest. However, as seen in Table 7.7, none of the obtained

clustering results represent a grouping that could be potentially employed for MS

patient strati�cation. This is in contrast to the NPC results obtained which allow

the de�nition of region that could be employed as a reference for disease evaluation.
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Discussion and Future Prospects

The idea of exploring data by merely imitating a natural process has led to the

development of a simple but quite powerful tool able of simultaneously meeting

most of the common demands on a clustering routine: it does not require any a

priori knowledge, it is able to determine the number of clusters in the sample, it

can handle high dimensional correlated data and o�ers reliable noise detection.

The NPC algorithm is designed in a way that allows not only the detection of

disjoined groups, but also to obtain hierarchical clusters by running it successively

for every cluster found. In this way one can explore the sub-structure of a sample

in a manner similar to the traditional hierarchical clustering, however having the

advantage of being capable to handle correlated attributes and sub-formations of

irregular shape. As discussed in Sec. 4.2.6, taking advantage of this additional

option allows the user to choose between a search for subgroups with or without a

�zoomed-in� detection of noise in the sub-clusters. Whether to employ this two-step

procedure or not is a question of setting up the clustering task which, as discussed in

Chapter 3, is a complex problem itself. Generally, if one is interested in exploring the

hierarchical structure of a sample by employing the traditional methods, a decision

must be made which linkage to use. This choice will in�uence the �nal outcome

and the researcher has to trade-o� between the strengths and the limitations of

the di�erent possibilities (e.g single linkage can handle non-elliptical shapes but is

sensitive to noise and outliers, while complete link is less susceptible to noise and

outliers but tends to break large clusters; group average and Ward's method are less

susceptible to noise and outliers, but are biased towards globular clusters). In the

absence of any a priori information about the data to be clustered, making such a

decision is a nontrivial task. In the case of NPC, no such guess has to be made. The

only detail that must be speci�ed by the beholder is weather to detect noise in every

sub-step or not. In any case, the outcome can be bene�cial for the researcher, as this

decision is taken deliberately. One has however to bear in mind that employing NPC

for hierarchical clustering can signi�cantly increase the computational cost, in a way

that strongly depends on the data investigated, i.e. the number of sample points

as well as the number and shape of the clusters (cf. Sec. 6.3). In this context, it is

also important to state that the time complexity of NPC is O(N2d) and it is thus

not recommendable for clustering of very large datasets where methods specially

designed for such tasks are preferable (see e.g. [Zhang 1996a]).

Still, if one is rather interested in analyzing a problem associated with small to

moderately large data sets, NPC is a very good choice. Here, beside the ability

to handle well-separated groups of comparable densities (either in a hard or in
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a hierarchical clustering manner), NPC manages to properly recognize clusters of

largely di�erent densities while still preserving its capability of properly detecting

noise (cf. Sec. 6.2). This was not necessarily an expected feature of the method, as

NPC is most closely related to the density-based clustering algorithms which are very

advantageous when handling clusters of irregular shape without a priori information,

but have limitations concerning high-dimensional data and data containing clusters

of widely di�erent densities (cf. Sec. 3.2.2).

Furthermore, NPC can generally properly handle clusters of irregular shape.

The only exception here are samples containing a cluster completely enclosed by

another (e.g spherical or thorus-formed) one. In such peculiar cases, the outer and

the inner group fuse to one nucleon and cannot be di�erentiated due to the mutual

attractive strong forces acting between cluster constituents. Here, however, still a

very good distinction between points belonging to a cluster and noise is observed

(cf. Sec. 6.4.1).

The study of the NPC performance shows that its main strength is in the detec-

tion of cohesive clusters regardless of their dimensionality and shape (with the only

exception mentioned in the previous paragraph). As it is seen in the case of the Iris

data, this can be disadvantageous when a strong overlap of groups is present, since

NPC recognizes them as one group of irregular form. However even in this tricky

clustering problem, the two-step NPC outperforms the commonly applied cluster-

ing algorithms tested. The experiments conducted with arti�cial data containing

touching clusters intentionally overlaid with noise (3. Sample listed in Table 6.1)

also con�rm the NPC ability to handle such problems. Of all algorithms compared

and presented in Sec. 6.4, solely NPC led to the proper recognition of the clusters

within the third test sample (touching clusters intentionally overlaid with noise, cf.

Fig. 6.7). The results show that the proposed method is able to reveal the natu-

ral shape of clusters, even if they have interwined or complicated multidimensional

topologies, which is exactly what NPC aims at. Due to the data-driven local scale

R, sensitive to the collective behavior of the system, one has on the one hand the

advantage of being able to detect cohesive groups. On the other side, the two-step

NPC is still able to handle moderate overlaps, since R is adapted to the intra-cluster

distances of the subgroups.

In contrast to all of the tested methods, NPC does not only provide the stan-

dard clustering outcome (i.e. labels). It also o�ers a series of auxiliary noti�cation

and possibilities to decide how to proceed depending on the clustering task at hand

(such as the above mentioned option whether to detect noise within sub-clusters

ot not). Valuable insights into the data structure can be obtained not only by the

clustering results themselves, but also the system's temperature evolution during

dynamic simulation. Based on this information, two cases are automatically de-

tected and reported accordingly to the user: (1) the presence of clusters of di�erent

densities and (2) data whose motion in feature space is dominated by the repulsive

Coulomb force, meaning that it contains a majority of unstructured points and only

few cluster constituents. This additional information can be particularly useful for

the interpretation of the results (e.g. lower density within a group indicates a lower
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average similarity of its members when compared to a �populous� one) and/or when

deciding how to interpret the data (e.g. whether to treat small sub-cluster(s) sur-

rounded by a majority of unstructured points as a cohesive group and noise or not).

Furthermore, as the in�uence of the NPC parameters on its performance is well

studied, the researcher is free to vary them to deliberately achieve di�erent e�ects

and explore the system's response. Generally, it is recommended to start with the

default parameter values given in Table 5.6. Depending on whether it is desired to

increase or decrease the method's sensitivity towards local density �uctuations, one

can then continue experimenting by following the instructions listed in Sec. 5.7.

The easily conceivable nature of the NPC procedure as well as its straightfor-

ward way of getting a thorough insight even in complex high dimensional data, make

the method intuitive and are bene�cial for its use of a wide range of scientists from

di�erent �elds. These properties allow also for the implementation of improvements

and extensions which could extend the range of NPC potential applications. For

example, one further development of the NPC approach could be realized based

on the strategy of running the basic NPC step multiple times with di�erent initial

particles' velocities aiming in the current implementation solely at improving noise

detection. This gives the opportunity of generating an additional clustering out-

come: a fuzzy partitioning of the input data. A conceivable approach to realize this

is to determine how often point i is been assigned to the j-th of M clusters, nj .

Eventually, nj can be employed to calculate the relative frequency of this event and

determine the degree of membership of pattern i to cluster j:

uj(x
(i)) =

nj
K
, j = 1, ...,M. (8.1)

where K is the number if NPC iterations.

Another possibility that can be easily implemented and potentially widen the

range of applications of NPC is the adoption of di�erent proximity measures. In

any case, however, the e�ects introduced by such extensions have to be thoroughly

studied.

Concerning the computational time, one potential improvement of the designed

algorithm could be attained through the introduction of a data speci�c damping,

for example by making it dependent on the sample size. In this way, e.g. samples

containing small cohesive groups of similar sizes might be more e�ciently processed

with respect to the run time. In such cases, the cumulative strong interaction

force that is primarily responsible for the rapid increase of a system's temperature

in the beginning of NPC simulation, is lower than in cases of samples containing

large cohesive groups. Thus, the maximal temperature reached and the terminating

temperature are lower as well, resulting in stopping NPC at a later time point

(this e�ect is most prominent for small clusters). However, this applies only if

all groups within a sample are small (e. g. in the range of 10 or 15 points). In

contrast, the points in data containing cohesive group(s) of large sizes are strongly

accelerated (especially at the beginning of the simulation) due to the cumulative

strong attractive force and the NPC breaking condition as described in Sec. 4.2
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leads to very good results. Note, however, that potential improvements based on

such observations should be carefully studied so as to a�ect solely the NPC run time

and not its accuracy.

The range of possibilities to analyze and behold data by means of Nuclear Po-

tential Clustering as well as its very good performance in all tests conducted makes

it a valuable tool. It is one of the few novel physics-inspired synergy methods that

could stimulate other researchers from virtually all disciplines to search for further

intedisciplinary ideas. The current work shows that even though cluster analysis

and nuclear physics seem to have nothing in common, such an avenue of combining

knowledge from both �elds can lead to almost unexpectedly e�cient results. I truly

believe that the future of science lies in the �melting� of knowledge and deriving new

insights into a certain problem by viewing it from di�erent perspectives. Indeed, the

history of natural sciences has its roots in philosophy and has started by observing

the world as a whole unity. Only later the di�erentiation of the various sub�elds

takes place leading to the segregation of knowledge and instruments (in the broad-

est sense). This, of course, is an indispensable part of research, as the only way of

investigating a certain issue is to dissect it and explore every observed detail and

sub-detail. And that is why this process still goes on. But during the last century, a

simultaneous process increasingly takes place in which the di�erent disciplines start

to meet again in an extremely fruitful manner. The few physics-inspired clustering

methods mentioned in Chapter 3, as well as this work itself are proofs of how well

this can function. And though this is not a huge number of works, I believe that

there is a high potential of this new type of synergy methods.
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List of Notations

a Thickness of the transition zone between strong interaction and

Coulomb interaction (NPC parameter)

a Acceleration

af Constraint controlling the desired maximum amplitudes for the

fast relaxing pool in the context of myelin water content mapping

as Constraint controlling the desired maximum amplitudes for the

slow relaxing pool in the context of myelin water content mapping

A Mass number, indicates the number of nucleons in a nucleus

b Data-speci�c local distance scale factor in feature space (NPC)

B0 Main magnetic �eld (MRI physics)

B1 Transmitting magnetic �eld (MRI physics)

C Total number of class types, i.e labels

Ci i-th detected cluster in a crisp clustering procedure

C Set of C ground truth labels, C = {c1, c2, · · · , cC}, (gold standard

partitioning used for evaluation of NPC when processing

synthetically generated test data)

C′ Set of M labels resulting from NPC, C′ = {c′1, c′2, · · · , c′M}
d Number of assessed attributes/features per sample, dimensionality

of feature space

dmin Minimum mutual particles' distance in a sample

e Elementary charge

Eps Input parameter of the clustering method DBSCAN; de�nes the

radius of neighborhood around each data point in a sample

Ekin Kinetic energy

fi i-th feature

fij Matrix element

Fi Force acting on the i-th nucleon

~ Reduced Planck constant, Dirac constant

Hi i-th detected hierarchical cluster

H2O
myelin Myelin bound water fraction
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H2O
total Total water content

If Constraint intervals for the allowed amplitudes the fast relaxing

pool in the context of myelin water content mapping

Is Constraint intervals for the allowed amplitudes the slow relaxing

pool in the context of myelin water content mapping

J Cost function

K Number of NPC iterations

KG Contrast between two groups of patients, G1 and G2, for a given

feature

lg1 , lg2 Parameters used to generate test data of Type 2: lengths of the

two generated clusters

lm Label of the m-th found cluster

L Set of discrete labels, e.g. L = {l1, l2, ..., lM} contains M discrete

labels

M Number of groups in a clustering outcome

MinPts Input parameter of the clustering method DBSCAN; speci�es a

minimum number of neighbors within a prede�ned radius Eps

nnoise Parameters used to generate test data of Type 1 or Type 2:

number random noise points

ng1 , ng2 Parameters used to generate test data of Type 2: number of points

in the two generated clusters

nis, nos Parameters used to generate test data of Type 1: number of points

within the two spheroid-formed clusters

N In the context of data analysis: sample size, number of observations;

in the context of nuclear physics: number of neutrons in a nucleus

N (µ, σ) Normal distribution with mean µ and standard deviation σ

P Number of independent samples employed in the NPC optimization

procedure when estimating the cost J

p Order of an ODE solver

q ODE order

qR qR-quantile of the distance distribution within a sample employed

for de�nition of the range of strong interaction R (NPC)

r Distance

ri Position of the i-th data point (also nucleon in the context of NPC)

in feature space



137

rh Parameter used to generate test data of Type 1: average radial

distance of the points within the horseshoe-formed cluster towards

the central parable

rg1 , rg2 Parameters used to generate test data of Type 2: radii of the

clusters generated along lines g1 and g2, respectively

ris, ros Parameters used to generate test data of Type 1: average radial

distance of the points within the two spheroid-formed clusters

towards their centers

R Range of strong interaction (NPC parameter)

sj j-th signal compartment (Myelin water content mapping)

sR Scaling factor modulating the range of strong interaction R (NPC

parameter)

s∗ Signal amplitude vector (Myelin water content mapping)

S0,SE Extrapolated initial signal intensity based on a �t to a single

exponential function (used in the context of quantitative MRI)

SMy Myelin amplitude in the context of myelin water content mapping

STot Total signal amplitude in the context of myelin water content

mapping

t Time

ti i-th time point (in the context of MRI i-th time point of a

measurement i.e echo time)

T Temperature

T1 Longitudinal relaxation time

T2 Transverse relaxation time constant characterizing the decay in

spin-echo MRI measurements/sequences

T ∗2 Transverse relaxation time constant characterizing the decay in

gradient-echo MRI measurements/sequences

T ∗,f2 Transverse relaxation time constant characterizing a fast relaxing

component

T ∗,s2 Transverse relaxation time constant characterizing a slow relaxing

component

T̂ ∗,f2 Parameter constraining the amplitude of a fast relaxing pool

(quadratic programming in the context of myelin water content

mapping)

T̂ ∗,s2 Parameter constraining the amplitude of a slow relaxing pool

(quadratic programming in the context of myelin water content

mapping)
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T ∗2,SE Transverse relaxation time constant estimated based on a �t to a

single exponential function (used in the context of myelin water

content mapping)

T ∗,3rd−pool2 Transverse relaxation time constant characterizing a third

relaxation pool in the context of myelin water content mapping

ui Membership function in the context of fuzzy clustering

U Potential energy

U
(k)
i Final potential energy value for the i-th particle and the k-th

NPC iteration

v Velocity

v0 Initial velocity

V0 Maximal depth of the strong interaction potential (NPC)

VC Normalized electromagnetic coupling constant (NPC)

ŵf Constraint for the total width of the interval where a nonzero

amplitude is allowed for the fast relaxing pool in the context of

myelin water content mapping

ŵs Constraint for the total width of the interval where a nonzero

amplitude is allowed for the slow relaxing pool in the context of

myelin water content mapping

W rel
My Relative myelin water content

x(i) Feature vector for the i-th observation

X Input data of a machine learning algorithm containing all

observations, design matrix

y(i) Class type/label of the i-th observation in supervised learning

ymeasi i-th measurement of an arti�cial decay signal (Myelin water

content mapping)

ytheoi i-th measurement of a theoretical decay signal (Myelin water

content mapping)

Z Atomic number, indicates the number of protons in a nucleus

α Flip angle (MRI sequence parameter)

∆B(x, y, z) Magnetic �eld o�set maps in the context of myelin water content

mapping

∆G(x, y, z) Gradient map along the slice-select direction in the context of

myelin water content mapping

∆t Time interval at which numerical approximation of an integrand is

calculated

∆z Voxel size in z-direction (MRI)
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εtol Tolerance level of truncation error for an adaptive step ODE solver

ζ Data-speci�c local scale in feature space

η Damping coe�cient

λ Regularization parameter

µ Mean value

ρ Density

σ Standard deviation

φ Potential
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List of Abbreviations

ACS Ant Colony Systems

BIC Bayesian information criterion for mixture models

BIRCH A hierarchical clustering algorithm

BW Band width (MRI sequence parameter)

CLIQUE A grid-based clustering method

CNS Cental nervous system

CSF Cerebrospinal �uid

CURE A hierarchical clustering algorithm

DBSCAN A density based clustering algorithm

DENCLUE A density based clustering algorithm

DQC Dynamic Quantum Clustering

EA Evolutionary algorithms

EDSS Expanded disability status scale

EPI Echo planar imaging (MRI sequence)

FCM Fuzzy C-means, a fuzzy clustering algorithm

FCQS A fuzzy clustering algorithm

FCR A fuzzy clustering algorithm

FCRS A fuzzy clustering algorithm

FCSS A fuzzy clustering algorithm

FID Free induction decay (MRI)

FLAIR Fluid attenuated inversion recovery (MRI sequence)

FN False negatives

FP False positives

FS Functional system in the context of MS as de�ned by

[Kurtzke 1983]

FSC A fuzzy clustering algorithm

ISODATA A hard clustering algorithm

GM Gray matter
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GRIDCLUST A density based clustering algorithm

K-means A hard clustering algorithm

K-medians A hard clustering algorithm

MAFIA A density based clustering algorithm

mcDESPOT Multicomponent driven equilibrium single pulse observation of

T1/T2 MRI sequence)

MEGE Multi-echo gradient echo (MRI sequence)

MRI Magnetic resonance imaging

MS Multiple Sclerosis

MWF Myelin bound water fraction

NPC Nuclear Potential Clustering

ODE Ordinary di�erential equation

PAM A hard clustering algorithm

PPMS Primary progressive multiple sclerosis

PRMS Progressive relapsing multiple sclerosis

PSO Particle Swarm Optimization

QP Quadratic programming

QUTE − ST ∗2 Quantitative T ∗2 Image MRI sequence

RI Rand Index

ROCK A hierarchical clustering algorithm

RRMS Relapsing-remitting multiple sclerosis

SI Swarm Intelligence

SNR Signal-to-noise-ratio

SPMS Secondary-progressive multiple sclerosis

STING A density based clustering algorithm

TE Echo time (MRI sequence parameter)

TN True negatives

TP True positives

TR Repetition time (MRI sequence parameter)

WM White matter

X-means A hard clustering algorithm
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Numerical methods for ordinary

di�erential equations

Four methods for approximation to the solutions of ordinary di�erential equations

are discussed in the current work. In this Appendix their computational schemes

are given.

To study a system numerically, it is convenient to split the second order di�er-

ential equation in two coupled �rst-order equations of the form

dy

dt
= f(t, y) (C.1)

The integration process starts with an initial value y0 = y(t0) and an approximation

of the integrand is calculated at equally spaced time intervals ∆t. In the speci�c

case of NPC, all particles have mass normalized to unity, so that for each nucleon

the velocity and acceleration are given by:

d

dt
r(t) = v(t)

d

dt
v(t) = F

[
r(t)

] (C.2)

For reasons of clarity and comprehensibility, in the next sections �rst the general

scheme of a presented solver is given as applied for an ODE of the form given by

Eq. C.1. This part is then followed by the speci�c realization of this numerical

integration method for the classical equation of motion Eq. 4.5 as rewritten in the

form of Eq. C.2.

C.1 Euler Method

The general scheme of the solver is given by:

yk+1 = yk + ∆tf(tk, yk) (C.3)

For the Newtonian equation of motion Eq. 4.5:

rk+1 = rk + ∆tvk

vk+1 = vk + ∆tF(rk,vk)
(C.4)

The discretization error in this case amounts to O(∆t
2).
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C.2 Runge-Kutta of Second Order

General scheme:
k1 = ∆tf(tk, yk)

k2 = ∆tf(tk+ 1
2
, yk +

k1

2
)

yk+1 = yk + k2

(C.5)

For the Newtonian equation of motion Eq. 4.5:

k1 = ∆tF(rk,vk)

l1 = ∆tvk

k2 = ∆tF(rk +
l1
2
,vk +

k1

2
)

l2 = ∆t(vk +
k1

2
)

vk+1 = vk + k2

rk+1 = rk + l2

(C.6)

The discretization error amounts to O(∆t
3).

C.3 Runge-Kutta of Fourth Order

General scheme:
k1 = ∆tf(tk, yk)

k2 = ∆tf(tk+ 1
2
, yk +

k1

2
)

k3 = ∆tf(tk+ 1
2
, yk +

k2

2
)

k4 = ∆tf(tk+1, yk + k3)

yk+1 = yk +
1

6
(k1 + 2k2 + 2k3 + k4)

(C.7)
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For the Newtonian equation of motion:

k1 = ∆tF(rk,vk)

l1 = ∆tvk

k2 = ∆tF(rk +
l1
2
,vk +

k1

2
)

l2 = ∆t(vk +
k1

2
)

k3 = ∆tF(rk +
l2
2
,vk +

k2

2
)

l3 = ∆t(vk +
k2

2
)

k4 = ∆tF(rk + l3,vk + k3)

l4 = ∆t(vk + k3)

vk+1 = vk +
1

6
(k1 + 2k2 + 2k3 + k4)

rk+1 = rk +
1

6
(l1 + 2l2 + 2l3 + l4)

(C.8)

Discretization error amounts to O(∆t
5).

Furthermore, for the purposes of NPC the a modi�cation of the solver is con-

sidered in which the force, F, acting on a nucleon within a single time step, ∆t is

considered to be constant. This results in the following implementation scheme:

k1 = ∆tF(rk,vk)

l1 = ∆tvk

k2 = ∆tF(rk,vk +
k1

2
)

l2 = ∆t(vk +
k1

2
)

k3 = ∆tF(rk,vk +
k2

2
)

l3 = ∆t(vk +
k2

2
)

k4 = ∆tF(rk,vk + k3)

l4 = ∆t(vk + k3)

vk+1 = vk +
1

6
(k1 + 2k2 + 2k3 + k4)

rk+1 = rk +
1

6
(l1 + 2l2 + 2l3 + l4)

(C.9)

In this version of the solver (referred to in the remaining text as modi�ed Runge-
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Kutta of fourth order) the force update takes place once per time step, thus resulting

in reduced computational time. The reasons motivating and justifying this modi�-

cation of the solver for the purposes of NPC are discussed in Sec. 5.4.2.

C.4 Runge-Kutta-Fehlberg Method

Runge-Kutta-Fehlberg algorithm which uses a combination of fourth and �fth or-

der Runge-Kutta methods, thus typically abbreviated to RKF45. This method is

based on the evaluating of function f in such a way that the function values can be

used for both the fourth order and the �fth order method, avoiding thereby addi-

tional computations. The Runge-Kutta-Fehlberg method requires at each step the

computations of the following six values [Butcher 2008]:

k1 = ∆tf(tk, yk)

k2 = ∆tf(tk +
1

4
∆t, yk +

1

4
k1)

k3 = ∆tf(tk +
3

8
∆t, yk +

3

32
k1 +

9

32
k2)

k4 = ∆tf(tk +
12

13
∆t, yk +

1932

2197
k1 +

7200

2197
k2 +

7296

2197
k3)

k5 = ∆tf(tk + ∆t, yk +
439

216
k1 − 8k2 +

3680

513
k3 −

845

4104
k4)

k6 = ∆tf(tk + 12∆t, yk −
8

27
k1 − 2k2 +

3544

2565
k3 +

1859

4104
k4 −

11

40
k5)

(C.10)

In the next step an approximation to the solution is made using a Runge-Kutta

method of order four:

yRK4
k+1 = yk +

2

25
k1 +

1408

2565
k3 +

2197

4101
k4 −

1

5
k5 (C.11)

Next, a more exact value for the solution is obtained using a Runge-Kutta step

of order �ve:

yRK5
k+1 = yk +

16

135
k1 +

6656

12825
k3 +

28561

56430
k4 −

9

50
k5 +

2

55
k6 (C.12)

Given a desire accuracy εtol, the optimal step size, sh, can be determined by multi-

plying the current step size ∆t by the scalar s which is calculated as follows:

s =

(
εtol∆t

2|yRK5
k+1 − yRK4

k+1 |

) 1
4

(C.13)

Applying this method for the coupled equations Eq. C.2 yields the following

procedure:
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k1 = ∆tF(rk,vk)

l1 = ∆tvk

k2 = ∆tF(rk +
l1
4
,vk +

k1

4
)

l2 = ∆t(vk +
k1

4
)

k3 = ∆tF(rk +
3

32
l1 +

9

32
l2,vk +

3

32
k1 +

9

32
k2)

l3 = ∆t(vk +
3

32
k1 +

9

32
k2)

k4 = ∆tF(rk +
1932

2197
l1 +

7200

2197
l2 +

7296

2197
l3,vk +

1932

2197
k1 +

7200

2197
k2 +

7296

2197
k3)

l4 = ∆t(vk +
1932

2197
k1 +

7200

2197
k2 +

7296

2197
k3)

k5 = ∆tF(rk +
439

216
l1 − 8l2 +

3680

513
l3 −

845

4104
l4,vk +

439

216
k1 − 8k2 +

3680

513
k3 −

845

4104
k4)

l5 = ∆t(vk +
439

216
k1 − 8k2 +

3680

513
k3 −

845

4104
k4)

k2 = ∆tF(rk −
8

27
l1 − 2l2 +

3544

2565
l3 +

1859

4104
l4 −

11

40
l5,vk −

8

27
k1 − 2k2 +

3544

2565
k3 +

1859

4104
k4 −

11

40
k5)

l2 = ∆t(vk −
8

27
k1 − 2k2 +

3544

2565
k3 +

1859

4104
k4 −

11

40
k5)

(C.14)

Obtain fourth-order Runge-Kutta solution:

vRK4
k+1 = vk +

2

25
k1 +

1408

2565
k3 +

2197

4101
k4 −

1

5
k5

rRK4
k+1 = rk +

2

25
l1 +

1408

2565
l3 +

2197

4101
l4 −

1

5
l5

(C.15)

Obtain �fth-order Runge-Kutta solution:

vRK5
k+1 = vk +

16

135
k1 +

6656

12825
k3 +

28561

56430
k4 −

9

50
k5 +

2

55
k6

rRK5
k+1 = rk +

16

135
l1 +

6656

12825
l3 +

28561

56430
l4 −

9

50
l5 +

2

55
l6

(C.16)

De�ne time step correction factor:

s =

(
εtol∆t

2|(vRK5
k+1 ||rRK5

k+1 )− (vRK4
k+1 ||rRK4

k+1 )|

) 1
4

(C.17)

Here, a 5th-order-accurate solution is computed of O(∆t
6), while controlling the

error the less accurate 4-th-order solution related to it.





Appendix D

Fischer Iris Data

Table D.1: Original Fisher's Iris Data.

Setosa Versicolor Virginica

Sepal
length

Sepal
width

Petal
length

Petal
width

Sepal
length

Sepal
width

Petal
length

Petal
width

Sepal
length

Sepal
width

Petal
length

Petal
width

5.1 3.5 1.4 0.2 7.0 3.2 4.7 1.4 6.3 3.3 6.0 2.5
4.9 3 1.4 0.2 6.4 3.2 4.5 1.5 5.8 2.7 5.1 1.9
4.7 3.2 1.3 0.2 6.9 3.1 4.9 1.5 7.1 3.0 5.9 2.1
4.6 3.1 1.5 0.2 5.5 2.3 4.0 1.3 6.3 2.9 5.6 1.8
5 3.6 1.4 0.2 6.5 2.8 4.6 1.5 6.5 3.0 5.8 2.2
5.4 3.9 1.7 0.4 5.7 2.8 4.5 1.3 7.6 3.0 6.6 2.1
4.6 3.4 1.4 0.3 6.3 3.3 4.7 1.6 4.9 2.5 4.5 1.7
5 3.4 1.5 0.2 4.9 2.4 3.3 1.0 7.3 2.9 6.3 1.8
4.4 2.9 1.4 0.2 6.6 2.9 4.6 1.3 6.7 2.5 5.8 1.8
4.9 3.1 1.5 0.1 5.2 2.7 3.9 1.4 7.2 3.6 6.1 2.5
5.4 3.7 1.5 0.2 5.0 2.0 3.5 1.0 6.5 3.2 5.1 2.0
4.8 3.4 1.6 0.2 5.9 3.0 4.2 1.5 6.4 2.7 5.3 1.9
4.8 3 1.4 0.1 6.0 2.2 4.0 1.0 6.8 3.0 5.5 2.1
4.3 3 1.1 0.1 6.1 2.9 4.7 1.4 5.7 2.5 5.0 2.0
5.8 4 1.2 0.2 5.6 2.9 3.6 1.3 5.8 2.8 5.1 2.4
5.7 4.4 1.5 0.4 6.7 3.1 4.4 1.4 6.4 3.2 5.3 2.3
5.4 3.9 1.3 0.4 5.6 3.0 4.5 1.5 6.5 3.0 5.5 1.8
5.1 3.5 1.4 0.3 5.8 2.7 4.1 1.0 7.7 3.8 6.7 2.2
5.7 3.8 1.7 0.3 6.2 2.2 4.5 1.5 7.7 2.6 6.9 2.3
5.1 3.8 1.5 0.3 5.6 2.5 3.9 1.1 6.0 2.2 5.0 1.5
5.4 3.4 1.7 0.2 5.9 3.2 4.8 1.8 6.9 3.2 5.7 2.3
5.1 3.7 1.5 0.4 6.1 2.8 4.0 1.3 5.6 2.8 4.9 2.0
4.6 3.6 1 0.2 6.3 2.5 4.9 1.5 7.7 2.8 6.7 2.0
5.1 3.3 1.7 0.5 6.1 2.8 4.7 1.2 6.3 2.7 4.9 1.8
4.8 3.4 1.9 0.2 6.4 2.9 4.3 1.3 6.7 3.3 5.7 2.1
5 3 1.6 0.2 6.6 3.0 4.4 1.4 7.2 3.2 6.0 1.8
5 3.4 1.6 0.4 6.8 2.8 4.8 1.4 6.2 2.8 4.8 1.8
5.2 3.5 1.5 0.2 6.7 3.0 5.0 1.7 6.1 3.0 4.9 1.8
5.2 3.4 1.4 0.2 6.0 2.9 4.5 1.5 6.4 2.8 5.6 2.1
4.7 3.2 1.6 0.2 5.7 2.6 3.5 1.0 7.2 3.0 5.8 1.6
4.8 3.1 1.6 0.2 5.5 2.4 3.8 1.1 7.4 2.8 6.1 1.9
5.4 3.4 1.5 0.4 5.5 2.4 3.7 1.0 7.9 3.8 6.4 2.0
5.2 4.1 1.5 0.1 5.8 2.7 3.9 1.2 6.4 2.8 5.6 2.2
5.5 4.2 1.4 0.2 6.0 2.7 5.1 1.6 6.3 2.8 5.1 1.5
4.9 3.1 1.5 0.2 5.4 3.0 4.5 1.5 6.1 2.6 5.6 1.4
5 3.2 1.2 0.2 6.0 3.4 4.5 1.6 7.7 3.0 6.1 2.3
5.5 3.5 1.3 0.2 6.7 3.1 4.7 1.5 6.3 3.4 5.6 2.4
4.9 3.6 1.4 0.1 6.3 2.3 4.4 1.3 6.4 3.1 5.5 1.8
4.4 3 1.3 0.2 5.6 3.0 4.1 1.3 6.0 3.0 4.8 1.8
5.1 3.4 1.5 0.2 5.5 2.5 4.0 1.3 6.9 3.1 5.4 2.1
5 3.5 1.3 0.3 5.5 2.6 4.4 1.2 6.7 3.1 5.6 2.4
4.5 2.3 1.3 0.3 6.1 3.0 4.6 1.4 6.9 3.1 5.1 2.3
4.4 3.2 1.3 0.2 5.8 2.6 4.0 1.2 5.8 2.7 5.1 1.9
5 3.5 1.6 0.6 5.0 2.3 3.3 1.0 6.8 3.2 5.9 2.3
5.1 3.8 1.9 0.4 5.6 2.7 4.2 1.3 6.7 3.3 5.7 2.5
4.8 3 1.4 0.3 5.7 3.0 4.2 1.2 6.7 3.0 5.2 2.3
5.1 3.8 1.6 0.2 5.7 2.9 4.2 1.3 6.3 2.5 5.0 1.9
4.6 3.2 1.4 0.2 6.2 2.9 4.3 1.3 6.5 3.0 5.2 2.0
5.3 3.7 1.5 0.2 5.1 2.5 3.0 1.1 6.2 3.4 5.4 2.3
5 3.3 1.4 0.2 5.7 2.8 4.1 1.3 5.9 3.0 5.1 1.8
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