
Edge Formation and its Influence in
Machine Learning

by

Lisette Elizabeth Munz
née Espín Noboa

Approved Dissertation thesis for the partial fulfilment of the requirements for a
Doctor of Natural Sciences (Dr. rer. nat.)

Fachbereich 4: Informatik
Universität Koblenz-Landau

Chair of PhD Board: Prof. Dr. Ralf Lämmel
Chair of PhD Commission: Jun.-Prof. Dr. Dennis Riehle
Examiner and Supervisor: Prof. Dr. Matthias Thimm
Examiner and Supervisor: Prof. Dr. Claudia Wagner
Examiner and Supervisor: Prof. Dr. Markus Strohmaier

Date of the doctoral viva: March 25, 2022



Abstract

Social networks are ubiquitous structures that we generate and enrich every-day
while connecting with people through social media platforms, emails, and any
other type of interaction. While these structures are intangible to us, they carry
important information. For instance, the political leaning of our friends can be a
proxy to identify our own political preferences. Similarly, the credit score of our
friends can be decisive in the approval or rejection of our own loans. This ex-
planatory power is being leveraged in public policy, business decision-making and
scientific research because it helps machine learning techniques to make accurate
predictions. However, these generalizations often benefit the majority of people
who shape the general structure of the network, and put in disadvantage under-
represented groups by limiting their resources and opportunities. Therefore it is
crucial to first understand how social networks form to then verify to what extent
their mechanisms of edge formation contribute to reinforce social inequalities in
machine learning algorithms.

To this end, in the first part of this thesis, I propose HopRank and Janus two
methods to characterize the mechanisms of edge formation in real-world undi-
rected social networks. HopRank is a model of information foraging on networks.
Its key component is a biased random walker based on transition probabilities be-
tween k-hop neighborhoods. Janus is a Bayesian framework that allows to iden-
tify and rank plausible hypotheses of edge formation in cases where nodes possess
additional information. In the second part of this thesis, I investigate the impli-
cations of these mechanisms—that explain edge formation in social networks—on
machine learning. Specifically, I study the influence of homophily, preferential
attachment, edge density, fraction of minorities, and the directionality of links
on both performance and bias of collective classification, and on the visibility of
minorities in top-k ranks. My findings demonstrate a strong correlation between
network structure and machine learning outcomes. This suggests that system-
atic discrimination against certain people can be: (i) anticipated by the type of
network, and (ii) mitigated by connecting strategically in the network.
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Zusammenfassung

Soziale Netzwerke sind allgegenwärtige Strukturen, die wir jeden Tag generieren
und bereichern, während wir uns über Plattformen der sozialen Medien, E-Mails
und jede andere Art von Interaktion mit Menschen verbinden. Während diese
Strukturen für uns nicht greifbar sind, sind sie sehr wichtige Informationsträger.
Zum Beispiel kann die politische Neigung unserer Freunde ein Näherungswert
sein, um unsere eigenen politischen Präferenzen zu identifizieren. Gleichermaßen
kann die Kreditwürdigkeit unserer Freunde entscheidend bei der Gewährung oder
Ablehnung unserer eigenen Kredite sein. Diese Erklärungskraft wird bei der Ge-
setzgebung, bei Unternehmensentscheidungen und in der Forschung genutzt, da
sie maschinellen Lerntechniken hilft, genaue Vorhersagen zu treffen. Diese Ver-
allgemeinerungen kommen jedoch häufig nur der Mehrheit der Menschen zugute,
welche die allgemeine Struktur des Netzwerks prägen, und benachteiligen unterre-
präsentierte Gruppen, indem sie ihre Mittel und Möglichkeiten begrenzen. Daher
ist es wichtig zuerst zu verstehen, wie sich soziale Netzwerke bilden, um dann
zu überprüfen, inwieweit ihre Mechanismen der Kantenbildung dazu beitragen,
soziale Ungleichheiten in Algorithmen des maschinellen Lernens zu verstärken.

Zu diesem Zweck schlage ich im ersten Teil dieser Arbeit HopRank und Janus
vor, zwei Methoden um die Mechanismen der Kantenbildung in realen ungerichte-
ten sozialen Netzwerken zu charakterisieren. HopRank ist ein Modell der Daten-
Hamsterei in Netzwerken. Sein Schlüsselkonzept ist ein gezinkter zufälliger Wan-
derer, der auf Übergangswahrscheinlichkeiten zwischen K-Hop-Nachbarschaften
basiert. Janus ist ein Bayessches Rahmenwerk, mit dem wir plausible Hypothe-
sen der Kantenbildung in Fällen identifizieren und bewerten können, in denen
Knoten zusätzliche Daten enthalten. Im zweiten Teil dieser Arbeit untersuche
ich die Auswirkungen dieser Mechanismen—welche die Kantenbildung in sozia-
len Netzwerken erklären—auf das maschinelle Lernen. Insbesondere untersuche
ich den Einfluss von Homophilie, bevorzugter Bindung, Kantendichte, Anteil von
Minderheiten und der Richtung von Verbindungen sowohl auf Leistung als auch
auf systematische Fehler von kollektiver Klassifizierung und auf die Sichtbarkeit
von Minderheiten in Top-K-Rängen. Meine Ergebnisse zeigen eine starke Kor-
relation zwischen der Netzwerkstruktur und den Ergebnissen des maschinellen
Lernens. Dies legt nahe, dass die systematische Diskriminierung spezieller Per-
sonen: (i) durch den Netzwerktyp vorweggenommen und (ii) durch strategisches
Verbinden im Netzwerk verhindert werden kann.
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1. Introduction

1.1. Motivation

Social networks are everywhere! In this thesis I refer to social networks as the
intangible structure that we create when connecting directly or indirectly with
people. For instance, all our friends (and friends of our friends) on Facebook,
the cascades of retweets of a particular post on Twitter, and the citations among
articles from a specific scientific field. Even the transitions that people make
when navigating the Web or a city can be considered as social networks. In other
words, in this thesis a social network is any form of relation or interaction between
people or made by people.

Social networks have been widely studied over the last century in classical
sociology [177–179], and more recently across the social, physical, and computer
sciences [31, 91, 171, 226, 261, 262]. Their popularity in the scientific field is due to
their complex structures. The way people connect to each other provides powerful
insights for a plethora of social phenomena. For instance, it has been shown
that the structure of a social network can influence employment rates between
social groups [11, 247], managerial performance [213], and epidemic spread [136,
235]. In the past, such studies required surveying and even observing people to
construct such networks [179]. Today, they can be studied at larger scales, due to
the Web and mobile technologies [102, 131, 139, 191]. In fact, everyday we leave
fine-grain footprints of our actions and interactions which collectively may reflect
characteristics of our preferences and personality [7, 150, 241].

While all these interactions are intangible to us, they are stored in big data
centers for statistical purposes, in particular, forecasting. Online platforms such
as Facebook and Twitter collect and analyze all our digital traces to not only
infer information about ourselves (e.g., romantic partnerships [14] and political
ideology [126]), but also to recommend us new content [229], new products [277],
and even new connections [15, 106, 158]. There is no doubt that these predictions
are beneficial to us because they bring us closer together [183], and can potentially
increase the diversity of content that we consume [221]. However, at the same
time, they can harm society by reinforcing under-representation of minorities [20,
55, 83, 133, 243], denigration [231, 280], polarization in social media [70, 210] and
segregation [28, 169, 248].

In particular, these predictions are based on machine learning algorithms which
rely on our digital trace data. Therefore, if we connect with certain people more
often than with others, these predictions will likely recommend us content or
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1. Introduction

people from the same circle; a phenomenon known as filter bubbles [119, 197]
and echo chambers [58, 86, 205]. Besides, it has been shown that recommenda-
tion algorithms suffer from the popularity bias problem1 [2, 24], where popular
items get a lot of exposure while less popular ones are under-represented in the
recommendations. This leads to the isolation of unpopular people and therefore
restricts them from information and new opportunities. Consequently, by accept-
ing these recommendations we create a feedback loop [166] and reinforce societal
issues such as the invisibility syndrome [36, 89, 196] and the glass ceiling effect
[11, 53, 243].

Debiasing machine learning outcomes and making them fair, however, is very
challenging. First, fairness is an essentially contested construct that has different
theoretical understandings in different contexts [127]. Second, the data itself can
be biased due to missing data [161], selective exposure [90], historical prejudices
or implicit bias [35, 164]. Third, we need to understand the workflow of the al-
gorithm and be aware that biases can be introduced at any step in the machine
learning pipeline. In classification, for instance, there can be six sources of bias:
data collection, data preparation, model development, model evaluation, model
post-processing, and model deployment [246]. In ranking, however, biased out-
comes are often generated by the algorithms due to item popularity [24]. Last but
not least, unbiased results often come at the expense of lower accuracy, a trade-off
that most algorithms face when mitigating fairness issues [45, 48, 121, 174, 272].
While most of these bias mitigation techniques have been framed as an optimiza-
tion problem to calibrate algorithms with fairness constraints [66, 111, 148], only
a few investigate biased outputs in context of the data [45, 49, 54, 105, 120]. In
this direction, it has been shown that biased predictions are mostly caused by
biased training data [54]. Therefore, collecting “better quality” of training data,
can reduce discrimination in predictive models without sacrificing accuracy (e.g.,
by collecting more data for the under-represented group) [45].

However, in the context of social networks, where data is relational, it is unclear
whether balanced samples across groups of people are enough to guarantee good
accuracy and unbiased results. Networks are finite sets of nodes and edges that
altogether define a structure. This structure encodes properties such as edge
density, the directionality of links, fraction of minorities, preferential attachment,
and homophily. While pairwise relationships between people have been useful for
classification and ranking [6, 43, 106, 165, 193], little is known about the effects of
these properties collectively on the performance of machine learning algorithms.
This thesis is a step towards that direction.

By proposing and utilizing new network models I generate networks with differ-
ent structures and measure the correlation between the input and the output. In
other words, I look for patterns between network structure and machine learning
outcomes (i.e., accuracy and bias). As a result, I create benchmarks for inter-

1In other fields also known as the rich-get-richer effect [68], the Matthew effect [175], cumu-
lative advantage [176], and preferential attachment [18].
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pretable and explainable machine learning on networks to help data scientists
understand and estimate what these algorithms will predict given the structure
of a social network.

1.2. Problem Statement, Objectives, and
Approach

Machine learning algorithms have become an important part in decision making
processes. Tasks such as weather and revenue forecasting are becoming more
accurate thanks to richer models that take into account lots of historical data.
However, the application of algorithms to high-stake situations such as health
care, credit scoring, sentencing and policing requires novel evaluation criteria
that go beyond predictive performance and take fairness, potential harms, inter-
pretability and explainability into account. The goal is then to understand why
an algorithm arrives at certain conclusions or outcomes given new data. This is
particularly challenging because unveiling the machine learning black box can be
complex not only at explaining how the algorithm works, but also at representing
all possible scenarios of the data; in this case: social networks. For instance, what
works well for sparse networks, might not work for dense networks, and so on.

This motivated me to study how edges form in real-world social networks, and
to what extent machine learning algorithms fail on social network data. The
main goal is to propose: (i) tools to characterize edge formation, (ii) benchmarks
to evaluate outcomes of classification, ranking and recommendation algorithms
applied to social networks, and (iii) interventions to mitigate inequalities or biases
found in machine learning outcomes.

To this end, as a starting point, I leverage the fact that social networks possess
a structure determined by how nodes connect with each other. In particular,
I focus on two well known characteristics found in social networks: preferential
attachment [18] and homophily [171]. The former is a mechanism where nodes in
a network prefer to connect to other nodes that are popular in terms of the num-
ber of connections they already have (e.g., celebrities on Twitter). The latter is a
mechanism where nodes tend to connect to other nodes based on their similarities
or differences (e.g., connecting only to men on a dating app). This leads to the
first part of this thesis where I borrow theories of edge formation from the social
sciences and physics and propose two techniques to characterize edge formation
on real-world social networks. The idea is to generate hypotheses of edge forma-
tion using the attributes of nodes (e.g., gender) and the distances between them
(e.g., social or physical distance) to then rank them based on their plausibility
given the data. The advantage of this approach over traditional model fitting is
interpretability. Learned model parameters are hard to understand whereas hy-
potheses are created using the analyst’s intuition which helps the understanding
of edge formation dynamics. In the second part of this thesis I focus on the im-
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1. Introduction

plications of these mechanisms of edge formation on machine learning algorithms,
in particular, classification, ranking and recommendation algorithms. The goal
is to find correlations between the structure of the network (e.g., homophily and
preferential attachment) and the evaluation metrics of these algorithms. There-
fore, I look for such correlations in real-world social networks to show the impact
of biased results in the real world. Moreover, I generalize these correlations by
generating a wide spectrum of networks with different structures using random
network models. In particular, I use a growth model of undirected networks and
propose an extended version that is able to generate realistic directed networks
with adjustable homophily, preferential attachment, node activity, fraction of mi-
norities, and edge density.

1.3. Research Questions

Aligned to the objectives of this thesis, I define three research questions which
allow me to focus on the characterization of edge formation (RQ1) and the role
of these mechanisms of edge formation in machine learning, in particular on re-
lational classification (RQ2) and network-based ranking and recommendation al-
gorithms (RQ3).

RQ1 How can we characterize the underlying mechanisms of edge formation of a
given network?

RQ2 How do the mechanisms of edge formation influence classification perfor-
mance and the direction of bias in relational classification?

RQ3 How do the mechanisms of edge formation affect the distribution of oppor-
tunities across individuals and minorities in ranking and recommendation
algorithms?

1.4. Main Publications

The core chapters of this thesis are based on results from the following articles:

• Article 1 [78]: Lisette Espín-Noboa, Florian Lemmerich, Markus Strohmaier,
and Philipp Singer. Janus: A Hypothesis-driven Bayesian Approach for Un-
derstanding Edge Formation in Attributed Multigraphs. Applied Network
Science, 2(1), pp. 1-20. 2017. 10.1007/s41109-017-0036-1.

• Article 2 [79]: Lisette Espín-Noboa, Florian Lemmerich, Simon Walk, Markus
Strohmaier, and Mark A. Musen. HopRank: How Semantic Structure In-
fluences Teleportation in PageRank (A Case Study on BioPortal). In The
World Wide Web Conference, pp. 2708-2714. 2019. 10.1145/3308558.3313487.
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• Article 3 [77]. Lisette Espín-Noboa, Fariba Karimi, Bruno Ribeiro, Kristina
Lerman, and Claudia Wagner. Explaining Classification Performance and
Bias via Network Structure and Sampling Technique. Applied Network Sci-
ence, 6(1), pp. 1-25. 2021. 10.1007/s41109-021-00394-3.

• Article 4 [81]. Lisette Espín-Noboa, Claudia Wagner, Markus Strohmaier,
and Fariba Karimi. Inequality and Inequity in Network-based Ranking and
Recommendation Algorithms. Scientific reports, 12(1), pp. 1-14. 2022.
10.1038/s41598-022-05434-1.

Additionally, the following publications contributed to formulating the basic ideas
of this thesis.

• Article 5 [72]: Lisette Espín-Noboa, Florian Lemmerich, Philipp Singer,
and Markus Strohmaier. Discovering and Characterizing Mobility Patterns
in Urban Spaces: A Study of Manhattan Taxi Data. In Proceedings of the
25th International Conference Companion on World Wide Web, pp. 537-
542. 2016. 10.1145/2872518.2890468.

• Article 6 [80]: Lisette Espín-Noboa, Claudia Wagner, Fariba Karimi, and
Kristina Lerman. Towards Quantifying Sampling Bias in Network Inference.
In Companion Proceedings of The Web Conference, pp. 1277-1285. 2018.
10.1145/3184558.3191567

• Article 7 [259]: Simon Walk, Philipp Singer, Lisette Espín-Noboa, Tania
Tudorache, Mark A. Musen, and Markus Strohmaier. Understanding How
Users Edit Ontologies: Comparing Hypotheses About Four Real-World
Projects. In International Semantic Web Conference, pp. 551-568. 2015.
10.1007/978-3-319-25007-6_32.

• Article 8 [258]: Simon Walk, Lisette Espín-Noboa, Denis Helic, Markus
Strohmaier, and Mark A. Musen. How Users Explore Ontologies on the
Web: A Study of NCBO’s BioPortal Usage Logs. In Proceedings of the
26th International Conference on World Wide Web, pp. 775-784. 2017.
10.1145/3038912.3052606.

• Article 9 [153]: Florian Lemmerich, Philipp Singer, Martin Becker, Lisette Espín-Noboa,
Dimitar Dimitrov, Denis Helic, Andreas Hotho, and Markus Strohmaier.
Comparing Hypotheses about Sequential Data: A Bayesian Approach and
its Applications. In Joint European Conference on Machine Learning and
Knowledge Discovery in Databases, pp. 354-357. 2017. 10.1007/978-3-319-
71273-4_30.

As a first author, I implemented the methods and experiments of each article
and wrote their first drafts. The design of the experiments and improvements of
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1. Introduction

each paper were possible thanks to the collaboration with my co-authors. Fur-
thermore, the paper “HopRank: How Semantic Structure Influences Teleporta-
tion in PageRank (A Case Study on BioPortal)” published at the Web Conference
2019 [79], is the result of a two-month fellowship at BMIR, the Stanford Center
for Biomedical Informatics Research. Similarly, the papers “Towards Quantifying
Sampling Bias in Network Inference”, published at the Web Conference 2018 [80],
and “Explaining Classification Performance and Bias via Network Structure and
Sampling Technique”, published at the Applied Network Science journal 2021 [77],
are the results of two three-month internships at USC-ISI, the Information Sci-
ences Institute at the University of Southern California. By using the plural form
“we” from Chapter 2 to Chapter 5, I acknowledge and honor my co-authors.

1.5. Main Contributions

The main contributions of this thesis are summarized as follows:

1. I propose methods to create and rank hypotheses of edge formation in at-
tributed and non-attributed social networks.

2. I propose methods and benchmarks to evaluate (i) performance and bias
in relational classification and (ii) inequality and inequity in network-based
ranking and recommendation algorithms.

3. I implement replicable, reproducible and reusable code and data2.

Besides, this thesis as a whole shows how the interplay between network struc-
ture and machine learning affects social phenomena. In principle, the mechanisms
of edge formation are biased connections that are organically triggered by our
preferences or choices. However, these biases are being reinforced by machine
learning methods which replicate or amplify what they learn from the data. For
instance:

• My systematic study on the effects of network structure on relational clas-
sification shows that classification performance is mainly driven by the type
of network [77]. This means that the evaluation benchmarks that I propose
make relational classification interpretable and explainable. Interpretable
because these benchmarks can tell what the performance and direction of
bias will be on average given the sample size, the homophily and the frac-
tion of minorities of a given network. Explainable because thanks to the
dynamics between homophily and preferential attachment the results of the
classification can be intuitively understood by practitioners. In conclusion,
performance and bias in relational classification can be anticipated and
therefore mitigated before relying on erroneous results.

2For a definition of replicable, reproducible and reusable research see Schoch 2017 [219, 222]
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• In the context of ranking and recommendation algorithms, my systematic
study of the effects of network structure on PageRank and Who-To-Follow
suggest that minorities are not always under-represented in top ranks; they
are just not well connected in the network. Certainly, one way to fix a
biased ranking is to define and apply diversity constraints or quotas at the
top of the rank (e.g., 50% women - 50% men). A more prominent interven-
tion is to ensure that ranked outcomes achieve proportional representation
across groups at higher ranks [127, 269] (e.g., if the population or pool of
applicants is 80% − 20%, the top rank should also be 80% − 20%). By
following this criterion, my findings suggest that minorities are not nec-
essarily under-represented for being a smaller group, but actually because
they do not receive enough connections from people in the majority group.
This means that by connecting strategically in a network, ranking and rec-
ommendation algorithms can be fair without calibrating the algorithm or
adjusting their outcomes. In some cases, these strategic connections can be
easily created without algorithmic intervention (e.g., by citing women more
often in scientific papers). However, in cases where this is not possible,
we can rely on additional recommender systems to suggest those important
missing links.

1.6. Structure of this Thesis

This thesis is split into two parts.
In Part I, I focus on characterizing edge formation on social networks. In

Chapter 2, I present HopRank to study edge formation in the context of human
navigation on BioPortal [263], one of the leading repositories of biomedical on-
tologies on the Web. In general, HopRank is an algorithm for modeling human
navigation on semantic networks. Its key component is a random walker that is
biased towards k-hop neighborhoods. This means that it assumes that users be-
sides following links, also follow nodes at certain distances and not at random as
suggested by PageRank [193]. I observe such preference towards k-hop neighbor-
hoods on BioPortal. In particular, users navigate within the vicinity of a concept,
but they also “jump” to distant concepts less frequently. I compare HopRank with
seven other models of human navigation on networks. I run experiments on syn-
thetic and real-world networks, and evaluate BIC scores for model selection. In
Chapter 3, I show Janus, a hypothesis-driven Bayesian approach that allows to
intuitively compare hypotheses about edge formation in multigraphs. For exam-
ple, in a co-authorship network one hypothesis might be that authors are more
likely to collaborate with each other “if they are from the same country”, or “if
one author is more senior than the other”. Once the hypotheses are defined as
belief matrices, they are encoded as priors into the Bayesian framework. Then,
the final output is a ranking of hypotheses based on their Bayes factors or plau-
sibility given the data. I show experiments on the Kenya contact network [139]
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1. Introduction

and the Higgs Twitter dataset [57], and find that people in the Kenya network
tend to interact more often with people from the same household than with peo-
ple of similar age, while the Twitter reply network in the Higgs dataset is better
explained by mentions than by retweets. I compare Janus with QAP [122] and
highlight important caveats for further improvements.

In Part II, I focus on explaining how certain mechanisms of edge formation
influence machine learning outcomes. In Chapter 4, I show how preferential
attachment, homophily, fraction of minorities, and edge density influence the
performance and bias of relational classification [43, 165], a technique that infers
the class label of a node based on the class label of its neighbors. I formulate
three research questions to disentangle output bias into input bias (i.e., network
structure) and sampling bias (i.e., sampling technique and sample size). Using
synthetic networks, I propose benchmarks to evaluate binary classification and
corroborate that these benchmarks hold for real-world social networks. Similarly,
in Chapter 5, I show how the structure of a network influences inequality and
inequity in the rank distribution of PageRank [193] and Who-To-Follow [106],
two well established network-based ranking and recommendation algorithms. I
measure inequality as the Gini coefficient of the rank distribution and inequity
as how fair these algorithms are with respect to the proportional representation
of groups in top ranks. I define fairness in ranking as a diversity constraint that
requires each group to be represented at the top of the rank in proportion to
its prevalence in the network. I propose the Directed network with Preferential
Attachment and Homophily model (DPAH) and compare it with other mod-
els to disentangle the individual effects of homophily, preferential attachment,
edge density and node activity on the inequality and inequity of top ranks. My
main findings suggest that (i) inequality and inequity are positively correlated,
(ii) inequity is mainly driven by homophily, and (iii) inequality is driven by the
interplay between preferential attachment, homophily, node activity, and edge
density.

Table 1.1 provides an overview of the main chapters of this thesis. Each chapter
is summarized by showing its relationship with the presented research questions,
main publications, data, and methods utilized to achieve the described goals.

This thesis concludes with Chapter 6 where I summarize the main results and
contributions of each chapter. Moreover, I discuss important implications of my
findings on real-world applications. Finally, I provide an overview of limitations
and future directions where the mechanisms of edge formation can be leveraged
to solve specific social phenomena.
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Table 1.1.: Outline. This table summarizes the main chapters of this thesis. Each chapter is based on an article that answers
a particular research question RQ.

Part Chapter RQ Focus Goal Data Methods

I
Chapter 1
based on
[79]

RQ1 Human navigation
on networks

Characterize navigation
patterns on networks
using k-hops.

BioPortal ontologies
and click streams

HopRank,
PageRank [193],
Markov Chains [204]

I
Chapter 2
based on
[78]

RQ1 Edge formation in
social networks

Characterize how edges
form in a given social
network using information
from the nodes.

Social networks
with attributed
nodes

Janus,
QAP [122]

II

Chapter 3
based on
[77]
[80]

RQ2
Classification on
undirected
networks

Explain classification
performance and bias
through network structure
and sampling technique.

Scale-free
undirected
social networks

Relational Classification [43],
Collective Inference [227],
BA-Homophily [133]

II
Chapter 4
based on
[81]

RQ3

Ranking and
recommendation
on directed
social networks

Explain when ranking
algorithms reinforce
inequality and inequity in
directed social networks.

Scale-free
directed
social networks

PageRank [193],
Who-To-Follow [106],
DPA, DH, DPAH
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Characterizing Edge Formation
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2. Characterizing Edge
Formation on Non-Attributed
Networks

This chapter introduces HopRank, an algorithm for modeling human navigation
on semantic networks, and it has been published as a short paper in the Proceed-
ings of The World Wide Web Conference WWW 2019.

HopRank leverages the assumption that users know or can see the whole struc-
ture of the network. Therefore, besides following links, they also follow nodes at
certain distances (i.e., k-hop neighborhoods), and not at random as suggested by
PageRank, which assumes only links are known or visible. We observe such pref-
erence towards k-hop neighborhoods on BioPortal, one of the leading repositories
of biomedical ontologies on the Web. In general, users navigate within the vicin-
ity of a concept. But they also “jump” to distant concepts less frequently. We fit
our model on 11 ontologies using the transition matrix of clickstreams, and show
that semantic structure can influence teleportation in PageRank. This suggests
that users—to some extent—utilize knowledge about the underlying structure of
ontologies, and leverage it to reach certain pieces of information. Our results help
the development and improvement of user interfaces for ontology exploration.

2.1. Introduction

Ontology Engineering and Ontology Learning are two branches of the Semantic
Web whose aim is to accurately build and curate ontologies. The former studies
new techniques to improve collaboration among humans while editing ontologies
[251, 259], and the latter introduces new methodologies and algorithms to auto-
matically create ontologies by crawling the Web [10, 245]. These efforts represent
significant advances in the development of knowledge bases, which represent facts
about the real world (e.g., people, diseases). However, there is little knowledge
about how users consume such ontologies on the Web. To this end, Walk et al.
studied how users browse BioPortal [258]. Their findings suggest that some on-
tologies influence the way users interact with the website. However, how users
navigate through the ontology structure (i.e., from one concept to another) re-
mains unclear.
Problem statement. In this paper, we study the influence of semantic structure
on teleportation (i.e., jumping to any node chosen at random) in PageRank. For
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2. Edge Formation on Non-Attributed Networks
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(c) Transition Probabilities

Figure 2.1.: HopRank on semantic networks. This example illustrates an
instance of navigation on an ontology. (a) Shows the underlying net-
work composed by seven concepts (a, b, . . . , g) and six isASubClassOf
relationships (straight-thin grey arrows). Transitions (curved-thick
black arrows) are labeled by the actual number of transitions be-
tween concepts, as well as the [k-hop] distance (i.e., shortest path)
between them. (b) Illustrates how the HopPortation vector β⃗ is built
using transition counts per k-hop. (c) Shows the transition probabil-
ities inferred by HopRank, see Equation (2.1).

example, consider the ontology shown in Figure 2.1(a), where nodes represent
classes (a.k.a. concepts) and edges isASubClassOf relationships. On BioPortal,
ontologies are shown vertically as hierarchical trees, and concepts can be explored
using the expand-on-demand principle. This means that only top level concepts
are shown first, and then users are able to expand and collapse as many concepts
as they need at any level of the ontology. In other words, users can use and
therefore are potentially aware of a virtually fully connected network in all stages
of navigation. Previous studies [193, 267] have modeled user navigation using
PageRank. However, these assume that navigation paths are constrained by
links and random teleportation. In our scenario, where the whole structure of an
ontology can be visualized at any time, we believe that teleportation is not fully
random, but rather biased towards k-hop neighborhoods.

Approach. Motivated by previous studies on information foraging [40, 46, 47,
203], decentralized search [113, 141], and PageRank [1, 103, 112, 193, 267], we
propose HopRank, a method for modeling transitions across k-hop neighborhoods
on semantic networks. The key idea of this work relies on the HopPortation vector
β⃗, which defines the probabilities of transitioning to each k-hop neighborhood.
From the PageRank point of view, we can say that teleportation is not fully
random, and the probability of following the structure of a page is not based
only on one parameter (i.e., probability of following links), but on k parameters,
representing all k-hop neighborhoods reached from the current page. Technically,
we pass the HopPortation vector to a random walker to make biased decisions on
which neighborhood to go next. Once this decision is made, the random walker
uniformly chooses a concept within that neighborhood.

Contributions. The contributions of this paper are:
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1. We empirically show how users leverage the structure of the ontologies on
BioPortal by quantifying the proportion of transitions per k-hop neighbor-
hood.

2. We propose HopRank, an algorithm for modeling human navigation on
semantic networks.

3. We demonstrate that HopRank outperforms traditional navigation and popularity-
based models on BioPortal, especially when users browse ontologies directly
without search.

4. We make an implementation of this approach openly available on the Web
[74].

2.2. Related Work

BioPortal provides users with a tree-like explorer and a local search engine to
navigate ontologies. In addition, concepts can be expanded on demand to see their
children nodes. Although these functionalities are exploited differently across
ontologies [258], it is unclear how users navigate through the ontology structure.
Thus, this section covers previous work on search and navigation on networks.
Search. Information Foraging [203] assumes that people, when possible, modify
their strategies or the structure of the environment to maximize their gain of
valuable information. These patterns are also found in the way humans recall
information from memory [114]. Similarly, berrypicking [22], a model of online
searching, states that queries are not static, but rather evolve, and users com-
monly gather information in pieces instead of in one large set.
Navigation. PageRank [193] is the most popular method to measure the impor-
tance of web pages based on their incoming and outgoing links. It relies on an
imaginary surfer who is randomly clicking on links, and eventually jumps to any
node in the network. The probability of following links is given by a damping fac-
tor. Multiple variations have been proposed for improving information retrieval
systems, e.g., a biased PageRank [112] to capture the importance of a page more
accurately by taken topics into account or a weighted PageRank [267] to assign
larger rank values to more popular pages (i.e., preferential attachment) instead of
distributing the rank value of a page uniformly to all outgoing pages. Geigl et al.
suggest that the behavior of a random surfer is almost similar to real users, as long
as they do not use search engines [94]. They also find that classical navigation
structures, such as navigation hierarchies or breadcrumbs, only exercise limited
influence on navigation. Experiments in [233] reveal that memory-less Markov
chains represent a quite practical model for human navigation on a page level.
However, this assumption is violated when the analysis is expanded to a topical
level. Helic et al. identify certain configurations of decentralized search that are
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2. Edge Formation on Non-Attributed Networks

capable of modeling human navigation in information networks [113]. Their find-
ings suggest that navigation on such networks is a two phase process combined
with the exploitation of the known (i.e., goal-seeking) and the exploration of the
unknown (i.e., orientation).
User interfaces. Human navigation has also been studied for enhancing in-
terfaces. For instance, [92] explores fisheye views to display large information
structures such as programs and databases. The intuition behind this paradigm
is that users often explore their neighborhood, and distant major landmarks in
more detail. Similarly, Van Ham and Perer studied the search, show context,
expand on demand browsing model in [252], and proposed techniques to design
better graph visualization tools.

We propose HopRank—a biased random walker—to model navigation on se-
mantic networks. HopRank builds upon insights from information foraging [114,
203], decentralized search [113, 141] and PageRank [193]. More precisely, we re-
place the damping factor by a HopPortation vector to encode the probabilities
of visiting each k-hop neighborhood. The intuition here is that users browse
semantically close terms more often than semantically distant ones.

2.3. BioPortal

There exist a large number of ontologies in the biomedical domain. They are
highly specialized and therefore expensive to develop. To enable ontology adop-
tion and reuse, effective support for browsing and exploring existing ontologies
is required. Towards that goal, the National Center for Biomedical Ontology
(NCBO) [185, 186] features BioPortal [26, 192, 263]—one of the leading reposi-
tories of biomedical ontologies on the Web—containing currently more than 800
ontologies with more than 13 million ontology classes. On BioPortal, practitioners
and experts can access ontologies via Web services and Web browsers. The latter
allows users to navigate ontologies by searching specific classes, or by directly
browsing their concept hierarchies within a tree-like explorer [258].
Ontologies. We propose to model human navigation on semantic networks using
the structure of the underlying ontology. On BioPortal, ontologies are defined
as directed networks, where nodes represent concepts and edges isASubClassOf
relationships. Since such edges are usually non-cyclic and have a common root,
these ontologies often form trees. Table 2.1 shows 11 of the most visited ontologies
in 20151. For instance, LOINC the largest ontology with 175K nodes, 153K edges,
and 74K connected components.
Transitions. We analyzed all HTTP requests made in 2015 and extracted
336K valid sessions (i.e., after filtering out sessions with less than 2 requests,
and requests to ontologies or concepts which do not exist). Each session con-
tains transitions (i.e., a sequence of visited concept pages) triggered by a single

1As ontologies can be edited over time, we work with their latest snapshots from 2015.
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user (i.e., IP address) without breaks (i.e., pauses of at least 60 minutes). For
simplicity, we only consider transitions within the largest connected component
(LCC) of each ontology, and discard ontologies with less than 1000 transitions2.
Overall, we found 11 ontologies and 133K transitions between their concepts3,
see Table 2.1 for some key properties.

Navigation types. Based on the HTTP request headers, we inferred 7 naviga-
tion types: Details (DE), Direct Click (DC), Direct URL (DU), Expand (EX),
External Link (EL), External Search (ES), and Local Search (LS). DE: are all
clicks made within the Details tab of a selected concept. DC: are all clicks made
on concepts within the tree-like explorer. DU: refers to all concept requests with-
out HTTP referrer (e.g., direct URL in the browser). EX: considers all clicks on
the (+) symbol of a concept, which triggers the expansion of the concept to show
all its children nodes. Notice that this request is called only once, even if the sym-
bol is clicked multiple times. The opposite behavior (collapse) is not considered4.
EL: captures all requests coming from external websites that are not search en-
gines. ES: are all requests coming from the top 10 most popular external search
engines such as Google and Yahoo. LS: are all requests made via the local search

2Transitions within the LCCs of these ontologies represent 80% of all transitions.
3We left out the popular SNOMEDCT ontology due to computational limitations.
4Collapse is a client-side functionality, and thus, it is not recorded in the log files.

Table 2.1.: Datasets. This table illustrates network properties of 11 of the most
popular ontologies on BioPortal in 2015. Ontologies represent net-
works whose nodes refer to concepts and edges isASubClassOf rela-
tionships. Original number of nodes, edges, and connected compo-
nents of ontologies are shown under N, E and cc, respectively. Prop-
erties of the largest connected component (LCC) of each ontology are
shown under N’, E’, d’ and T’, where d’ refers to the diameter and T’
to the number of transitions.

# Ontology N E cc N’ E’ d’ T’

1 CPT 13219 13235 3 13092 13110 15 44651
2 MEDDRA 66506 31863 43493 22889 31738 8 42746
3 NDFRT 35019 34504 522 32074 32080 24 22452
4 LOINC 174513 152683 73518 100871 152558 13 6349
5 ICD9CM 22534 22531 3 22407 22406 12 4434
6 WHO-ART 1852 2997 3 1725 2872 4 2811
7 MESH 165166 24182 145652 16947 21596 31 2623
8 ICD10 12446 11256 1190 11132 11131 10 2288
9 CHMO 2966 3071 3 2964 3071 22 1423

10 HL7 10319 10600 1049 9146 10475 19 1374
11 OMIM 81821 39359 44110 37587 39234 6 1291
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Figure 2.2.: Navigation Types. Each bar shows the fraction of transitions
within the LCC of each ontology. Stacked bars differentiate types of
navigation: details (DE, blue), direct click (DC, orange), direct URL
(DU, green), expand (EX, red), external link (EL, purple), external
search (ES, brown) and local search (LS, pink). Most ontologies are
mainly navigated by expanding nodes within the tree-like explorer.

functionality of each ontology. Notice that this search is a 3-step process. First
users type a keyword, then the system shows auto-suggestions and finally users
click on one of the concepts shown in the auto-suggestion list. We only consider
the final step a local search transition. ALL: includes all the above-mentioned
types. Figure 2.2 shows the distribution of transitions across navigation types
for each ontology. In general, most traffic comes from expanding a concept (EX,
44%), followed by local search (LS, 17%), direct URL (DU, 16%) and details
(DE, 14%). Surprisingly, direct clicks on concepts (DC) only represent 7% of all
transitions. This suggests that users spend substantial time expanding concepts
before they find a concept of interest.

2.4. HopRank: A Biased Random Walker

HopRank models human navigation on semantic networks. Imagine a random
walker whose decisions on where to go next are biased towards specific k-hop neigh-
borhoods. This bias is what we call HopPortation, which encodes the probabilities
of transitioning to each k-hop neighborhood. In our model, navigation on net-
works can be explained as a 2-step process. First, a k-hop neighborhood of the
current node i is drawn from a categorical distribution. Second, a node j is
randomly chosen within that k-hop neighborhood. Note that this process holds
only if the walker is fully or partially aware of the structure of the network (i.e.,
knows or can see it). Without this prerequisite, and if links are not preferred,
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then jumps to random pages will be more plausible. In comparison to the classic
random walker with teleportation (e.g., PageRank [193]), where its movements
are constrained by the damping factor α (i.e., probability of following links), Hop-
Rank is constrained by a vector β⃗ containing k different factors, which define the
probabilities of going to each k-hop neighborhood from the current location.
Visited k-hop neighborhoods on BioPortal. We aggregate ALL transitions
by the shortest distance between two sequentially visited nodes. This distance is
referred to as k-hop neighborhood. In Figure 2.3(a) we see that target nodes at
large distances are less likely to be visited next. This is expected, since—to some
extent—larger distances enclose more branches, therefore more target candidates.
Note that ontologies are sorted by diameter in descendant order from MESH to
WHO-ART. Interestingly, users tend to hop as far as the ontology’s diameter,
for d′ ≤ 12. For instance, OMIM’s diameter is 6 (see Table 2.1), and 6 is the
maximum hop done by users. Otherwise, users (roughly) hop up to two-thirds of
the ontology’s diameter, for d′ > 12. For example, MESH’s diameter is 31, and
the largest hop reached is 19.
Transitions per k-hop neighborhood on BioPortal. Figure 2.3(b) shows
the average percentage of transitions across k-hop neighborhoods per navigation
type. We see that users on average (ALL, grey) prefer to navigate through 2-hop
(41%) and 1-hop (23%) neighbors. In particular, when navigation is triggered
by direct clicks (DC, orange) and expand (EX, red). Notice their fast decay
when khop > 8. Other types of navigation such as external link (EL, purple),
and direct URL (DU, green)—which do not leverage the tree-like explorer—tend
to reach concepts at larger distances more frequently. Notice their peaks at
khop = {5, 11}, respectively. Interestingly, when users opt for external search
(ES, brown), they often click on 2-hop concepts, but also on 12-hop and 15-hop
neighbors. Intuitively, the details tab (DE, blue) helps users to click on nearby
concepts at khop ≤ 2, more often than local search (LS, pink), which is more
likely to reach concepts at khop ≥ 2.

2.5. Models of Human Transitions

In this section, we formally introduce our HopRank model, and recap popular
navigation models for comparison. We denote the transition probabilities, and #
of parameters according to HopRank and 7 other models that we will use later
on for model selection.

We formally represent an ontology5 as a graph G = (V,E), with V = (v1, . . . vn)
being a set of N nodes, and E = {(vi, vj)} ∈ V × V a set of undirected edges6.
The ontology structure is captured by the adjacency matrix AN×N = aij, where
aij is 1 if the link exists, 0 otherwise. Transitions are represented by the transition

5We focus on its largest connected component (LCC)
6Directionality of edges is omitted to calculate shortest paths between all pair of nodes.
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Figure 2.3.: Popularity of k-hops. (a) Shows the percentage of dyads that are
traversed per k-hop neighborhood. Lines represent ontologies and
are sorted by their LCC diameter: In descendant order from MESH
(darkest blue) to WHO-ART (darkest red). (b) Shows the distribu-
tion of transitions across k-hop neighborhoods per navigation type.
Percentages are averages across ontologies, and error bars the respec-
tive standard deviation. While several k-hop distances are being tra-
versed non-uniformly, most transitions happen across nearby nodes,
especially when browsing (DE, DC, EX, ES) 2-hop neighbors. In con-
trast, non-browsing types (EL, LS, DU) tend to reach more distant
nodes more frequently.

matrix TN×N = tij, where tij represents the number of transitions between source
node i and target node j.

HopRank (HR). Given the HopPortation vector β⃗, the probability of reaching
a k-hop neighborhood is denoted by factor βk ∈ β⃗. The stochastic k-hop matrix
Mk encodes all nodes j with a shortest distance k from i. HopRank uniformly
distributes βk across all nodes j at distance k. The limits of k-hop neighborhoods
go from 1 (direct edges), to d′, the diameter of the ontology G. Noise β0 =

1 − ∑d′

k=1 βk is added to allow for random jumps and self-loops. Figure 2.1(b)
illustrates how the HopPortation vector is computed from the transition counts.
Number of model parameters: d′ + 1.
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PHR = β1MMM1 + β2MMM2 + · · ·+ βkMMMk +
β0

N
(2.1)

Preferential Attachment (PA). Given the degree matrix DN×N = dij = dj,
where dj represents the degree of the target node j. The probability of moving
from i to j is proportional to the degree of j. Number of model parameters: 0.

PPA =DDD (2.2)

Gravitational (Gr). Given the matrix SN×N = (sp(i, j) + ϵ)2, where sp(i, j)
denotes the shortest path between nodes i and j. The probability of navigating
from i to j is proportional to the degree of node j and inversely proportional
to the square distance between i and j. We add a smoothing factor ϵ to avoid
overflows when dyads are disconnected. In such cases, we set ϵ to the diameter
d′ of G plus 1, to consider these jumps with a very low probability. Similarly, we
set the diagonal (i.e., self-loops) to ϵ = d′ + 2. Number of model parameters: 0.

PGr =
DDD

S
(2.3)

Random Walker (RW). Given the damping factor α (i.e., probability of fol-
lowing links), the probability of visiting a node j is proportional to α divided by
the degree of the source node i, plus a random choice equally distributed among
all nodes. Depending on the α value, a random walker can model four different
behaviors: (i) α = 0.0: random jumps only, (ii) α ≈ 1.0: navigation over links
only, (iii) α = 0.85: PageRank using the commonly used damping factor for
navigating the Web [33], and (iv) the empirical PageRank which learns the pa-
rameter α from the transitions data. Number of model parameters: 1 if empirical,
0 otherwise.

PRW = αAAA+
(1− α)

N
(2.4)

Markov Chain (MC). We assume that moving to the next node follows a
Markov process. Therefore, the probability of moving to a node j only depends
on the current node i. These probabilities represent the maximum likelihood,
learned from the transition matrix T . Thus, the probability of visiting node j
from node i is proportional to the number of transitions tij. Number of model
parameters: N × (N − 2).

PMC = TTT (2.5)

Note that MMM , AAA, and all P∗ from Equations (2.1) to (2.5) are right stochastic
matrices (i.e., each row must sum to 1).
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the models at interest. (Left) Number of parameters inferred by
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2.6. Experiments

In this section, we compare the performance of HopRank to the baselines on
synthetic and real-world networks.

2.6.1. Model selection

For comparing the models, we employ the Bayesian Information Criterion (BIC)
[223] to select the best, i.e., lowest BIC score. BIC evaluates log-likelihoods LL
(i.e., how likely our transitions are for a given model) and takes into account the
number of model parameters and observations (i.e., # of transitions) to avoid
over-fitting.

BIC = −2 · LL+ nparams · log(nobservations), (2.6)

LL =
N∑

i=1

N∑

j=1

tij · log(pij), (2.7)

where tij represents the actual number of transitions from node i to node j, and
pij the probability of transitioning from node i to node j for a given model.

2.6.2. Synthetic network

Setup. The underlying network (structure) is a binary tree composed by N = 7
nodes and |E| = 6 edges as shown in Figure 2.1(a). Transitions (curved-thick
edges) are biased towards 2-hop and 4-hop neighborhoods. These biases are
reflected in the HopPortation vector shown in Figure 2.1(b).

22



β0 β1 β2 β3 β4 β5 β6 β7 β8

DE

DC

DU

EX

EL

ES

LS

ALL

na
vi

ty
p

e

MEDDRA

0.08

0.16

0.24

0.32

0.40

(a) HopPortation vectors

104

106

108

B
IC

DE DC DU EX

R
W

0.
0

R
W

0.
85

R
W

1.
0

R
W

E
.

M
C

P
A G
r

H
op

R
an

k

model

104

106

108

B
IC

EL

R
W

0.
0

R
W

0.
85

R
W

1.
0

R
W

E
.

M
C

P
A G
r

H
op

R
an

k

model

ES
R

W
0.

0

R
W

0.
85

R
W

1.
0

R
W

E
.

M
C

P
A G
r

H
op

R
an

k

model

LS

R
W

0.
0

R
W

0.
85

R
W

1.
0

R
W

E
.

M
C

P
A G
r

H
op

R
an

k

model

ALL

(b) Model selection

Figure 2.5.: Results on MEDDRA. (a) This heatmap shows the HopPorta-
tion vectors learned from the transitions in MEDDRA. Cells represent
the probabilities of visiting a certain k-hop neighborhood (column)
by a given navigation type (row). In general, 2-hop and 1-hop neigh-
borhoods are more likely to be visited next, regardless of navigation
type (ALL). However, distant hops are preferred through direct URLs
(DU), external links (EL), and local search (LS). (b) This figure shows
the comparison of models across navigation types using BIC scores.
We see that HopRank outperforms all baseline models.

Results. Probabilities inferred using Equation (2.1) are depicted in Figure 2.1(c).
Figure 2.4 (left) shows the number of parameters inferred by each model. While
the Markov chain model (MC) requires 35 parameters, HopRank only needs 5.
The empirical PageRank (RW E.) learned a damping factor of α = 0.01. This
means that users are 1% likely to follow links. In Figure 2.4 (right) we see the
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2. Edge Formation on Non-Attributed Networks

comparison of models using BIC scores. In this synthetic network, transitions
are best described by the Markov chain model because model parameters (i.e.,
maximum likelihood) are proportional to the actual transition counts per dyad,
and the data structure is very small7. In spite of that, HopRank is the second
best model and describes navigation better than random (RW 0.0).

2.6.3. Medical Dictionary for Regulatory Activities
Terminology (MEDDRA)

Setup. MEDDRA [172] is one of the the largest ontologies in our dataset (see
Table 2.1). After pre-processing, its largest connected component (LCC) consists
of 23K nodes and 43K transitions.
Results. Figure 2.5(a) shows the HopPortation vectors learned for each type
of navigation in MEDDRA. We see that users mainly navigate through 1, 2, 6,
and 8-hop neighbors. For instance, transitions through direct clicks—on a concept
(DC), its details (DE) or expand (EX)—mainly follow 1-hop and 2-hop neighbors.
However, when transitions are triggered by direct URLs (DU), local search (LS)
or external links (EL), users tend to reach distant target nodes (i.e., 6-hop and
8-hop neighbors). Figure 2.5(b) shows the ranking of models according to BIC
scores (lower is better). We see that in MEDDRA all types of navigation are best
explained by HopRank.

2.6.4. Top11 ontologies in BioPortal

Setup. We fit HopRank and the baseline models to all transitions by ontology
and navigation type. These represent 133K transitions coming from the 11 on-
tologies described in Table 2.1.
Results. In Figure 2.6 we highlight the model that explains the number of
transitions per ontology and navigation type best (i.e., the model with lowest
BIC score). Ontologies are sorted by their number of transitions from CPT
(largest) to OMIM (smallest). HopRank outperforms the other models 89% of
the time, especially when users browse directly—regardless of the ontology—the
tree-like explorer via clicks (DC), details (DE) and expand (EX). When there
are not enough observations (i.e., the number of transitions is small), the other
models tend to outperform HopRank due to the fact that the other models require
fewer parameters and/or it is less likely to find transitions across different k-
hop neighborhoods. This is the case for 6 ontologies in certain navigation types.
For instance, we found 5 external search (ES) transitions in MESH which are
best described by the Gravitational model (Gr). Even though HopRank was a
better candidate (i.e., higher log-likelihood), BIC penalized it for having more
parameters (nparamsHopRank = 32 > nparamsGr = 0). Notice that we model

7Therefore, number of parameters does not play a very important role in BIC.
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Figure 2.6.: Model Selection on BioPortal. This heatmap highlights the
model—with lowest BIC score—that best describes the # of tran-
sitions per ontology and navigation type. HopRank outperforms the
other models 89% of the time, especially when browsing concepts via
details (DE), direct click (DC) and expand (EX). When transitions
are scarce (i.e., the other 11%), BIC penalizes HopRank since it has
more parameters than the other models (except Markov chain).

navigation in ontologies with at least 2 transitions. Ontologies that do not fulfil
this condition per navigation type are marked as green cells “-”.

2.7. Discussion and Future Work

In this section, we discuss decisions made for data processing, and future direc-
tions that can be pursued to improve our results.
Largest connected component (LCC). Surprisingly, ontologies on BioPor-
tal may have multiple connected components. In those cases, only the branch
connected to the root owl:Thing is shown at first in the tree-like explorer. Dis-
connected (and hidden) nodes or branches need to be accessed from external
pages or local search. For simplicity, we opted to work with the LCC of each
ontology with the cost of removing 20% of all transitions. Future work should
consider the whole network to study the tradeoffs between number of transitions
and random teleportation.
HopRank extensions. More extensions based on network properties or simi-
larity measures between nodes could improve our results. For instance, consid-
ering ontologies as directed graphs, and assuming that navigation is not only
constrained by distance but also directionality: top-down or bottom-up.
Other types of networks. Even though this paper targets semantic networks,
we believe that HopRank can be utilized to model human navigation in other
networks, such as the Web or cities. The only assumption required is that users
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2. Edge Formation on Non-Attributed Networks

must have background knowledge about the underlying network they are surf-
ing/traveling in.

2.8. Conclusions

In this paper, we introduced the concept of HopPortation which states that
users—navigating a known or visible network—are biased towards certain k-
hop neighborhoods. This is a variation of PageRank, where we assume that
teleportation is not fully random but rather distributed non-uniformly across
different neighborhoods. We proposed HopRank—a biased random walker—to
model navigation on semantic networks. Our findings on BioPortal suggest that
semantic structure (i.e., shortest path) influences navigation on networks. In par-
ticular, users tend to be biased towards certain k-hop neighborhoods depending
on the type of navigation. For instance, when manually browsing the tree-like
explorer, users tend to hop to nearby concepts, whereas far-away concepts are
more likely to be reached by non-browsing types such as external links. These
results advance our understanding of how ontologies are actually navigated and
consumed, and help to develop and improve user interfaces for ontology explo-
ration.
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3. Characterizing Edge
Formation on Attributed
Networks

This chapter introduces Janus, a hypothesis-driven Bayesian approach for under-
standing edge formation in attributed multigraphs, and it has been published as
a full paper in the journal of Applied Network Science, 2017.

Understanding edge formation represents a key question in network analysis.
Various approaches have been postulated across disciplines ranging from network
growth models to statistical (regression) methods. In this work, we extend this ex-
isting arsenal of methods with Janus, a hypothesis-driven Bayesian approach that
allows to intuitively compare hypotheses about edge formation in multigraphs.
We model the multiplicity of edges using a simple categorical model and pro-
pose to express hypotheses as priors encoding our belief about parameters. Using
Bayesian model comparison techniques, we compare the relative plausibility of
hypotheses which might be motivated by previous theories about edge formation
based on popularity or similarity. We demonstrate the utility of our approach
on synthetic and empirical data. Janus is relevant for researchers interested in
studying mechanisms explaining edge formation in networks from both empirical
and methodological perspectives.

3.1. Introduction

Understanding edge formation in networks is a key interest of our research com-
munity. For example, social scientists are frequently interested in studying re-
lations between entities within social networks, e.g., how social friendship ties
form between actors and explain them based on attributes such as a person’s
gender, race, political affiliation or age in the network [218]. Similarly, the com-
plex networks community suggests a set of generative network models aiming at
explaining the formation of edges focusing on the two core principles of popular-
ity and similarity [195]. Thus, a series of approaches to study edge formation
have emerged including statistical (regression) tools [145, 238] and model-based
approaches [134, 195, 239] specifically established in the physics and complex
networks communities. Other disciplines such as the computer sciences, biomed-
ical sciences or political sciences use these tools to answer empirical questions;
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Figure 3.1.: Example. This example illustrates an unweighted attributed multi-
graph. (a) Shows a multigraph where nodes represent researchers,
and edges scientific articles in which they have collaborated together.
(b) Shows the adjacency matrix of the graph, where every cell repre-
sents the total number of edges between two nodes. (c) Decodes some
attributes per node. For instance, node D shows information about
an Austrian researcher who started his academic career in 2001. One
main objective of Janus is to compare the plausibility of mechanisms
derived from attributes for explaining the formation of edges in the
graph. For example, here, a hypothesis that researchers have more
collaborations if they are from the same country might be more plau-
sible than one that postulates that the multiplicity of edges can be
explained based on the relative popularity of authors.

e.g., co-authorship networks[170], wireless networks of biomedical sensors [224],
or community structures of political blogs [3].

Problem illustration. Consider for example the network depicted in Figure 3.1.
Here, nodes represent authors, and (multiple) edges between them refer to co-
authored scientific articles. Node attributes provide additional information on
the authors, e.g., their home country and gender. In this setting, an exemplary
research question could be: “Can co-authorship be better explained by a mecha-
nism that assumes more collaborations between authors from the same country or
by a mechanism that assumes more collaborations between authors with the same
gender?”. These and similar questions motivate the main objective of this work,
which is to provide a Bayesian approach for understanding how edges emerge in
networks based on some characteristics of the nodes or dyads.

While several methods for tackling such questions have been proposed, they
come with certain limitations. For example, statistical regression methods based
on QAP [122] or mixed-effects models [230] do not scale to large-scale data and re-
sults are difficult to interpret. For network growth models [195], it is necessary to
find the appropriate model for a given hypothesis about edge formation and thus,
it is often not trivial to intuitively compare competing hypotheses. Consequently,
we want to extend the methodological toolbox for studying edge formation in net-
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works by proposing a first step towards a hypothesis-driven generative Bayesian
framework.
Approach and methods. We focus on understanding edge formation in at-
tributed multigraphs. We are interested in modeling and understanding the mul-
tiplicity of edges based on additional network information, i.e., given attributes
for the nodes or dyads in the network. Our approach follows a generative sto-
ryline. First, we define the model that can characterize the edge formation at
interest. We focus on the simple categorical model, from which edges are inde-
pendently drawn from. Motivated by previous work on sequential data [232], the
core idea of our approach is to specify generative hypotheses about how edges
emerge in a network. These hypotheses might be motivated by previous theories
such as popularity or similarity [195]—e.g., for Figure 3.1 we could hypothesize
that authors are more likely to collaborate with each other if they are from the
same country. Technically, we elicit these types of hypotheses as beliefs in pa-
rameters of the underlying categorical model and encode and integrate them as
priors into the Bayesian framework. Using Bayes factors with marginal likelihood
estimations allows us to compare the relative plausibility of expressed hypotheses
as they are specifically sensitive to the priors. The final output is a ranking of
hypotheses based on their plausibility given the data.
Contributions. The main contributions of this work are:

1. We present a first step towards a Bayesian approach for comparing genera-
tive hypotheses about edge formation in networks.

2. We provide simple categorical models based on local and global scenarios
allowing the comparison of hypotheses for multigraphs.

3. We show that Janus can be easily extended to dyad-attributed multigraphs
when multiplex networks are provided.

4. We demonstrate the applicability and plausibility of Janus based on exper-
iments on synthetic and empirical data, as well as by comparing it to the
state-of-the-art QAP.

5. We make an implementation of this approach openly available on the Web
[73].

Structure. This paper is structured as follows: First, we start with an overview
of some existing research on modeling and understanding edge formation in net-
works in Section 3.2. We present some background knowledge required in this
work in Section 3.3 to then explain step-by-step Janus in Section 3.4. Next, we
show Janus in action and the interpretation of results by running four different
experiments on synthetic and empirical data in Section 3.5. In Section 3.6 we
suggest a fair comparison of Janus with the Quadratic Assignment Procedure
(QAP) for testing hypotheses on dyadic data. In Section 3.6 we highlight some
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3. Edge Formation on Attributed Networks

important caveats for further improvements. Finally, we conclude in Section 3.7
by summarizing the contributions of our work.

3.2. Related Work

We provide a broad overview of research on modeling and understanding edge
formation in networks; i.e., edge formation models and hypothesis testing on net-
works.
Edge formation models. A variety of models explaining underlying mecha-
nisms of network formation have been proposed. Here, we focus on models ex-
plaining linkage between dyads beyond structure by incorporating node attribute
information. Prominently, the stochastic blockmodel [134] aims at producing and
explaining communities by accounting for node correlation based on attributes.
The attributed graph [202] models network structure and node attributes by learn-
ing the attribute correlations in the observed network. Furthermore, the mul-
tiplicative attributed graph [138] takes into account attribute information from
nodes to model network structure. This model defines the probability of an
edge as the product of individual attribute link formation affinities. Exponential
random graph models [211] (also called the p∗ class of models) represent graph
distributions with an exponential linear model that uses feature-structure counts
such as reciprocity, k-stars and k-paths. In this line of research, p1 models [117]
consider expansiveness (sender) and popularity (receiver) as fixed effects associ-
ated with unique nodes in the network [100] in contrast to the p2 models [211]
which account for random effects and assume dyadic independence conditionally
to node-level attributes. While many of these works focus on binary relationships,
[266] proposes an unsupervised model to estimate continuous-valued relationship
strength for links from interaction activity and user similarity in social networks.
Recently, the work in [142] has shown that connections in one layer of a multiplex
can be accurately predicted by utilizing the hyperbolic distances between nodes
from another layer in a hidden geometric space.
Hypothesis testing on networks. Previous works have implemented different
techniques to test hypotheses about network structure. For instance, the work in
[180] proposes an algorithm to determine whether two observed networks are sig-
nificantly different. Another branch of research has specifically focused on dyadic
relationships utilizing regression methods accounting for interdependencies in net-
work data. Here, we find Multiple Regression Quadratic Assignment Procedure
(MRQAP) [145] and its predecessor QAP [122] which permute nodes in such a
way that the network structure is kept intact; this allows to test for significance
of effects. Mixed-effects models [230] add random effects to the models allowing
for variation to mitigate non-independence between responses (edges) from the
same subject (nodes) [264]. Based on the quasi essential graph the work in [190]
proposes to compare two graphs (i.e., Bayesian networks) by testing and com-
paring multiple hypotheses on their edges. Recently, generalized hypergeometric
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ensembles [41] have been proposed as a framework for model selection and sta-
tistical hypothesis testing of finite, directed and weighted networks that allow to
encode several topological patterns such as block models where homophily plays
an important role in linkage decision. In contrast to our work, neither of these ap-
proaches is based on Bayesian hypothesis testing, which avoids some fundamental
issues of classic frequentist statistics.

3.3. Background

In this paper, we focus on both node-attributed and dyad-attributed multigraphs
with unweighted edges without own identity. That means, each pair of nodes or
dyad can be connected by multiple indistinguishable edges, and there are features
for the individual nodes or dyads available.

Node-attributed multigraphs. We formally define this as: Let G = (V,E, F )
be an unweighted attributed multigraph with V = (v1, . . . , vn) being a list of
nodes, E = {(vi, vj)} ∈ V × V a multiset of either directed or undirected
edges, and a set of feature vectors F = (f1, . . . , fn). Each feature vector fi =
(fi[1], ..., fi[c])

T maps a node vi to c (numeric or categorical) attribute values.
The graph structure is captured by an adjacency matrix Mn×n = (mij), where
mij is the multiplicity of edge (vi, vj) in E (i.e., number of edges between nodes
vi and vj). By definition, the total number of multiedges is l = |E| = ∑

ij mij.
Figure 3.1(a) shows an example unweighted attributed multigraph: nodes rep-

resent authors, and undirected edges represent co-authorship in scientific articles.
The adjacency matrix of this graph—counting for multiplicity of edges—is shown
in Figure 3.1(b). Feature vectors (node attributes) are described in Figure 3.1(c).
Thus, for this particular case, we account for n = 4 nodes, l = 44 multiedges, and
c = 6 attributes.

Dyad-attributed networks. As an alternative to attributed nodes, we also
consider multigraphs, in which each dyad (pair of nodes) is associated with a
set of features F̂ = (f̂11, . . . , f̂nn). Each feature vector f̂ij = (f̂ij[1], ..., f̂ij[c])

T

maps the pair of node (vi, vj) to c (numeric or categorical) attribute values. The
values of each feature can be represented in a separate n × n matrix. As an
important special case of dyad-attributed networks, we study multiplex networks.
In these networks, all dyad features are integer-valued. Thus, each feature can be
interpreted as (or can be derived from) a separate multigraph over the same set of
nodes. In our setting, the main idea is then to try and explain the occurrence of a
multiset of edges E in one multigraph G with nodes V by using other multigraphs
Ĝ on the same node set.

Bayesian hypothesis testing. Our approach compares hypotheses on edge
formation based on techniques from Bayesian hypothesis testing [147, 232]. The
elementary Bayes’ theorem states for parameters θ, given data D and a hypothesis
H that:
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3. Edge Formation on Attributed Networks

posterior︷ ︸︸ ︷
P (θ|D,H) =

likelihood︷ ︸︸ ︷
P (D|θ,H)

prior︷ ︸︸ ︷
P (θ|H)

P (D|H)︸ ︷︷ ︸
marginal likelihood

(3.1)

As observed data D, we use the adjacency matrix M , which encodes edge
counts. θ refers to the model parameters, which in our scenario correspond to
the probabilities of individual edges. H denotes a hypothesis under investigation.
The likelihood describes, how likely we observe data D given parameters θ and a
hypothesis H. The prior is the distribution of parameters we believe in before
seeing the data; in other words, the prior encodes our hypothesis H. The posterior
represents an adjusted distribution of parameters after we observe D. Finally, the
marginal likelihood (also called evidence) represents the probability of the data
D given a hypothesis H.

In our approach, we exploit the sensitivity of the marginal likelihood on the
prior to compare and rank different hypotheses: more plausible hypotheses im-
ply higher evidence for data D. Formally, Bayes Factors can be employed for
comparing two hypotheses. These are computed as the ratio between the respec-
tive marginal likelihood scores. The strength of a Bayes factor can be judged
using available interpretation tables [135]. While in many cases determining the
marginal likelihood is computationally challenging and requires approximate solu-
tions, we can rely on exact and fast-to-compute solutions in the models employed
in this paper.

3.4. Approach

In this section, we describe the main steps towards a hypothesis-driven Bayesian
approach for understanding edge formation in unweighted attributed multigraphs.
To that end, we propose intuitive models for edge formation (Section 3.4.1), a
flexible toolbox to formally specify beliefs in the model parameters (Section 3.4.2),
a way of computing proper (Dirichlet) priors from these beliefs (Section 3.4.2),
computation of the marginal likelihood in this scenario (Section 3.4.3), and guide-
lines on how to interpret the results (Section 3.4.4). We subsequently discuss these
issues one-by-one.

3.4.1. Generative edge formation models

We propose two variations of our approach, which employ two different types of
generative edge formation models in multigraphs.
Global model. First, we utilize a simple global model, in which a fixed number of
graph edges are randomly and independently drawn from the set of all potential
edges in the graph G by sampling with replacement. Each edge (vi, vj) is sampled
from a categorical distribution with parameters θij, 1 ≤ i ≤ n, 1 ≤ j ≤ n,∀ij :
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Figure 3.2.: Multigraph models. This figure shows two ways of modeling the
undirected multigraph shown in Figure 3.1. That is, (a) global or
graph-based model to model the whole graph as a single distribution.
(b) Local or neighbor-based model to model each node as a separate
distribution.

∑
ij θij = 1: (vi, vj) ∼ Categorical(θij). This means that each edge is associated

with one probability θij of being drawn next. Figure 3.2(a) shows the maximum
likelihood global model for the network shown in Figure 3.1. Since this is an
undirected graph, inverse edges can be ignored resulting in n(n + 1)/2 potential
edges/parameters.

Local models. As an alternative, we can also focus on a local level. Here, we
model to which other node a specific node v will connect given that any new
edge starting from v is formed. We implement this by using a set of n separate
models for the outgoing edges of the ego-networks (i.e., the 1-hop neighborhood)
of each of the n nodes. The ego-network model for node vi is built by drawing
randomly and independently a number of nodes vj by sampling with replacement
and adding an edge from vi to these nodes. Each node vj is sampled from a
categorical distribution with parameters θij, 1 ≤ i ≤ n, 1 ≤ j ≤ n,∀i : ∑j θij = 1:
vj ∼ Categorical(θij). The parameters θij can be written as a matrix; the value
in cell (i, j) specifies the probability that a new formed edge with source node vi
will have the destination node vj. Thus, all values within one row always sum up
to one. Local models can be applied for undirected and directed graphs (cf. also
discussion in Section 3.6). In the directed case, we model only the outgoing edges
of the ego-network. Figure 3.2(b) depicts the maximum likelihood local models
for our introductory example.

3.4.2. Hypothesis elicitation

The main idea of our approach is to encode our beliefs in edge formation as
Bayesian priors over the model parameters. As a common choice, we employ
Dirichlet distributions as the conjugate priors of the categorical distribution.
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3. Edge Formation on Attributed Networks

Thus, we assume that the model parameters θ are drawn from a Dirichlet distri-
bution with hyperparameters α: θ ∼ Dir(α). Similar to the model parameters
themselves, the Dirichlet prior (or multiple priors for the local models) can be
specified in a matrix. We will choose the parameters α in such a way that they
reflect a specific belief about edge formation. For that purpose, we first specify
matrices that formalize these beliefs, then we compute the Dirichlet parameters
α from these beliefs.

Constructing belief matrices

We specify hypotheses about edge formation as belief matrices B = bij. These
are n × n matrices, in which each cell bij ∈ R represents a belief of having an
edge from node vi to node vj. To express a belief that an edge occurs more often
(compared to other edges) we set bij to a higher value.
Node-attributed multigraphs. In general, users have a large freedom to
generate belief matrices. However, typical construction principles are to assume
that nodes with specific attributes are more popular and thus edges connecting
these attributes receive higher multiplicity, or to assume that nodes that are
similar with respect to one or more attributes are more likely to form an edge,
cf. [195]. Ideally, the elicitation of belief matrices is based on existing theories.

For example, based on the information shown in Figure 3.1, one could “believe”
that two authors collaborate more frequently together if: (1) they both are from
the same country, (2) they share the same gender, (3) they have high positions,
or (4) they are popular in terms of number of articles and citations. We capture
each of these beliefs in one matrix. One implementation of the matrices for our
example beliefs could be:

• B1 (same country): bij := 0.9 if fi[country] = fj[country] else 0.1

• B2 (same gender): bij := 0.9 if fi[gender] = fj[gender] else 0.1

• B3 (hierarchy): bij := fi[position] · fj[position]

• B4 (popularity): bij := fi[articles] + fj[articles] + fi[citations] + fj[citations]

Figure 3.3(a) shows the matrix representation of belief B1, and Figure 3.3(b)
its respective row-wise normalization for the local model case. While belief ma-
trices are identically structured for local and global models, the ratio between
parameters in different rows is crucial for the global model, but irrelevant for
local ones.
Dyad-attributed networks. For the particular case of Dyad-Attributed net-
works, beliefs are described using the underlying mechanisms of secondary multi-
graphs. For instance, a co-authorship network—where every node represents an
author with no additional information or attribute—could be explained by a cita-
tion network under the hypothesis that if two authors frequently cite each other,
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Figure 3.3.: Prior belief. This figure illustrates the three main phases of prior
elicitation. That is, (a) a matrix representation of belief B1, where
authors are more likely to collaborate with each other if they are from
the same country. (b) B1 normalized row-wise using the local model
interpretation. (c) Prior elicitation for κ = 4; i.e., αij =

bij
Z

× κ+ 1.

they are more likely to also co-author together. Thus, the adjacency (feature)
matrices (F̂ ) of secondary multigraphs can be directly used as belief matrices
B = (bij). However, we can express additional beliefs by transforming the ma-
trices. As an example, we can formalize the belief that the presence of a feature
tends to inhibit the formation of edges in the data by setting bij := −sigm(fij),
where sigm is a sigmoid function such as the logistic function.

Eliciting a Dirichlet prior

In order to obtain the hyperparameters α of a prior Dirichlet distribution, we
utilize the pseudo-count interpretation of the parameters αij of the Dirichlet dis-
tribution, i.e., a value of αij can be interpreted as αij − 1 previous observations
of the respective event for αij ≥ 1. We distribute pseudo-counts proportion-
ally to a belief matrix. Consequently, the hyperparameters can be expressed as:
αij =

bij
Z

× κ + 1, where κ is the concentration parameter of the prior. The
normalization constant Z is computed as the sum of all entries of the belief ma-
trix in the global model, and as the respective row sum in the local case. We
suggest setting κ = n × k for the local model, κ = n2 × k for the global case,
and k = {0, 1, ..., 10}. A high value of κ expresses a strong belief in the prior
parameters. A similar alternative method to obtain Dirichlet priors is the trial
roulette method [232]. For the global model variation, all α values are parameters
for the same Dirichlet distribution, whereas in the local model variation, each row
parametrizes a separate Dirichlet distribution.

3.4.3. Computation of the marginal likelihood

For comparing the relative plausibility of hypotheses, we use the marginal likeli-
hood. This is the aggregated likelihood over all possible values of the parameters
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θ weighted by the Dirichlet prior. For our set of local models we can calculate
them as:

P (D|H) =
n∏

i=1

Γ(
∑n

j=1 αij)

Γ(
∑n

j=1 αij +mij)

n∏

j=1

Γ(αij +mij)

Γ(αij)
(3.2)

Recall, αij encodes our prior belief connecting nodes vi and vj in G, and mij

are the actual edge counts. Since we evaluate only a single model in the global
case, the product over rows i of the adjacency matrix can be removed, and we
obtain:

P (D|H) =
Γ(
∑n

i=1

∑n
j=1 αij)

Γ(
∑n

i=1

∑n
j=1 αij +mij)

n∏

i=1

n∏

j=1

Γ(αij +mij)

Γ(αij)
(3.3)

Equation (3.3) holds for directed networks. In the undirected case, indices j
go from i to n accounting for only half of the matrix including the diagonal to
avoid inconsistencies. For a detailed derivation of the marginal likelihood given
a Dirichlet-Categorical model see [233, 250]. For both models we focus on the
log-marginal likelihoods in practice to avoid underflows.
Bayes factor. Formally, we compare the relative plausibility of hypotheses by
using so-called Bayes factors [135], which simply are the ratios of the marginal
likelihoods for two hypotheses H1 and H2. If it is positive, the first hypothesis is
judged as more plausible. The strength of the Bayes factor can be checked in an
interpretation table provided by Kass and Raftery [135].

3.4.4. Application of the method and interpretation of
results

We now showcase an example application of our approach featuring the network
shown in Figure 3.1, and demonstrate how results can be interpreted.
Hypotheses. We compare four hypotheses (represented as belief matrices) B1,
B2, B3, and B4 elaborated in Section 3.4.2. Additionally, we use the uniform
hypothesis as a baseline which assumes that all nodes are equally likely to connect
to each other, i.e., bij = 1 for all i, j. Hypotheses that are not more plausible than
the uniform cannot be assumed to capture relevant underlying mechanisms of edge
formation. We also use the data hypothesis as an upper bound for comparison,
which employs the observed adjacency matrix as belief: bij = mij.
Calculation and visualization. For each hypothesis H and every κ, we can
elicit the Dirichlet priors (cf. Section 3.4.2), determine the aggregated marginal
likelihood (cf. Section 3.4.3), and compare the plausibility of hypotheses in con-
trast to the uniform hypothesis at the same κ by calculating the logarithm of the
Bayes factor as log(P (D|H))− log(P (D|Huniform)). We suggest two ways of visu-
alizing the results, i.e., plotting the marginal likelihood values, and showing the
Bayes factors on the y-axis as shown in Figures 3.4(a) and 3.4(b) respectively for
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Figure 3.4.: Ranking of hypotheses for the introductory example. (a,b)
Represent results using the local model and (c,d) results of the global
model. Rankings can be visualized using (a,c) the marginal likelihood
or evidence (y-axis), or (b,d) using Bayes factors (y-axis) by setting
the uniform hypothesis as a baseline to compare with; higher values
refer to higher plausibility. The x-axis depicts the concentration pa-
rameter κ. For this example, from an individual perspective (local
model) authors from the multigraph shown in Figure 3.1 appear to
prefer to collaborate more often with researchers of the same country
rather than due to popularity (i.e., number of articles and citations).
In this particular case, the same holds for the global model. Note
that all hypotheses outperform the uniform, meaning that they all
are reasonable explanations of edge formation for the given graph.

the local model. In both cases, the x-axis refers to the concentration parameter
κ. While the visualization showing directly the marginal likelihoods carries more
information, visualizing Bayes factors makes it easier to spot smaller differences
between the hypotheses.
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Interpretation. Every line in Figures 3.4(a) to 3.4(d) represents a hypothesis
using the local (top) and global models (bottom). In Figures 3.4(a) and 3.4(c),
higher evidence values mean higher plausibility. Similarly, in Figures 3.4(b)
and 3.4(d) positive Bayes factors mean that for a given κ, the hypothesis is
judged to be more plausible than the uniform baseline hypothesis; here, the rel-
ative Bayes factors also provide a ranking. If evidences or Bayes factors are
increasing with κ, we can interpret this as further evidence for the plausibility
of expressed hypothesis as this means that the more we believe in it, the higher
the Bayesian approach judges its plausibility. As a result for our example, we
see that the hypothesis believing that two authors are more likely to collaborate
if they are from the same country is the most plausible one (after the data hy-
pothesis). In this example, all hypotheses appear to be more plausible than the
baseline in both local and global models, but this is not necessarily the case in
all applications.

3.5. Experiments

We demonstrate the utility of our approach on both synthetic and empirical
networks.

3.5.1. Synthetic attributed multigraph

We start with experiments on a synthetic attributed multigraph. Here, we control
the underlying mechanisms of how edges in the network emerge and thus, expect
these also to be good hypotheses for our approach.
Network. The network contains 100 nodes where each node is assigned one of
two colors with uniform probability. For each node, we then randomly drew 200
undirected edges where each edge connects randomly with probability p = 0.8 to
a different node of the same color, and with p = 0.2 to a node of the opposite
color. The adjacency matrix of this graph is visualized in Figure 3.5(a).
Hypotheses. In addition to the uniform baseline hypothesis, we construct two
intuitive hypotheses based on the node color that express belief in possible edge
formation mechanics. First, the homophily hypothesis assumes that nodes of
the same color are more likely to have more edges between them. Therefore, we
arbitrary set belief values bij to 80 when nodes vi and vj are of the same color, and
20 otherwise. Second, the heterophily hypothesis expresses the opposite behavior;
i.e., bij = 80 if the color of nodes vi and vj are different, and 20 otherwise. An
additional self-loop hypothesis only believes in self-connections (i.e., diagonal of
adjacency matrix).
Results. Figures 3.5(b) and 3.5(c) show the ranking of hypotheses based on
their Bayes factors compared to the uniform hypothesis for the local and global
models respectively. Clearly, in both models the homophily hypothesis is judged
as the most plausible. This is expected and corroborates the fact that network
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Figure 3.5.: Ranking of hypotheses for synthetic attributed multigraph.
In (a), we show the adjacency matrix of a 100-node 2-color random
multigraph with a node correlation of 80% for nodes of the same
color and 20% otherwise. One can see the presence of homophily
based on more connections between nodes of the same color; the
diagonal is zero as there are no self-connections. In (b,c), we show
the ranking of hypotheses based on Bayes factors when compared to
the uniform hypothesis for the local and global models respectively.
As expected, in general the homophily hypothesis explains the edge
formation best (positive Bayes factor and close to the data curve),
and while the heterophily and self-loop hypotheses provide no good
explanations for edge formation in both local and global cases—they
show negative Bayes factors.

connections are biased towards nodes of the same color. The heterophily and self-
loop hypotheses show negative Bayes factors; thus, they are not good hypotheses
about edge formation in this network. Due to the fact that the multigraph lacks of
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self-loops, the self-loop hypothesis decreases very quickly with increasing strength
of belief κ.

3.5.2. Synthetic multiplex network

In this experiment, we control the underlying mechanisms of how edges in a
dyad-attributed multigraph emerge using multiple multigraphs that share the
same nodes with different link structure (i.e., multiplex) and thus, expect these
also to be good hypotheses for Janus.
Network. The network is a configuration model graph [189] with parameters
n = 100 (i.e., number of nodes) and degree sequence

−→
k = ki drawn from a power

law distribution of length n, where ki is the degree of node vi. The adjacency
matrix of this graph is visualized in Figure 3.6(a).
Hypotheses. Besides the uniform hypothesis, we include ten more hypotheses
derived from the original adjacency matrix of the configuration model graph where
only a percentage of edges ϵ gets shuffled. The bigger the ϵ the less plausible the
hypothesis since more shuffles can modify drastically the original network.
Results. Figures 3.6(b) and 3.6(c) show the ranking of hypotheses based on
their Bayes factors compared to the uniform hypothesis for the local and global
model respectively. In general, hypotheses are ranked as expected, from small
to big values of ϵ. For instance, the epsilon10p hypothesis explains best the
configuration model graph—represented in Figure 3.6(a)—since it only shuffles
10% of all edges (i.e., 10 edges). On the other hand the epsilon100p hypothesis
shows the worst performance (i.e., Bayes factor is negative and far from the data
curve) since it shuffles all edges, therefore it is more likely to be different than
the original network.

3.5.3. Empirical attributed multigraph

Here, we focus on a real-world contact network based on wearable sensors.
Network. We study a network capturing interactions of 5 households in rural
Kenya between April 24 and May 12, 2012 [139, 240]. The undirected unweighted
multigraph contains 75 nodes (persons) and 32 643 multiedges (contacts) which
we aim to explain. For each node, we know information such as gender and age
(encoded into 5 age intervals). Interactions exist within and across households.
Figure 3.7(a) shows the adjacency matrix (i.e., number of contacts between two
people) of the network. Household membership of nodes (rows/columns) is shown
accordingly.
Hypotheses. We investigate edge formation by comparing—next to the uniform
baseline hypothesis—four hypotheses based on node attributes as prior beliefs.
(i) The similar age hypothesis expresses the belief that people of similar age are
more likely to interact with each other. Entries bij of the belief matrix B are set
to the inverse age distance between members: 1

1+abs(fi[age]−fj [age])
. (ii) The same
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Figure 3.6.: Ranking of hypotheses for synthetic multiplex network. In
(a), we show the adjacency matrix of a configuration model graph
of 100 nodes and power-law distributed degree sequence. In (b,c),
the ranking of hypotheses is shown for the local and global model,
respectively. As expected, hypotheses are ranked from small to big
values of ϵ since small values represent only a few changes in the
original adjacency matrix of the graph. Both models show that when
the original graph changes at least 70% of its edges the new graph
cannot be explained better than random (i.e., uniform).

household hypothesis believes that people are more likely to interact with people
from the same household. We arbitrarily set bij to 80 if person vi and person
vj belong to the same household, and 20 otherwise. (iii) With the same gender
hypothesis we hypothesize that the number of same-gender interactions is higher
than the different-gender interactions. Therefore, every entry bij of B is set to 80
if persons vi and vj are of the same gender, and 20 otherwise. Finally, (iv) the
different gender hypothesis believes that it is more likely to find different-gender
than same-gender interactions; bij is set to 80 if person vi has the opposite gender
of person vj, and 20 otherwise.

Results. Results shown in Figures 3.7(b) and 3.7(c) show the ranking of hypothe-
ses based on Bayes factors using the uniform hypothesis as baseline for the local
and global model, respectively. The local model Figure 3.7(b) indicates that the

41



3. Edge Formation on Attributed Networks

H E B L F

target nodes

F
L

B
E

H
so

u
rc

e
 n

o
d
e
s

0 200 400 600 800 1000

edge multiplicity

(a) Adjacency Matrix

0 100 200 300 400 500 600 700 800
concentration parameter 

10000

0

10000

20000

30000

40000

50000

60000

lo
g
(B

a
y
e
s 

fa
ct

o
r)

data
same_household

similar_age

uniform
same_gender

different_gender

(b) Local: Bayes Factors

0 1 2 3 4 5 6
concentration parameter 1e4

20000

10000

0

10000

20000

30000

40000

lo
g
(B

a
y
e
s 

fa
ct

o
r)

data
uniform
same_household

similar_age

same_gender

different_gender

(c) Global: Bayes Factors

Figure 3.7.: Ranking of hypotheses for Kenya contact network. (a) Shows
the adjacency matrix of the network with node ordering according
to household membership. Darker cells indicate more contacts. (b,c)
Display the ranking of hypotheses based on Bayes factors, using the
uniform hypothesis as baseline for the local and global model re-
spectively. Using the local model (b) the same household hypothesis
is ranked highest followed by the similar age hypothesis which also
provides positive Bayes Factors. On the other hand, the same and
different gender hypotheses are less plausible than the baseline (uni-
form hypothesis) in both the local and global case. In the global case
(c) all hypotheses are bad representations of edge formation in the
Kenya contact network. This is due to the fact that interactions are
very sparse, even within households. Results are consistent for all κ.

same household hypothesis explains the data the best, since it has been ranked
first and it is more plausible than the uniform. The similar age hypothesis also
indicates plausibility due to positive Bayes factors. Both the same and different
gender hypotheses show negative Bayes factors when compared to the uniform hy-
pothesis suggesting that they are not good explanations of edge formation in this
network. This gives us a better understanding of potential mechanisms produc-
ing underlying edges. People prefer to contact people from the same household
and similar age, but not based on gender preferences. Additional experiments
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could further refine these hypotheses (e.g., combining them). In the general case
of the global model in Figure 3.7(c), all hypotheses are bad explanations of the
Kenya network. However, the same-household hypothesis tends to go upfront the
uniform for higher values of κ, but still far form the data curve. This happens
due to the fact that the interaction network is very sparse (even within same
households), thus, any hypothesis with a dense belief matrix will likely fall below
or very close to the uniform.

3.5.4. Empirical multiplex network

This empirical dataset consists of four real-world social networks, each of them
extracted from Twitter interactions of a particular set of users.
Network. We obtained the Higgs Twitter dataset from SNAP [237]. This dataset
was built upon the interactions of users regarding the discovery of a new particle
with the features of the elusive Higgs boson on the 4th of July 2012 [57]. Specifi-
cally, we are interested on characterizing edge formation in the reply network, a
directed unweighted multigraph which encodes the replies that a person vi sent
to a person vj during the event. This graph contains 38 918 nodes and 36 902
multiedges (if all edges from the same dyad are merged it accounts for 32 523
weighted edges).
Hypotheses. We aim to characterize the reply network by incorporating other
networks—sharing the same nodes but different network structure—as prior be-
liefs. In this way we can learn whether the interactions present in the reply
network can be better explained by a retweet or mentioning or following (social)
network. The retweet hypothesis expresses our belief that the number of replies
is proportional to the number of retweets. Hence, beliefs bij are set to the number
of times user vi retweeted a post from user vj. Similar as before, the mention
hypothesis states that the number of replies is proportional to the number of
mentions. Therefore, every entry bij is set to the number of times user vi men-
tioned user vj during the event. The social hypothesis captures our belief that
users are more likely to reply to their friends (in the Twitter jargon: followees or
people they follow) than to the rest of users. Thus, we set bij to 1 if user vi follows
user vj and 0 otherwise. Finally, we combine all the above networks to construct
the retweet-mention-social hypothesis which captures all previous hypotheses at
once. In other words, it reflects our belief that users are more likely to reply
to their friends and (at the same time) the number of replies is proportional to
the number of retweets and mentions. Therefore the adjacency matrix for this
hypothesis is simply the sum of the three networks described above.
Results. The results shown in Figure 3.8 suggest that the mention hypothesis
explains the reply network very well, since it has been ranked first and it is
very close to the data curve, in both local 3.8(a) and global 3.8(b) models. The
retweet-mention-social hypothesis also indicates plausibility since it outperforms
the uniform (i.e., positive Bayes factors). However, if we look at each hypothesis
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Figure 3.8.: Ranking of hypotheses for the reply Higgs network. (a,b)
Ranking of hypotheses based on Bayes factors when compared to
the uniform hypothesis using multiplexes for the local and global
models, respectively. In both cases, the mention hypothesis explains
best the reply network, since it is ranked first and very close to the
data curve. This might be due to the fact that replies inherit a
user mention from whom a tweet was originally posted. We can see
that the combined retweet-mention-social hypothesis is the second
best explanation of the reply network. This is mainly due to the
mention hypothesis which performs extremely better than the other
two (social and retweet). The social hypothesis can also be considered
a good explanation since it outperforms the uniform. The retweet
hypothesis tends to perform worse than the uniform in both cases
for increasing number of κ. Similarly, the self-loop hypothesis drops
down below the uniform since there are only very few self-loops in
the reply network data.

individually, we can see that the combined hypothesis is dominated mainly by
the mention hypothesis. The social hypothesis is also a good explanation of the
number of replies since it outperforms the uniform hypothesis. Retweets and self-
loops on the other hand show negative Bayes factors, suggesting that they are not
good explanations of edge formation in the reply network. Note that the retweet
curve in the local model has a very strong tendency to go below the uniform
for higher numbers of κ. These results suggest us that the number of replies is
proportional to the number of mentions and that usually people prefer to reply
other users within their social network (i.e., followees).

3.6. Discussion

Next, we discuss some aspects and open questions related to the proposed ap-
proach.
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Comparison to existing method. While we have already demonstrated the
plausibility of Janus based on synthetic and empirical datasets, we want to discuss
how our results compare to existing state-of-the-art methods. A simple alterna-
tive approach to evaluate the plausibility of beliefs as expressed by the belief
matrices is to compute a Pearson correlation coefficient between the entries in
the belief matrix and the respective entries in the adjacency matrix of the net-
work. To circumvent the difficulties of correlating matrices, they can be flattened
to vectors that are then passed to the correlation calculation. Then, hypotheses
can be ranked according to their resulting correlation against the data. However,
by flattening the matrices, we disregard the direct relationship between nodes
in the matrix and introduce inherent dependencies to the individual data points
of the vectors used for Pearson calculation. To tackle this issue, one can utilize
the Quadratic Assignment Procedure (QAP) as mentioned in Section 3.2. QAP
is a widely used technique for testing hypotheses on dyadic data (e.g., social
networks). It extends the simple Pearson correlation calculation step by a signifi-
cance test accounting for the underlying link structure in the given network using
shuffling techniques. For a comparison with our approach, we executed QAP for
all datasets and hypotheses presented in Section 3.5 using the qaptest function
included in the statnet [108, 109] package in R [207].

Table 3.1.: QAP on synthetic dyad-attributed network (multiplex). List
of correlation coefficients for each hypothesis tested. Statistically
highly significant p-values (p < 0.001) are marked by (**). Last two
columns show ranking of hypotheses according to Janus for the local
and global models. By omitting the uniform hypothesis in Janus (rank
7) we can see that the ranking of hypotheses by correlation aligns with
the rankings given by Janus for the multiplex given in Section 3.5.2.

Hypothesis Correlation
Coefficient P-Value

Janus
Ranking
Local

Janus
Ranking
Global

Epsilon10p 0.939 0.0** 1 1
Epsilon20p 0.863 0.0** 2 2
Epsilon30p 0.787 0.0** 3 3
Epsilon40p 0.704 0.0** 4 4
Epsilon50p 0.636 0.0** 5 5
Epsilon60p 0.461 0.0** 6 6
Epsilon70p 0.352 0.0** 8 8
Epsilon80p 0.242 0.0** 9 9
Epsilon90p 0.142 0.0** 10 10
Epsilon100p 0.010 0.238 11 11
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3. Edge Formation on Attributed Networks

Overall, we find in all experiments strong similarities between the ranking pro-
vided by the correlation coefficients of QAP and our rankings according to Janus.
Exemplary, Table 3.1 shows the correlation coefficients and p-values obtained
with QAP for each hypothesis tested on the synthetic multiplex described in
Section 3.5.2 as well as the ranking of hypotheses obtained from Janus for the
local and global models (leaving the uniform hypothesis out). However, in other
datasets minor differences in the ordering of the hypotheses could be observed
between the two approaches.

Compared to QAP, Janus yields several advantages, but also some disadvan-
tages. First, by utilizing our belief matrix as priors over parameter configurations
instead of fixed parameter configurations themselves, we allow for tolerance in the
parameter specification. Exploring different values of tolerance expressed by our
parameter κ allows for more fine-grained and advanced insights into the relative
plausibility of hypotheses. Contrary, simple correlation takes the hypothesis as it
is and calculates a single correlation coefficient that does not allow for tolerances.

Second, by building upon Bayesian statistics, the significance (or decisiveness)
of results in our approach is determined by Bayes factors, a Bayesian alternative
to traditional p-value testing. Instead of just measuring evidence against one
null hypothesis, Bayes Factors allow to directly gather evidence in favor of a
hypothesis compared to another hypothesis, which is arguably more suitable for
ranking.

Third, QAP and MRQAP, and subsequently correlation and regression, are
subject to multiple assumptions which our generative Bayesian approach cir-
cumvents. Currently, we employ QAP with simplistic linear Pearson correlation
coefficients. However, one could argue that count data (multiplicity of edges) war-
rants advanced generalized linear models such as Poisson regression or Negative
Binomial regression models.

Furthermore, our approach intuitively allows to model not only the overall net-
work, but also the ego-networks of the individual nodes using the local models
presented above. Finally, correlation coefficients cannot be applied for all hy-
potheses. Specifically, it is not possible to compute it for the uniform hypothesis
since in this case all values in the flatten vector are identical. However, our
method currently does not sufficiently account for dependencies within the net-
work as it is done by specialized QAP significance tests. Exploring this issue
and extending our Bayesian approach into this direction will be a key subject of
future work.

Runtime performance. A typical concern often associated with Bayesian pro-
cedures are the excessive runtime requirements, especially if calculating marginal
likelihoods is necessary. However, the network models employed for this pa-
per allow to calculate the marginal likelihoods—and consequently also the Bayes
factors—efficiently in closed form. This results in runtimes, which are not only
competitive with alternative methods such as QAP and MRQAP, but could be
calculated up to 400 times faster than MRQAP in our experiments as MRQAP
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requires many data reshuffles and regression fits. Furthermore, the calculation (of
Bayesian evidence) could easily be distributed onto several computational units,
cf. [23].
Local vs global model. In this paper, we presented two variations of our
approach, i.e., a local and a global model. Although both model substantially
different generation processes (an entire network vs. a set of ego-networks), our
experiments have shown that hypotheses in the global scenario are ranked mostly
the same as the ones using the local model. This is also to be expected to some
degree since the constructed hypotheses did not explicitly expressed a belief that
outgoing links are more likely for some nodes.
Inconsistency of local model. For directed networks, the local ego-network
models can assemble a full graph model by defining a probability distribution for
the degrees of the source nodes of edges. For undirected networks, this is not
directly possible as e.g., the ego-network model for vA generated an edge from vA
to vB, but the ego-network model for node vB did not generate any edge to vA.
Note that this does not affect our comparison of hypotheses as we characterize
the network.
Single edges. As mentioned in Section 3.3, Janus focuses on multigraphs, mean-
ing that edges might appear more than once. This is because we assume that
a given node vi, with some probability pij, will be connected multiple times to
any other node vj in the local models. The same applies to the global model
where we assume that a given edge (vi, vj) will appear multiple times within the
graph with some probability pij. For the specific case of single edges (i.e., un-
weighted graphs), where mij ∈ 0, 1, one might consider other probabilistic models
to represent such graphs (e.g., Bernoulli distribution).
Sparse data-connections. Most real networks exhibit small world properties
such as high clustering coefficient and fat-tailed degree distributions meaning that
the adjacency matrices are sparse. While comparison still relatively judges the
plausibility, all hypotheses perform weak compared to the data curve as shown
in Figure 3.7(b). As an alternative, one might want to limit our beliefs to only
those edges that exist in the network, i.e., we would then only build hypotheses
on how edge multiplicity varies between edges.
Other limitations and future work. The main intent of this work is the
introduction of a hypothesis-driven Bayesian approach for understanding edge
formation in networks. To that end, we showcased this approach on simple cate-
gorical models that warrant extensions, e.g., by incorporating appropriate models
for other types of networks such as weighted or temporal networks. We can fur-
ther investigate how to build good hypotheses by leveraging all node attributes,
and infer subnetworks that fit best each of the given hypotheses. In the future,
we also plan an extensive comparison to other methods such as mixed-effects
models and p∗ models. Ultimately, our models also warrant extensions to ad-
here to the degree sequence in the network, e.g., in the direction of multivariate
hypergeometric distributions as recently proposed in [41].
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3.7. Conclusions

In this paper, we have presented a Bayesian framework that facilitates the under-
standing of edge formation in node-attributed and dyad-attributed multigraphs.
The main idea is based on expressing hypotheses as beliefs in parameters (i.e.,
multiplicity of edges), incorporate them as priors, and utilize Bayes factors for
comparing their plausibility. We proposed simple local and global Dirichlet-
categorical models and showcased their utility on synthetic and empirical data.
For illustration purposes our examples are based on small networks. We tested
our approach with larger networks obtaining identical results. We briefly com-
pare Janus with existing methods and discuss some advantages and disadvantages
over the state-of-the-art QAP. In future, our concepts can be extended to further
models such as models adhering to fixed degree sequences. We hope that our
work contributes new ideas to the research line of understanding edge formation
in complex networks.
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Part II.

Influence of Edge Formation in
Machine Learning
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4. The Influence of Edge
Formation in Classification

This chapter proposes evaluation benchmarks to better understand the influence
of network structure on the performance and bias of relational classification, a
machine learning technique that infers the class label of a node based on the class
label of its neighbors. This work has been published as a full paper in the journal
of Applied Network Science, 2021.

Social networks are very important carriers of information. For instance, the
political leaning of our friends can serve as a proxy to identify our own politi-
cal preferences. This explanatory power is leveraged in many scenarios such as
business decision-making and scientific research to infer missing attributes using
machine learning. However, factors affecting the performance and the direction of
bias of these algorithms are not well understood. To this end, we systematically
study how structural properties of the network and the training sample influence
the results of collective classification. Our main findings show that (i) mean clas-
sification performance can empirically and analytically be predicted by structural
properties such as homophily, class balance, edge density, and sample size, (ii)
small training samples are enough for heterophilic networks to achieve high and
unbiased classification performance, even with imperfect model estimates, (iii)
homophilic networks are more prone to bias issues and low performance when
group size differences increase, (iv) when sampling budgets are small, partial
crawls achieve the most accurate model estimates, and degree sampling achieves
the highest overall performance. Our findings help practitioners to better un-
derstand and evaluate their results when sampling budgets are small or when no
ground-truth is available.

4.1. Introduction

People connect with others through online social network platforms [123], sci-
entific collaboration networks [188], and other peer-to-peer platforms [151]. All
these connections are leveraged by certain systems to recommend new content and
new connections. In turn, these recommendations are often based on algorithms
that rely on individuals’ information such as gender, political leaning or credit
score. In practice, however, often only partial information about individuals is
available due to API quotas (e.g., very large networks). In this scenario, collec-
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tive classification1 [96, 165, 187] can be used to infer individual’s attributes using
information from their neighbors and a few seeds (i.e., individuals with known
attributes). The advantage of collective classification over traditional machine
learning techniques2 is that the former does not require the data to be indepen-
dent and identically distributed, which is important when dealing with networked
data, as the class label of a node may depend on the class label of its neighbors
in the network.

However, little is known about the impact of network structure on the perfor-
mance and the direction of bias of collective classification. For instance, many
social networks demonstrate a property known as homophily, which is the ten-
dency of individuals to associate with others who are similar to them, e.g., with
respect to gender or ethnicity [171]. Furthermore, the class balance or distribu-
tion of individual attributes over the network is often uneven, with coexisting
groups of different sizes, e.g., one ethnic group may dominate the other in size.
A challenge for inference is then to be accurate and unbiased with each individ-
ual and group in the network, regardless of its structure. However, the variety
of network types—as well as many choices for the sampling method, modeling,
and inference—make it difficult to choose the best combination of methods for
a particular problem. A further complication is that ground truth data is not
always available to evaluate results.

Therefore, it becomes crucial to understand how these algorithms work and
under which conditions they discriminate against certain groups of people (e.g.,
minorities). To that end, our work aims at providing decision makers with: (i)
evaluation guidelines to assess the impact of different network types and sampling
techniques on collective classification, and (ii) a reproducible and reusable tool
to identify performance and bias issues on new networks, sampling techniques,
classifiers and inference algorithms. Our findings also shed light on the design of
better algorithms to mitigate biases coming from networked data.
Research questions. In this work we systematically study different factors
that may influence the performance and bias of collective classification. These
factors relate to structural properties of the network and the training sample (i.e.,
random sampled subgraph with labeled nodes, so-called seed nodes) involved in
the beginning of the inference process (see Figure 4.1).

• RQ1: How does network structure (i.e., homophily, class balance, and edge
density) affect the overall performance of collective classification?

• RQ2: How does the choice of the sampling technique affect the overall
performance of collective classification and its parameter estimation?

• RQ3: How does network structure and the choice of sampling technique
influence the direction of bias in collective classification?

1A technique that combines relational classification and collective inference.
2which rely only on node attributes and ignore relationships with other nodes.

52



Approach and methods. We utilize a network model that allows us to generate
scale-free networks with tunable homophily and class balance [133]. One advan-
tage of this model is that it generates node-attributed networks with power-law
degree distributions which have been observed in many large-scale social networks
[17]. More importantly, it only requires two main input parameters (homophily
and class balance), and thus the behavior of the model is analytically tractable
[133]. The homophily parameter h ranges from 0 to 1, and it allows us to gen-
erate networks with a broad range of group mixing ranging from heterophilic
networks (0 ≤ h < 0.5) to neutral networks (h = 0.5), and homophilic networks
(0.5 < h ≤ 1).

Furthermore, we follow definitions and pseudo-codes from [165] to implement
the network-only Bayes classifier (nBC) and the relaxation labeling inference algo-
rithm (RL). We measure classification performance in terms of ROCAUC, assess
the quality of the model parameters using squared estimation errors (SE), and
extend the balanced accuracy [34] to compare the true positive rates (TPR) of
each class—also known as sensitivity and specificity in binary classification—to
assess the direction of bias.
Contributions. Our contributions are two-fold: First, we propose a method-
ology to assess classification performance and bias on real-world networks when
no ground-truth is available. Second, we demonstrate analytically and empiri-
cally that collective classification mean performance, estimation error, and bias
are predictable and mainly depend on homophily, class balance, edge density,
and sample size. In particular, we show that: (i) Larger training samples are
required in undirected networks with homophilic connections to achieve a similar
high classification performance compared to heterophilic networks. (ii) Samples
obtained by partial crawls allow to learn the most accurate model estimates, and
the most accurate results are obtained when using degree sampling. (iii) Classi-
fication results are often less biased in heterophilic networks than in homophilic
networks regardless of class imbalance. Last but not least, we make our code and
data openly available [75].

4.2. Related Work

We cover previous work on analyzing the performance of collective classification
from both algorithmic and network bias perspectives. Additionally, we review lit-
erature on network sampling to identify characteristics of seed nodes (i.e., labeled
nodes) that could potentially improve the performance of collective classification.
Collective classification performance. From the literature, we know that
each component in the collective classification pipeline can be implemented in
different ways, and it has been shown that different implementations (or com-
binations) may perform better or worse depending on certain properties of the
network and sample size [165, 227, 274]. For instance, Macskassy and Provost
[165] evaluated the influence of relational classifiers (RC) together with collec-
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4. Edge Formation in Classification

tive inference algorithms (CI) and sample size using random node sampling, and
conclude that the network-only Bayes classifier (nBC) is almost always signifi-
cantly and often substantially worse than other RCs. When samples are small,
relaxation labeling (RL) is best among all CIs, whereas weighted-voting (wvRN)
and class-distribution (cdRN) are best among all RCs. When samples are large,
all CIs perform similarly well, and network-only link-based (nLB) is best among
all RCs. More recent work by [274] concluded that as the sample size increases
it is better to learn a model using nBC than with wvRN. Note that this work
utilizes synthetic networks and assumes edge weights to be wij = 1, opposite to
the work by Macskassy and Provost [165] where they run their experiments on
real-world networks and thus utilize real weight values wij ∈ R. While all these
contributions are very important and relevant, they have mostly focused on the
performance of RCs and CIs. Besides, their findings are not comparable since
they use different datasets, different configurations of RC and CI, and different
evaluation metrics. In our work we focus on the performance of nBC and RL, and
systematically vary some properties of the network and the training sample. We
choose this combination because it has been shown that RL outperforms other
CIs [165], and the model parameters of nBC are easy to interpret, i.e., they re-
flect the network properties of interest. Besides, nBC outperforms wvRN [274].
Moreover, we use ROCAUC as a standard measure of classification performance
and compare the true positive rates of each class to assess the direction of bias.

Network bias. The influence of homophily and edge density on both RC and
CI was studied in [227] on synthetic networks. They found that, as homophily
(or density) increases, the accuracy of classification improves drastically over
non-relational classifiers. It has also been shown that certain RC such as wvRN
perform poorly on heterophilic networks [62]. Besides, when networks are neutral
(i.e., when nodes are connected at random), no classifier—even with the largest
training dataset—can beat a random classifier [80]. We build upon these findings
and broaden the spectrum of network types by varying not only homophily and
density, but also class balance (i.e., fraction of minorities). Note that a new
metric called monophily shows that similarity among friends-of-friends (a.k.a.,
2-hop neighbors) can improve relational classification results, especially in the
neutral case [6]. However, we focus on 1-hop neighbors to better understand the
role of homophily and class balance in collective classification.

Sampling bias on networks. Previous research has studied the robustness of
network samples from different angles. For instance, a range of network properties
such as degree and betweenness centrality have been found to be sensitive to the
choice of sampling methods [29, 52, 93, 124, 144, 152, 155, 156, 257, 260]. These
efforts have shown that network estimates become more inaccurate with lower
sample coverage, but there is a wide variability of these effects across different
measures, network structures and sampling errors. In terms of benchmarking
network sampling strategies, Coscia and Rossi [51] show that it is not enough
to ask which method returns the most accurate sample (in terms of statistical
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properties); one also needs to consider API constraints and sampling budgets.
In the context of collective classification, Yang et al. [268] demonstrated that
certain sampling techniques such as snowball sampling and random walks could
lead to biased parameter estimates, and then corrected such bias by exploiting
a general crawling method [12] that produces unbiased model estimates. We
leverage the nature of these estimates to verify whether perfect estimates always
lead to perfect classification performance and unbiased results while varying the
sampling budget.
Fairness in classification. In recent years, there has been an increase of re-
search focusing on mitigating bias [61, 146, 208] and guaranteeing individual and
group fairness while preserving accuracy in classification algorithms [25, 67, 132,
271]. Many definitions of fairness have been proposed [173, 253] and the most used
are equalized odds [111], equal opportunity [111], counterfactual fairness [148],
demographic parity, and fairness through awareness [66]. While all this body of
research focuses on fairness influenced by the attributes of the individuals, recent
research proposes a new notion of fairness that is able to capture the relational
structure of individuals [84, 276]. The main difference between this line of re-
search and our methodology is that instead of ensuring a fair algorithm, we focus
on explaining discrimination [173] via input and sampling bias. By doing so, we
gain a better understanding of the direction of bias (i.e., why and when collective
classification discriminates against certain groups of people). Consequently, we
simplify the classification task to work with only one (protected) binary attribute
(e.g., gender) which in turn plays the role of a target and a membership class.

To our best knowledge, there is no systematic study that explores the inter-
play between sampling, network structure, performance, and bias in collective
classification, and we aim to fill this gap.

4.3. Methods: Classification on Networks

We focus on classification on networks as a semi -supervised machine learning
technique, where categorical class labels of records are predicted by exploiting
both the labeled and the unlabeled part of the data [168]. In particular, we
study relational classification together with collective inference (a.k.a., collective
classification [227]), two techniques used to infer missing attributes of nodes using
information from their neighbors. Figure 4.1 shows the four requirements of
collective classification: (i) Data: a network with unlabeled nodes. (ii) Training
sample: a subgraph with known labels sampled from the network. (iii) Models:
local and relational models learned from the training sample to encode class priors
and conditional probabilities, respectively. (iv) Collective Inference: a systematic
process where models are fitted to the ego networks of each unlabeled node to
infer their posterior class probabilities.

Next, we describe (i) networks of interest, (ii) network sampling, and (iii) the
modeling and inference processes utilized in this work.
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Figure 4.1.: Classification on networks. This example describes the collective classification workflow. (1) A network
G = (V,E,C) is given, and it is defined by a set of nodes V , edges E, and class labels C. Nodes are known to
belong to a binary class color ∈ {white, black}, and no additional attributes are given. Therefore, the goal of the
collective classification is to infer the correct class label of nodes. To achieve this (2) a set of seed nodes is sampled,
together with their class labels, to create a subgraph Gseeds ⊂ G. Then, (3) the local model learns the probability
of each class label, e.g., P (x = black) = 0.5, while the relational model learns the probability of neighbor vj
having a particular class label conditioned on the class label of a node vi, e.g., P (xj = white|xi = black) = 0.66.
Finally, in (4) the collective inference process assigns posterior probabilities to each unlabeled node using their
1-hop neighbors. For example, the probability that node A is black (or white) is conditioned on the color of its
neighbors B and D. Notice that the inference is performed collectively, i.e., at the same time for all nodes.
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4.3.1. Input data: An attributed network

We define the input network as: Let G = (V,E,C) be an attributed unweighted
graph with V = {v1, ..., vn} being a set of N nodes, E ⊆ V ×V a set of undirected
edges, and C = {c1, ..., cn} a list of binary class labels where each element ci
represents the class membership of node vi.

The homophily parameter H is the probability of nodes with the same class
label to be connected. Homophily values range from 0 to 1. Networks with
homophily H = 0.5 are referred to as neutral, otherwise they are heterophilic if
H < 0.5, or homophilic when H > 0.5. Class balance B captures the fraction
of minority nodes—with respect to C—in the network. A network is balanced
when all class labels have the same number of nodes (B = 0.5), otherwise it is
unbalanced (B < 0.5). Edge density d = 2|E|

N(N−1)
represents the fraction of existing

edges out of all possible edges in G.
To generate such networks, we refer to the preferential attachment-based model

with adjustable homophily proposed in [133]. In this model, each node is assigned
one binary class label, e.g., color ∈ {white, black}3. The probability of node vi
to connect to node vj is given by:

Πij =
hijkj∑
l hilkl

(4.1)

where ki is the degree of node vi and hij is the homophily between nodes vi and vj.
For simplicity, in our synthetic networks, we assume that homophily is symmetric
and complementary: haa = hbb = H and hab = hba = 1−H.

Example. Figure 4.1 shows an attributed network (see the ground-truth in “1.
Input data”), where nodes are assigned one color, either white or black. Since
only 3 out of 7 edges are same-color connections, this network is heterophilic
(H ≈ 0.43). This network is also unbalanced (B = 2

5
= 0.4) because the number

of black nodes (Nb = 2) is different from the number of white nodes (Nw = 3).
Note that in practice, often the list of class labels C is unknown or incomplete.

Therefore, values for B and H are either not available or inaccurate. However,
in our experiments we assume that the ground-truth is given (see Section 4.7 for
a real use case).

4.3.2. Sampling: The observed network

The goal of sampling is to split the network into training and testing samples.
First, a subgraph Gseeds = (V̂ , Ê, Ĉ) is extracted from G in order to learn the
model parameters (see Section 4.3.3). Nodes V̂ ⊂ V that belong to the training
sample Gseeds are called seed nodes, and they are a percentage pseeds of nodes
selected by the sampling method. Similarly, edges Ê ⊆ V̂ × V̂ are all links
(Ê ⊂ E) in the induced subgraph between seed nodes V̂ . Class labels Ĉ ⊂ C are
automatically known by the classification algorithm after sampling. The testing

3Minority group always refers to black nodes.
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4. Edge Formation in Classification

sample includes all nodes and edges of G, but only nodes vi ∈ V − V̂ are target
for classification. In this paper we explore four widely used sampling methods:
random nodes, random edges, degree ranking, and partial crawls.

Random nodes. This is the most used and basic sampling method where a
percentage pseeds of random nodes is selected. The training sample then contains
the selected nodes and all edges among them. Note that in the case of unbalanced
networks, this sample will be biased towards nodes in the majority class.

Random edges. This technique randomly selects edges (and their nodes) until it
reaches a specific percentage pseeds of nodes. The training sample then contains
this percentage of nodes and the selected edges. Note that when sampling by
edges, the resulting sample will be biased towards hubs since they get higher
chances to be picked multiple times through their multiple connections.

Degree rank. We rank all nodes by their degree in descending order and select
the top pseeds% of nodes. While computing the degree of all nodes is expensive,
the idea is to verify whether high degree nodes improve the inference [159]. The
main difference compared to edge sampling is that degree sampling selects hubs
without their neighbors (which may have low degree).

Partial crawls. Yang et al. [268] proposed a crawl-aware parameter estimator
of peer-effect based on random walk tours. The procedure is detailed in [12],
but roughly described as follows. First, a fraction psn of nodes in V is sampled
by some arbitrary sampling procedure (the method is insensitive to sampling
biases in this phase). These sampled nodes are called a super node S. Second,
t different random walks are performed starting at nodes in S, ending when the
random walker encounters any node also in S. The starting node is chosen from
S proportional to the number of edges from nodes in S to nodes outside S. The
random walk progresses by moving to a random neighbor of the current visited
node. Note that all nodes in the super node together with the crawled nodes
in every tour belong to Gseeds

4. The random walker stops once Gseeds contains
a percentage pseeds of the total number of nodes in G. It has been shown that
partial crawls can provide unbiased estimates of network statistics [12]. Thus, we
verify whether perfect model estimates always lead to perfect classification.

In RQ2 we compare the influence that each of these sampling techniques has on
classification performance and parameter estimation. In RQ3 we examine their
bias with respect to minority and majority groups. In RQ1 we explore the impact
of the network structure on classification performance. Thus, to ensure that the
sampling method does not influence the performance we only use random node
sampling.

Example. Following the example in Figure 4.1 (see “2. Sampling”), the sub-
graph extracted via random nodes consists of: 40% randomly selected nodes

4This is an adaptation of the original algorithm to work with semi-supervised learning. That
is, instead of crawling an unknown network, we extract a subgraph by sampling class labels
of nodes from a known network.
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V̂ = {B,D}, their class labels (color) ĉB = white and ĉD = black, and all edges
between them Ê = {(B,D)}.

4.3.3. Modeling and collective inference: Estimates

Collective classification in networked data [96, 129, 165] learns correlations be-
tween attributes of linked nodes from observed data, and transfers this knowledge
simultaneously to the unseen nodes. This process consists of three components:
local model, relational model, and collective inference. To isolate the effects of
network and training sample, we fix the classification algorithm as follows. We
(i) learn the local model LC from the nodes in the training sample, (ii) learn
the relational model RC from the nodes and edges in the training sample using
Bayesian statistics, and (iii) infer class values using relaxation labeling as the
collective inference process CI. Therefore, the probability of a node vi ∈ V − V̂
with neighbors Ni taking on class xi = c is given by:

posterior︷ ︸︸ ︷
P (xi = c|Ni) =

prior︷ ︸︸ ︷
P (x = c) ·

likelihood︷ ︸︸ ︷
P (Ni|xi = c)

P (Ni)︸ ︷︷ ︸
marginal likelihood

(4.2)

where P (Ni|xi = c) =
∏

vj∈Ni

P (xj = x̃j|xi = c) and x̃j is the actual class ob-

served at node vj. Parameters in the local and relational model include the prior
probability P (x = c) of any node being of class c, and conditional probabilities
P (xj = x̃j|xi = c) that a neighboring node vj has class x̃j given that node vi has
class c.
Parameter estimation. The model parameters are inferred from the nodes
and edges in the training sample. The estimates learned using the partial crawls
algorithm are defined in [268]. The estimates learned using random nodes, random
edges, and degree ranking are calculated as follows:

P (x = c) =
1

|V̂ |
∑

v̂i∈V̂

1{ĉi = c} (4.3)

P (xj = a|xi = c) =

∑
(v̂i,v̂j)∈Ê

1{ĉi = c} · 1{ĉj = a}
∑

(v̂i,v̂j)∈Ê
1{ĉi = c} (4.4)

Inference (relaxation labeling). Once the model parameters are learned,
relaxation labeling initializes each unlabeled node with the prior probabilities.
Then, rather than estimating one node at a time and updating the graph right
away, the current estimations are frozen so that at step t + 1 all vertices will
be updated based on the estimations of step t. The updating step takes into
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4. Edge Formation in Classification

consideration a decay constant to regulate the influence of neighboring nodes in
every iteration [165].

Example. During the modeling phase in Figure 4.1 (see “3. Modeling”) we learn
the prior probabilities (e.g., P (x = black) = 0.5) and the conditional probabili-
ties (e.g., P (xj = white|xi = black) = 0.66). Continuing to the inference phase
in Figure 4.1 (see “4. Collective Inference”), the relaxation labeling first initial-
izes the posterior probabilities of all unlabeled nodes using the class priors, and
then iterates through all unlabeled nodes simultaneously to infer their posterior
probabilities using the Bayes theorem, see Equation (4.2).

4.4. Experimental Setup

To explore the interplay between network structure, sampling techniques, and the
performance and bias of classification, we systematically vary structural proper-
ties of the network and the training sample by fixing the classification algorithm
as explained below.
Synthetic networks. We generate 330 undirected networks G using the model
by Karimi et al. [133], referred to as BA-Homophily5, and adjust four pa-
rameters: number of nodes N = 2000, class balance or fraction of minori-
ties B ∈ {0.1, 0.3, 0.5}, homophily H ∈ {0.0, 0.1, . . . , 1.0}, and edge density d ∈
{0.004, 0.02}6. Networks are generated 5 times in each configuration to control
for random fluctuations. We omitted results using smaller and bigger networks,
i.e., N ∈ {500, 10000}, since their mean ROCAUC scores are very similar to the
ones obtained with N = 2000 (see Supplementary Figure 4.9). The main differ-
ence is that the variance of ROCAUC reduces with larger networks. Due to this
similarity we decided to show only results with N = 2000.
Training samples. Subgraphs Gseeds contain a percentage pseeds of nodes
from G that are selected by one of the following sampling methods: random
nodes (nodes), random edges (edges), degree rank (degree) and partial crawls
(partial_crawls). We assume that Gseeds is completely observed, which means
that we know the class labels of nodes and all or some edges among them. We
vary pseeds ∈ {5%, 10%, 20%, ..., 90%} to measure the impact of sample size on
classification. In the particular case of the partial crawls, we set the size of the
super node to |S| = psn ×N , where psn = 0.01, and the number of tours t to as
many as necessary until reaching pseeds×N of nodes in Gseeds. For each pseeds,
we run the classification algorithm 10 times.
Classification algorithm. We focus on uni-variate network classification, which
means that the linkage structure in the network is modeled with the class label of

5The acronym for Barabási-Albert Homophilic network.
6Density in the BA-Homophily model originally was adjusted via minimum degree m ∈ {4, 20}.

Since degrees are power-law distributed and nodes have minimum degree of m, the larger
the value of m the higher the density d.
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the nodes and no information from additional node attributes. In particular, we
choose the network-only Bayes classifier (nBC) as the relational model (RC), and
apply relaxation labeling (RL) as the collective inference algorithm (CI). We use
this combination for two reasons. First, it has been shown that RL outperforms
other CIs when training samples are small, and when training samples are large
any CI performs equally well [165]. Second, the nBC model parameters are easy
to interpret since they are based on network structure (i.e., class priors relate to
class balance, and conditional probabilities to homophily). Additionally, we show
that the overall trend of classification performance vs. network structure does
not vary with a second RC, namely LINK classifier [278].
Evaluation. We quantify the performance of the classification using three dif-
ferent metrics: (i) ROCAUC score7 to estimate the overall performance of the
collective classification, (ii) squared estimation errors (SE) between global
and sample parameters to assess the quality of the parameter estimation, and
(iii) a comparison between the true positive rates of each class to measure
the direction of bias. Note that when working with unbalanced data, a classifier
may achieve high overall performance even if it often misclassifies instances of
the minority class. By comparing the positive rates—sensitivity and specificity
in binary classification—we disentangle the direction of bias and assess how well
the algorithm classified both, minority and majority classes.

4.5. Results

Using naive Bayes and relaxation labeling, we classify nodes as either white
or black using different sample sizes and different evaluation metrics (see Sec-
tion 4.4). In the following we will discuss our results and answer the three research
questions which we raised before.

4.5.1. RQ1: How does network structure affect the overall
performance of collective classification?

We analyze to what extent the structure of the network (i.e., homophily, class
balance and edge density) impacts classification performance. We measure per-
formance of collective classification using ROCAUC scores, where each value can
be interpreted as the probability of distinguishing between classes.

Overall performance vs. network structure

Figure 4.2 shows the classification performance on synthetic networks with num-
ber of nodes N = 2000 and edge density d ∈ {0.004, 0.02} (rows)8. Class balance
is defined by the parameter B (columns). Homophily H ranges from 0 to 1

7Area under the receiver operating characteristic curve.
8A different visualization can be found in Supplementary Figure 4.8.
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Figure 4.2.: RQ1: Network structure, sample size and overall perfor-
mance using random node sampling and network-only Bayes
classifier (nBC). Classification performance, measured by ROC-
AUC scores, is shown on the y-axis for networks with N = 2000
nodes and different levels of homophily (x-axis), edge density (rows),
class balance (columns), and sample size (colors). Dots represent
mean ROCAUC scores over 50 runs, and error bars their respective
standard deviation. In general we see that: (i) neutral networks
H = 0.5 cannot be classified better than a random classifier; (ii)
heterophilic networks H < 0.5 require smaller samples to achieve
high and stable classification performance compared to homophilic
networks H > 0.5; (iii) Dense networks d = 0.02 achieve higher RO-
CAUC compared to sparse networks d = 0.004.

(x-axis). Sample size, using random node sampling is shown as the percentage
pseeds of nodes (colors), and the overall performance as ROCAUC scores (y-axis).
At first glance, from Figure 4.2 we notice four main patterns. (i) As expected,
classification performance on neutral networks (H = 0.5) is always similar to
a random classifier. (ii) Surprisingly, heterophilic networks (H < 0.5) require
smaller samples to achieve high and stable classification performance compared
to homophilic networks (H > 0.5). (iii) ROCAUC scores are neither stable
nor consistent (i.e., high variance) in the homophilic regime when samples are
very small. In other words, classification performance varies widely. (iv) Dense
networks (d=0.02) achieve higher classification performance compared to sparse
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networks (d=0.004) around H = 0.5±0.3, i.e., ROCAUCd=0.02,H=0.5±0.3 = 0.82 >
ROCAUCd=0.004,H=0.5±0.3 = 0.74.
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Figure 4.3.: RQ1: Estimation errors on small samples using random
node sampling. These are the squared estimation errors (SE) of
the conditional probabilities Pmaj|maj (x-axis) and Pmin|min (y-axis)
learned from small samples (pseeds ≤ 30%) using random nodes on
sparse networks (N = 2000, d = 0.004) with different levels of ho-
mophily (rows) and class balance (columns). Mean ROCAUC scores
within each type of network is shown as ROCAUC. In general we see
that homophilic networks require lower estimation errors to achieve
high performance (green). Also, in unbalanced networks, low esti-
mation error within minorities correlates with high performance in
heterophilic networks, while in homophilic networks the correlation
is between low estimation error within majorities and high perfor-
mance.

Why is heterophily easier to predict?

In Figure 4.2 we see an asymmetry between homophilic (H > 0.5) and heterophilic
(H < 0.5) regimes for small samples (red lines) and all class balance levels B
(columns). To explain this discrepancy, we turn to the properties of the sampling
error9 and the network structure: Undirected networks only contain three types of
edges, e.g., black-white, white-white, and black-black. In the heterophilic regime,

9The error caused by observing a sample instead of the whole population.
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only one type of edge is prevalent (black-white), while in the homophilic regime
two types are equally prevalent (white-white, black-black). In general, for small
training samples (e.g., pseeds ≤ 30%), the probability of correctly observing each
type of edge is very low. Consequently, the parameter estimation is prone to be
wrong. However, its impact depends on the class balance and homophily of the
network.

Balanced networks, B=0.5. First, note that the probability of observing a
black-black edge in the synthetic network can be calculated analytically given the
homophily (H), the class balance (B), and the degree exponents of the groups
(β) as follows:

Pbb =
B2H(1− βw)

Z
(4.5)

where, Z is a normalization constant, and βb and βw are the exponents of the
degree distribution for the black and white nodes, respectively. For the detailed
analytical derivations and values of β see [133]. Similarly, the probability of
observing a black-white edge is given by:

Pbw =
B(1−B)(1−H)[(1− βb) + (1− βw)]

Z
(4.6)

In the heterophilic case (H = 0.2), the probability of observing a black-white
edge in the whole graph is 0.8. Thus, the sampling error in a small sample
follows (0.8|Ê|)− 1

2 , where |Ê| is the total number of edges in the sample. In the
homophilic case (H = 0.8), the probability of observing a black-black edge is 0.4
and a white-white edge is also 0.4. The sampling error for each homophilic class is
then (0.4|Ê|)− 1

2 which individually are smaller than the error in the heterophilic
case but adding them together they are larger. These sampling errors are reflected
in the estimation error calculated here as the squared distance between the model
parameter inferred from the training sample (P{.}) and the global network (θ{.}):

SE{.} = (P{.} − θ{.})2 (4.7)
We see these errors in the left-most column of Figure 4.3, where the x-axis refers
to SEmaj|maj, and the y-axis to SEmin|min. Note that large errors in homophilic
networks (H = 0.8) lead to low overall performance (brown). However, there
are some cases where performance is also low even though such errors are small.
This means that homophilic networks are more sensitive to the precision of the
parameter estimation because it requires: Pmaj|maj = Pmin|min.

Unbalanced networks, B<0.5. In addition to the sampling error explained
above, the group size differences and the inherent structure of the network add ad-
ditional complexity to the learning process. This happens because of the interplay
between homophily and preferential attachment which enables the formation of
all different types of connections. For instance, in homophilic networks (H = 0.8),
minority nodes will be mainly attracted by other minority nodes. However, due
to the preferential attachment, minority nodes will also be partly attracted to
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majority nodes. On the other hand, majority nodes will be mostly connected to
other majority nodes due to both mechanisms. Therefore, the estimation error
of the conditional probability Pmaj|maj is on average lower than the estimation
error for Pmin|min, as shown at the bottom-right plot in Figure 4.3. The same
principle applies to heterophilic networks (H = 0.2). In this case, even though
most edges are heterophilic, networks will also contain edges between nodes of
the same type but in significantly different proportions. Since there is only a
very limited number of minority nodes, there can only be a very limited number
of edges between them. That is not the case for majorities because they can
connect to many more majorities. Therefore, though locally they connect to a
few other majorities, globally there are many edges within this group. This gives
an advantage to small samples because the randomly selected majority nodes are
likely to be either disconnected10 or connected to other minority nodes that are in
the training sample. Thus, the classifier learns that the network is heterophilic.
This explains why heterophilic networks can achieve high overall performance
even when estimation errors are high for Pmaj|maj as shown in the top-right plot
in Figure 4.3. This holds as long as Pmaj|maj

Pmin|maj
× Pmin|min

Pmaj|min
< 1, otherwise the classifier

believes that the network is extremely homophilic.
Finally, besides these conditional probabilities, class priors are also important

in the collective inference. Thus, in the balanced case (B = 0.5), we expect the
class priors to be the same: Pmin = Pmaj = 0.5; if this condition is not fulfilled,
the classifier initially believes that one group is more prevalent than the other11.
In the unbalanced case (B = 0.1), however, it is enough to identify the minority
group correctly, regardless of its actual group size.

To what extent do these results depend on the algorithm?

For interpretability reasons we chose the network-only Bayes classifier (nBC) as
relational model, since its model parameters correlate with the homophily and
class balance of the network. However, it is unclear whether the results shown
in Figure 4.2 are to some extent an artifact of nBC. Therefore, we run the clas-
sification algorithm on the same networks by changing the relational model. We
choose the LINK classifier [6, 278], which learns a regularized logistic regression.
The features of a node are the entire row of the adjacency matrix and the outcome
variable is the node’s class. In this case, the model parameters are not based on
the classes of the nodes (as in nBC), but purely on all nodes in the network. Re-
sults using this new setup are shown in Supplementary Figure 4.7. We see that the
main patterns—compared to the results using nBC—persist. Classification per-
formance achieves its best scores with high levels of homophily and heterophily,
and it drops when networks are neutral. Also, classification on heterophilic net-
works is just slightly better than classification on homophilic networks. However,

10When their neighbors belong to the majority group but are not in the sample.
11In fact, larger fluctuations are more likely in small samples.
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the most notorious difference between LINK and nBC is the performance across
sample sizes. First, we notice that when using nBC, performance drops drastically
when using small training samples on homophilic networks. Second, in this regime
performance is not stable (i.e., high variance), see Figure 4.2. These two issues
do not appear in the results when using LINK, see Supplementary Figure 4.7.
Therefore, we can conclude that performance, in terms of ROCAUC scores, is
mainly driven by the type of network (i.e., the interplay between homophily, class
balance, edge density and preferential attachment). When it comes to sample
size, nBC gets penalized by small samples since their fluctuations introduce noise
in the model parameters, while the parameters of LINK never change.

4.5.2. RQ2: How does the choice of the sampling
technique affect the overall performance of collective
classification and its parameter estimation?

In Section 4.5.1 we learned that certain properties of the network structure help
in the parameter estimation even when training samples are very small. Now,
we compare random node sampling with three other sampling methods, two of
them are biased towards high degree nodes (random edge sampling and degree
ranking), and one is unbiased (partial crawls); more details in Section 4.3.2.

Since the focus is on the sampling techniques, we fix the number of nodes and
edge density of networks to N = 2000 and d = 0.004, respectively. We also omit
results on neutral networks, and large sample sizes since their performance is
either consistent or often very high. Results are shown in Figure 4.4. The x-axis
represents the sum of the squared estimation errors of conditional probabilities
Pmaj|maj and Pmin|min, the y-axis shows the squared estimation error of the class
prior Pmin, and colors represent the overall performance.
Random nodes vs. other sampling techniques. First, if we look at the
estimation errors from the class prior and the conditional probabilities separately
(as shown in Figure 4.4) we notice that random edges, degree sampling, and par-
tial crawls are better at estimating conditional probabilities than random nodes.
This is because conditional probabilities are based on connections between nodes
and all three sampling methods exploit these connections during the sampling.
Second, not surprisingly, random node sampling is on average better at estimat-
ing class priors since it observes a random sample of nodes, and the class prior
only depends on the prevalence of node attributes. Third, on average degree sam-
pling achieves the highest performance (ROCAUC ≈ 0.91) followed by random
edges, partial crawls, and random nodes (ROCAUC ≈ 0.81). On the other hand,
partial crawls sampling provides the most accurate estimates followed by random
edges, random nodes, and degree ranking. However, depending on the structure
of the network these sampling techniques may improve or worsen their overall
performance and parameter estimation as described below.

66



0.0

0.1

0.2

ROCAUC = 1.0

S
E
m
in

B = 0.5

ROCAUC = 0.98

B = 0.1

0.0 0.2 0.4

0.0

0.1

0.2

ROCAUC = 0.73

0.0 0.2 0.4

ROCAUC = 0.57

SEmaj|maj + SEmin|min

(a) Random Nodes

0.0

0.1

0.2

ROCAUC = 1.0

B = 0.5

ROCAUC = 0.99

H
=

0
.2

B = 0.1

0.0 0.2 0.4

0.0

0.1

0.2

ROCAUC = 0.9

0.0 0.2 0.4

ROCAUC = 0.72

H
=

0
.8

SEmaj|maj + SEmin|min

ROCAUC

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(b) Random Edges

0.0

0.1

0.2

ROCAUC = 1.0

S
E
m
in

B = 0.5

ROCAUC = 0.97

B = 0.1

0.0 0.2 0.4

0.0

0.1

0.2

ROCAUC = 0.98

0.0 0.2 0.4

ROCAUC = 0.73

SEmaj|maj + SEmin|min

(c) Degree Sampling

0.0

0.1

0.2

ROCAUC = 1.0

B = 0.5

ROCAUC = 0.99

H
=

0
.2

B = 0.1

0.0 0.2 0.4

0.0

0.1

0.2

ROCAUC = 0.88

0.0 0.2 0.4

ROCAUC = 0.68

H
=

0
.8

SEmaj|maj + SEmin|min

ROCAUC

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(d) Partial Crawls

Figure 4.4.: RQ2: Parameter estimation and overall performance on small samples. These are the squared estima-
tion errors of class priors (y-axis) and conditional probabilities (x-axis) with their respective overall performance
(colors) on small samples (pseeds ≤ 30%) using different sampling techniques: (a) random nodes, (b) random
edges, (c) degree sampling, and (d) partial crawls. Class balance and homophily values are shown as columns B
and rows H, respectively. Mean ROCAUC scores per network type (B,H) are shown as ROCAUC. Conditional
probabilities obtained by partial crawls (SEmaj|maj + SEmin|min < 0.18) are the most accurate, followed by ran-
dom edges, degree sampling and random nodes. However, the most accurate class priors are obtained by random
nodes (SEmin < 0.02), followed by random edges, partial crawls, and degree rank. In terms of performance, on
average degree sampling achieves the highest ROCAUC followed by random edges, partial crawls, and random
nodes. Surprisingly, perfect estimates (

∑
SE = SEmin + SEmaj|maj + SEmin|min ≈ 0) do not guarantee perfect

performance (ROCAUC ≈ 1.0), and vice versa.
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Trade-off between homophily and class balance. In terms of overall perfor-
mance, all sampling techniques perform equally well in heterophilic networks in
both the balanced and unbalanced regimes (ROCAUCH=0.2 ≈ 0.97). Similarly, all
sampling techniques perform equally well in homophilic networks (ROCAUCH=0.8 ≈
0.76). However, this performance is proportional to the class balance: low for un-
balanced networks (ROCAUCH=0.8,B=0.1 ≈ 0.67), and high for balanced networks
(ROCAUCH=0.8,B=0.5 ≈ 0.85). Last but not least, we also see in Figure 4.4 that
the most accurate estimates across sampling techniques are obtained in balanced
networks, especially when they are also heterophilic (more details in Supplemen-
tary Figure 4.10).

Which sampling technique should we use?

If the goal is to achieve high overall performance (ROCAUC ≈ 1.0) with a small
sample, random edge sampling or partial crawls should be used in heterophilic
networks12, and degree sampling in homophilic networks, as long as the degree
of nodes is available, otherwise random edges should be considered. However, if
the goal is to achieve good quality of estimates (

∑
SE = SEmin + SEmaj|maj +

SEmin|min ≈ 0) with a small sample, then the most accurate estimates are ob-
tained by degree ranking (followed by partial crawls) when networks are bal-
anced, and partial crawls when networks are unbalanced (see Supplementary Fig-
ure 4.10).

4.5.3. RQ3: How does network structure and the choice of
sampling technique influence the direction of bias in
collective classification?

Now, we explore how classification mistakes are distributed across both classes.
If mistakes are concentrated in one class, the classifier is biased against that
class. For example, when data is unbalanced, a majority class classifier will be
highly accurate, but misclassify—or be biased against—the minority class. To
disentangle how well the algorithm classifies both minority and majority classes,
we extend the balanced accuracy [34] to assess the direction of bias. We then
compare the true positive rates (TPR) of each class as follows:

bias =
TPRmin

TPRmin + TPRmaj

(4.8)

Since our classification task is on a binary attribute, TPRmin refers to sensitiv-
ity and TPRmaj refers to TNRmin

13 or specificity. This bias score ranges from 0
to 1. Depending on its value, classification can be interpreted as: (a) bias < 0.5:

12In this regime these sampling techniques are on average slightly better than the other meth-
ods, though all of them perform equally well.

13True negative rate of the minority class.
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Figure 4.5.: RQ3: Direction of bias. We measure the direction of bias by
comparing the true positive rates of each class. The unbiased case
is bias = 0.5, when both classes have the same true positive rates.
Otherwise, results are biased towards majority nodes bias < 0.5, or
towards minority nodes bias > 0.5. These are observations on small
samples (pseeds ≤ 30%) where fluctuations are high, after this point
bias scores converge or get better (i.e., towards bias = 0.5). We
see that classification on heterophilic networks is less biased than in
neutral and homophilic networks.

biased towards majorities (or against minorities), (b) bias > 0.5: biased towards
minorities (or against majorities), and (c) bias = 0.5: unbiased.

Results on networks with fixed number of nodes (N = 2000) and fixed density
(d = 0.004), using the four sampling techniques, are shown in Figure 4.5. Large
samples (pseeds > 30%) are not shown since bias scores converge at that point
for almost all cases14.

14For larger samples in networks with B = 0.1 and H = 0.8, the bias score slightly increases
(but it is still biased against the minority nodes).
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On average, classification results are unbiased in balanced networks (B = 0.5).
Additionally, when class balance decreases (B < 0.5), classification results are of-
ten biased towards majority nodes. However, depending on the level of homophily
of the network, the bias score decreases considerably in neutral and homophilic
networks (H ∈ {0.5, 0.8}), or just slightly in heterophilic networks (H = 0.2).
Notice as well that in the homophilic regime the standard deviation is high. This
means that the variation with respect to which group is classified correctly is high.
These results are consistent across all sampling methods, and indicates that un-
biased results are more robust to changes in group-size and sampling choice in
heterophilic networks than in neutral and homophilic networks.

Surprisingly, there are a few cases where classification is biased against ma-
jority nodes (bias > 0.5). Specifically in homophilic networks when nodes are
sampled randomly (blue) or by degree (green). Thus, their classification perfor-
mance is low ROCAUC < 0.6 (see Supplementary Figures 4.11(a) and 4.11(c)).
On the other hand, when classification results are unbiased (bias = 0.5) or bi-
ased against minority nodes (bias < 0.5), their classification performance is high
ROCAUC > 0.8 and inversely proportional to the sum of estimation errors (see
Supplementary Figure 4.11).

Future work should investigate new sampling methods or classifiers that focus
on overcoming the bias issue of collective classification especially in homophilic
and neutral networks. For instance, one promising direction that has been proven
to improve performance, especially for neutral networks, is to look at friends-of-
friends similarities in the parameter estimation [6].

4.6. Empirical Networks

Finally, we focus on five real-world networks, described in Table 4.1, and show
that the utilized network model [133], allows for computing a baseline for the
performance that a collective classifier can achieve on empirical social networks.

Real-world networks. Sexual contact network: The Escorts dataset represents
a network of sexual contacts from Brazil [212]. Nodes are of two types: client
or escort. Friendship networks: Swarthmore42 and Caltech36 are University
networks which include friendship links between user’s Facebook pages [249].
Every node in each network represents a member of the school. For the purpose
of our experiments we choose the attribute gender ∈ {1(female), 2(male)} as class
label. Hyperlink network: This is a hyperlink network of American politicians
in Wikipedia [256]. We consider reciprocal edges in order to treat the network as
undirected. We use the politician’s gender as class label. Following network: The
GitHub dataset is a large social network of GitHub developers [216]. Nodes are
developers who have starred at least 10 repositories and edges are mutual follower
relationships between them. Nodes possess a binary attribute that describes
whether the user is a web or a machine learning developer.
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Table 4.1.: Empirical networks. Structural properties of five real-world net-
works: Escorts, Swarthmore42, Caltech36, Wikipedia, and GitHub.
In addition to the properties of interest, we report β, the power-law
exponent of the degree distribution computed as described in [133].
Nfit and mfit represent the number of nodes and minimum degree
utilized to generate synthetic networks, respectively.

dataset Escorts Swarthmore42 Caltech36 Wikipedia GitHub

N 16730 1519 701 2132 37700
m 1 1 1 1 1
class role gender gender gender dev
minority escort 2 (m) 1 (f) female 1 (ML)
B 0.40 0.49 0.33 0.15 0.26
E 39044 53726 15464 3143 289003
d 0.0003 0.05 0.06 0.001 0.0004
β 2.87 5.50 4.90 2.87 2.54
H 0.00 0.52 0.54 0.64 0.84

Nfit 14338 208 179 2893 9830
mfit 2 2 2 2 2

We remove nodes without class label, and nodes with no edges. Note that all
these networks are scale-free (i.e., power-law degree distributed). Table 4.1 shows
the value of the power-law exponent β of each dataset, and Supplementary Fig-
ure 4.12 shows their degree distributions.
BA-Homophily networks. For each dataset we generate 5 synthetic networks
using the BA-Homophily model with symmetric homophily (e.g., haa = hbb),
and adapt the algorithm to fulfill the edge density condition [75]. We pass to
the algorithm five parameters shown in Table 4.1: number of nodes Nfit, class
balance B, homophily H, edge density d, and minimum degree mfit

15.

15Although m is required for the BA-Homophily model, it does not affect the classification
results because the behavior of the network is independent of m [133]
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Results on empirical networks

As in Section 4.4, we run the collective classification algorithm 10 times for each
sample size, and report its performance using mean ROCAUC scores. In Fig-
ure 4.6 we see the classification performance (y-axis) on five real-world networks
(columns) for different sample sizes (x-axis). The (expected) ROCAUC using
each synthetic network is shown as “BA-Homophily” (light blue), and the (ob-
served) ROCAUC using the real networks is shown as “empirical” (dark blue). In
general, we see that the synthetic networks are able to mimic the collective clas-
sification performance of real-world networks. As expected, the Escorts network
has the best fit between data and model, because it is extremely heterophilic (see
Section 4.5.1). The Caltech and Wikipedia networks also show very good fit.
Note that Swarthmore42 has a perfect fit only for small samples (pseeds < 50%).
Conversely, when training samples are small, GitHub shows high variance. These
discrepancies might be due to other network properties that the model does not
capture. For instance, rich mixing patterns might get ignored by summarizing ho-
mophily with a global statistic [199, 200]. In other words, while the global behav-
ior is captured in the sample, some nodes can exhibit local differences. Similarly,
real-world networks might exhibit asymmetric homophily (hmin,min ̸= hmaj,maj)
and high clustering [118].

Additionally, note that results in Figure 4.6 have been sorted by H (homophily)
in ascending order. We see a similar pattern in Figure 4.2, where ROCAUC scores
besides getting higher with larger sample sizes, they also get higher upper-bounds
with values of homophily far from H = 0.5.

4.7. Discussion and Future Work

Many popular applications rely on peer information and other types of relational
data. For instance, peer-to-peer lending systems [13] allow people to borrow/lend
money to connected friends. Such systems utilize machine learning algorithms
to infer credit scores of individuals using the credit score of their friends (i.e.,
high/low risk) [107, 157, 160]. In such cases, it is extremely important to under-
stand and explain the overall performance of these algorithms, as well as their
impact on different groups, especially minorities. Our results highlight that espe-
cially in homophilic and neutral networks, minorities may be at a disadvantage
when the classifier is trained on a small sample.

Additionally, we show that homophily, class balance, edge density, and sample
size impact the performance and the direction of bias of collective classification.
Interestingly, we find that larger training samples are required in undirected net-
works with homophilic connections to achieve a similar high classification perfor-
mance compared to heterophilic networks. This fundamental difference between
heterophilic and homophilic networks can be explained by the sampling error and
the network structure; in particular undirected edges, class balance, homophily,
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and preferential attachment (see Section 4.5.1). This suggests that the struc-
ture of a social network can help to infer the needed sample size to achieve high
classification performance, and to be aware of potential bias issues.

Our comparison of sampling techniques suggests that although partial crawls
sampling provides the most accurate estimates (i.e., the prior and conditional
probabilities learned from their training samples are closest to what we observe
in the full network), the inherent bias of degree and edge sampling (towards high
degree nodes), help the classifier to achieve very high performance. This suggests
that accurate estimates do not always lead to perfect classification performance,
and vice versa. Concretely, we observed that when sampling by degree on het-
erophilic and unbalanced networks, perfect classification performance can also be
achieved based on imperfect estimates, in particular the class prior. This can
be explained by the fact that in heterophilic networks, minority nodes have high
degree, and heterophilic edges are predominant. Thus, a very small sample (sam-
pled by degree) will mostly contain minority nodes and a few majority nodes that
are linked to the minorities (see Section 4.5.1). Surprisingly, we also find that
perfect estimates do not guarantee perfect classification performance, especially
in homophilic and unbalanced networks across all sampling techniques. One ex-
planation could be that only a few unlabeled nodes are connected to the seed
nodes as 1-hop neighbors. Thus, long cascades of unlabeled nodes (in k-hops;
k > 1) might propagate erroneous information. Further studies are needed to
explain this behavior.

Use case. Due to the design of our experiments, we always had access to the
class balance and homophily of the network. In a real scenario, however, these
properties might be unknown. Then, how can we evaluate results on new datasets
if the structure of the network is unknown? It has been shown in [12] that partial
crawls can obtain unbiased and reliable node and edge statistics. We corroborated
that in Section 4.5.2. Therefore, in cases when these properties are unknown, a
small sample taken by partial crawls can already capture accurately the structure
statistics of the whole network, e.g., class priors and conditional probabilities (see
Section 4.3.3).

Limitations. Our results are limited to undirected networks to simplify our
exposition. However, results can and should be extended to directed networks
including larger sets of attributes per node, and different levels of asymmetry
between intra-group connections (i.e., asymmetric homophily) in both directed
and undirected networks. Additionally, while in this work we focused on social
networks with preferential attachment and homophily, further research may in-
vestigate the impact of other mechanisms of edge formation on relational classifi-
cation. For instance, by disentangling the effects of homophily and triadic closure
[8, 118]. Finally, we focus on one specific collective inference method (relaxation
labeling) and mostly on one relational model (network-only Bayes classifier, nBC).
The comparison of multiple methods is a potential avenue to disentangle algo-
rithmic bias. For instance, when we compared results using nBC and LINK (see
Section 4.5.1), we learned that their main differences rely on the training sample
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size. In particular, we found that the model parameters of nBC get distorted
when training samples are small. These fluctuations affect performance since the
nBC parameters must learn the correct class balance and homophily of the net-
work in order to increase the chances of achieving high performance. Even when
these parameters are correct, if the training sample is too small, unlabeled nodes
might not reach sufficient seed nodes and this might lead to erroneous collective
inference. This does not occur in LINK since its parameters only depend on the
presence or absence of a node as a neighbor.

4.8. Conclusions

Collective classification is often used to infer missing attributes of nodes in net-
works. However, which factors impact its performance? And under which con-
ditions is inference biased towards minority or majority groups? This paper
provides answers to these questions by systematically analyzing the impact of
network structure and sampling technique on the performance of collective clas-
sification. Our findings suggest that (i) mean classification performance can em-
pirically and analytically be predicted by homophily, class balance, edge density,
and sample size, (ii) networks with homophilic connections require larger train-
ing samples than heterophilic networks to achieve comparable performance, (iii)
when sampling budgets are small, on average, partial crawls and edge sampling
achieve the most accurate model estimates, and (iv) classification results are of-
ten less biased in heterophilic networks than in homophilic networks regardless
of class imbalance.
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4.9. Supplementary Material
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Figure 4.7.: RQ1: Network structure, sample size and overall perfor-
mance using random node sampling and LINK classifier.
These results reflect the interplay between network structure, sam-
ple size and classification performance. In Figure 4.2 results were
obtained using the network-only Bayes classifier (nBC), while in this
figure results were obtained using the LINK classifier. Overall, the
main patterns persist: Classification on neutral networks is as good
as a random classifier, and classification performance is best in the
extreme heterophilic and homophilic regimes. However, results using
LINK are more consistent across samples sizes (i.e., performance dif-
ferences between small and large samples are small), and even within
small training samples (i.e., variance is low). Also, ROCAUC scores
using nBC are slightly higher than the ones obtained with LINK.
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Figure 4.8.: RQ1: Overall performance vs. network structure. Columns represent homophily values and rows capture
class balance (or fraction of minorities). The y-axis shows ROCAUC scores (performance) and the x-axis the
percentage of nodes in the training sample. Colors refer to the type of network: dark blue represents dense
networks with 2000 nodes and edge density of 0.02, and light blue lines refer to sparse networks with density of
0.004 and the same number of nodes. The main difference between sparse and dense networks is visible around
neutral networks (H = 0.5 ± 0.2). In these cases, higher density improves performance. We also see that in all
cases, the larger the training sample, the higher the performance, specially in homophilic networks (H > 0.5).
Heterophilic networks (H < 0.5), on the other hand, always achieve perfect performance (ROCAUC ≈ 1.0)
regardless of sample size. Performance is worst on neutral networks (H = 0.5).
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Figure 4.9.: RQ1: Overall performance vs. network size. Columns represent homophily values and rows capture
class balance (or fraction of minorities). The y-axis shows ROCAUC scores (performance) and the x-axis the
percentage of nodes in the training sample. Colors refer to the size of the network: blue, orange and green
represent networks with 500 (small), 2000 (medium) and 10000 (large) nodes, respectively. All these networks
possess a minimum degree of m = 4. In other words, they are sparse with density {0.02, 0.004, 0.001} for small,
medium and large networks, respectively. Overall, the mean performance is very similar across all network sizes.
The main difference is that the larger the network, the lower the variance in performance (i.e., more stable).
Moreover, we see that larger networks help the classification to be slightly more accurate, especially for small
samples. However, when networks are large, heterophilic, and group size differences are small (N = 10000,
H ≤ 0.3, B ≤ 0.3), mean performance drops when samples are small (pseeds < 20%).
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Figure 4.10.: RQ2: Overall performance vs. overall parameter estimation on small samples. These are the sum of
squared estimation errors of class priors and conditional probabilities (x-axis) with their respective ROCAUC
scores (y-axis). These are observations on small samples (pseeds ≤ 30%) using different sampling techniques:
(a) random nodes, (b) random edges, (c) degree sampling, and (d) partial crawls. We see that across sampling
techniques, heterophilic networks are consistent w.r.t performance, except a few cases in random nodes. In
contrast, performance in homophilic networks tends to be more noise specially in terms of performance (i.e.,
high variance). Estimations errors are higher when sampling by random nodes and random edges.
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Figure 4.11.: RQ1, RQ2, RQ3: Overall performance, bias, and parameter estimation on small samples. This plot
captures the relationship between network structure (class balance B as columns, homophily H as rows), sample
size (only small samples pseeds ≤ 30%), parameter estimation (sum of estimation errors SE as colors), bias (x-
axis) and classification performance (y-axis) using random node sampling. SE values refer to the mean sum of
estimation errors in the corresponding type of network. We see the following patterns: (i) Heterophilic networks
achieve the highest ROCAUC scores and their parameter estimation is almost perfect (i.e., sum of errors is close
to zero; green), except a few cases in degree sampling where ROCAUC is high and errors are high (as shown in
Section 4.5.2 and Section 4.7, this is due to erroneous class prior estimation). (ii) Unbiased results on heterophilic
networks correlates with high performance and low estimation errors on unbalanced networks. Results on
heterephilic and unbalanced networks can be only slightly biased towards majority nodes without affecting
much performance and estimation of model parameters. (iii) Unbiased classification in homophilic networks
correlates with high performance and perfect parameter estimation. This only occurs when networks are
balanced. Unbiased results often correlate with low performance. When homophilic networks are unbalanced,
this bias can affect minorities but also majority nodes.
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Figure 4.12.: Degree distribution of empirical networks. Our results in Section 4.5 are based on synthetic networks.
These findings generalize to other existing real-world networks under the assumption that edges form following
the preferential attachment and homophily mechanisms. In this plot we show that the empirical networks used
in our experiments (see Section 4.6) are scale-free networks.
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5. The Influence of Edge
Formation in Ranking

This chapter proposes evaluation benchmarks to better understand the influence
of network structure on the outcome of ranking and recommendation algorithms.
In particular, we investigate and assess inequality and inequity in the distribution
of opportunities across individuals and minorities in top ranks. This work has
been published as a full paper in the journal of Scientific Reports, 2022.

Though algorithms promise many benefits including efficiency, objectivity and
accuracy, they may also introduce or amplify biases. Here we study two well-
known algorithms, namely PageRank and Who-to-Follow (WTF), and show to
what extent their ranks produce inequality and inequity when applied to di-
rected social networks. To this end, we propose a directed network model with
preferential attachment and homophily (DPAH) and demonstrate the influence
of network structure on the rank distributions of these algorithms. Our main
findings suggest that (i) inequality is positively correlated with inequity, (ii) in-
equality is driven by the interplay between preferential attachment, homophily,
node activity and edge density, and (iii) inequity is driven by the interplay be-
tween homophily and minority size. In particular, these two algorithms reduce,
replicate and amplify the representation of minorities in top ranks when majori-
ties are homophilic, neutral and heterophilic, respectively. Moreover, when this
representation is reduced, minorities may improve their visibility in the rank by
connecting strategically in the network. For instance, by increasing their out-
degree or homophily when majorities are also homophilic. These findings shed
light on the social and algorithmic mechanisms that hinder equality and equity
in network-based ranking and recommendation algorithms.

5.1. Introduction

Online social networks and information networks have become integral parts of
our everyday life. However, the opportunities offered by such networks are of-
ten constrained not only by our previous interactions [32, 37, 38, 50, 182], but
also by algorithms. For instance, algorithms could make some people or con-
tent more visible than others via classification [77], ranking or recommendations
[2]. In this regard, search engines and recommender systems are increasingly
used for various applications such as whom to follow, whom to cite, or whom
to hire. Typically, these applications use algorithms to order items (e.g., people
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5. Edge Formation in Ranking

and academic papers) based on “importance” or “relevance”, and may therefore
produce social inequalities by discriminating certain individuals or groups of peo-
ple in top ranks. In fact, it has been shown that recommender systems such
as Who-to-Follow (WTF) [106] tend to increase the popularity of users who are
already popular [2, 24, 244]. A similar effect has been found in PageRank [193],
where nodes in high ranks stabilize their position and give little opportunity to
other nodes to occupy higher positions [97]. This tendency towards the “popu-
lar” arises because these algorithms harness structural information, in particular,
the in- and out-degree of nodes. For this reason, modeling the directionality of
links—which is often left out for simplicity—is crucial to really understand how
these algorithms work on different types of networks.

However, social networks are complex systems, and many other structural prop-
erties may also alter the distribution of nodes and groups in the ranking. For
example, previous studies have shown that homophily—the tendency to connect
to similar others—affects the visibility of minorities in degree rankings [133] and
people recommender systems [83]. Consequently, it can reinforce societal issues
such as the glass ceiling effect [11, 53, 243] and the invisibility syndrome [89].
Despite these findings, little is known about the extent to which the combination
of multiple structural properties can alter the visibility of minorities in top ranks
from ranking and recommendation algorithms. A further complication is that
debiasing ranking outcomes and making them fair is very challenging since they
can be mitigated in different ways [273]: by intervening on the score distribu-
tion of candidates [140], on the ranking algorithm [9], or on the ranked outcome
[269]. While most of these studies tackle fairness in ranking, they do not explore
the effects of networked data in ranking. This paper is a step towards this goal.
Since such algorithms are so deeply involved in social, economic, and political
processes, we need to first understand how our connections affect them to then
apply appropriate interventions towards fair results.

To this end, we propose DPAH, a network model that generates directed scale-
free networks with binary-attributed nodes. It encodes two main mechanisms
of edge formation found in social networks: homophily and preferential attach-
ment [18, 30, 171] (see Section 5.5 for more details). Moreover, it allows to
control for the fraction of minorities, edge density, and the skewness of the out-
degree distribution. By using this model, we systematically study how these
structural properties of social networks impact the ranking of nodes in PageR-
ank and WTF. In particular, we investigate two ranking issues, inequality and
inequity, and show how they get affected by the ranking algorithm together with
the type of network. We measure inequality by quantifying the skewness of the
rank distribution of nodes that PageRank and WTF produce, and inequity as
how well-represented the minorities are in the top of the rank compared to the
proportion of minorities in the network. In this work we study both ranking is-
sues and measure their correlation. Furthermore, we quantify them globally using
the whole rank distribution, and locally within each top-k% rank. The goal is
to identify both the overall inequality and inequity trend that these algorithms
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Figure 5.1.: Inequality and inequity. Every column represents a network with
certain level of homophily. All networks contain 20 nodes: 20% be-
long to the minority group (orange), and 80% to the majority group
(blue). Edges follow a preferential attachment with homophily mech-
anism. The top row shows the graph and the level of homophily
within groups (MM : majorities and mm: minorities). The second
row shows all nodes in descending order (from + to -) based on their
PageRank scores. The third row represents the rank inequality : Gini
coefficients of the rank distribution for every top−k% (black line).
Giniglobal refers to the Gini coefficient of the entire rank distribution
(i.e., at top-100%). We see that the lower the k, the lower the Gini of
the rank distribution. The bottom row represents the rank inequity :
Percentage of minorities found in each top-k% of the rank distribution
(orange line). ME is the mean error of these percentages compared to
a fair baseline or diversity constraint (i.e., how much the orange line
deviates from the dotted line across all top-k’s). Here we see three
main patterns: (a,b) When the majority group is heterophilic, mi-
norities are on average over-represented, ME > 0.0. (d,e) When ma-
jorities are homophilic, minorities are on average under-represented,
ME < 0.0. (c) When both groups are neutral, the observed fraction
of minorities is almost as expected, ME ≈ 0.
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produce, and the tipping points where minorities start gaining visibility in the
top of the rank.

As an example, consider the directed networks shown in Figure 5.1. Every
column represents a network with two types of nodes, minority (orange) and
majority (blue), and different levels of homophily within groups. Homophily h, is
a parameter ranging from 0 to 1 and determines the tendency of two nodes of the
same color to be connected. hMM and hmm represent homophily within majorities
and minorities, respectively. When nodes are ranked using PageRank (second
row), the position of the minorities in the rank varies systematically. For instance,
when majorities are heterophilic (hMM = 0.2, columns a and b), minorities often
appear at the top (+). In contrast, when majorities are homophilic (hMM = 0.8,
columns d and e), minorities tend to appear at the tail of the rank (-). Next,
we explain this systematic ranking behavior in top ranks by further varying the
structure of the network.

5.2. Results

5.2.1. Inequality and inequity in ranking

Inequality refers to the dispersion or distribution of importance among individu-
als. This importance is the ranking score assigned to every node by the algorithm.
We compute the Gini coefficient of the rank distribution to measure how far the
ranking scores of individuals deviate from a totally equal distribution (see Meth-
ods for more details). As shown in Figure 5.2, a very low Gini score (Gini < 0.3)
means that individuals are very similar with respect to their ranking scores. If
the Gini score is extremely high (Gini ≥ 0.6), it means that only a few indi-
viduals capture most of the rank. In other words, the rank distribution is very
skewed. Values in between (0.3 ≤ Gini < 0.6) represent moderate skewed dis-
tributions. Note that we measure inequality globally by using the whole rank
distribution, and locally for each top-k%. From our example in Figure 5.1, we see
that PageRank on average generates moderate skewed ranking distributions for
all the depicted networks (Giniglobal ≈ 0.5). However, for very small top-k%’s,
the Gini is very low. This means that the top individuals possess very similar
ranking scores.

Inequity refers to group fairness. In particular, it measures the error distance
between the fraction of minorities in the top-k% and a given fair baseline (e.g.,
a diversity constraint or quota). This baseline may be adjusted depending on
the context of the application [64, 234, 273]. Here, a ranking is fair when its
top-k% preserves the proportional representation of groups in the network (i.e.,
equivalent to demographic parity [66, 273]). Therefore, the error represents the
local inequity at each top-k%, and ME the mean of these errors across all top-
k% ranks or global inequity. As shown on the last row of Figure 5.1, we measure
the local inequity in two steps. First, we compute the fraction of minorities that
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Figure 5.2.: Regions of disparity. We measure inequality (y-axis) as the skew-
ness of the rank distribution, and inequity (x-axis) as the mean dif-
ferences between the proportional representation of groups in top-k%
ranks and the network. Highly skewed distributions lie in regions I
to III (darker colors), and fair rankings, where minorities are well
represented in top ranks, lie in regions II, V, VIII (green). We set
β = 0.05 which is arbitrary and allows for a flexible region of group
fairness.
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appear in each top-k% rank (orange line). Second, we compute the error between
the observed fraction of minorities in each top-k% rank and a fair baseline (e.g.,
the actual fraction of minorities in the network, in this example 20%). Then, we
average these error scores across all top-k% ranks to determine the global inequity
score (ME values). Ideally, a fair ranking should reach ME = 0. However, in
order to allow for small fluctuations we introduce the smoothing factor β. Thus,
a fair ranking is such that −β ≤ ME ≤ β. The value of β is arbitrary, and allows
for a smooth definition of “low mean error” or fairness. We set β = 0.05. As
shown in Figure 5.2, when ME > β, then minorities are over-represented in the
top-k% (blue region). When ME < −β, then minorities are under-represented
(red region), otherwise the ranking is representing very well the minorities in the
top of the rank (green region). Alternatively, we can say that the top rank (i)
replicates the proportional representation of groups when ME is zero or very low,
(ii) amplifies the representation of minority nodes when ME > β, and (iii) reduces
the representation of minority nodes—and benefits the majority group—when
ME < −β. Note that ME ≈ 0 may be an artifact of a numerical cancellation
as in (c), the neutral case in Figure 5.1. In such cases, we could argue that
the ranking is still fair since overall it was biased towards both groups across all
top-k’s.

Finally, we refer to the relationship between inequality and inequity as disparity.
For example, if a ranking distribution achieves Gini = 0.65 and ME = 0.5, we
say that the disparity lies in the region III (dark blue), i.e., high inequality and
high inequity, see Figure 5.2.

5.2.2. Growth network model with homophily and directed
links

In order to examine the effect of homophily on the ranking of minorities in social
networks, first we need to develop realistic network models that capture not only
a variety of group mixing, but also the directionality of links. Many online social
networks are directed networks in their nature, including the follower-followee
structure on Twitter, citation networks [143], and the hyperlink structure of the
Web. Directed links are the key components of many algorithms such as Google
Scholar [215], PageRank and Who-to-Follow.

To this end, we propose DPAH, a directed preferential attachment with homophily
network growth model. We generate these networks by adjusting the number
of nodes n = 2000, the edge density d = 0.0015, the fraction of minorities
fm ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, the in-class homophily hMM , hmm ∈ {0.0, 0.1, ..., 1.0},
and the power-law exponents of the activity distributions γM = γm = 3.0. We
refer to the minority group as m, and to the majority group as M . Note that the
between-class homophily is the complement of the in-class homophily. That is,
hMm = 1− hMM and hmM = 1− hmm. Furthermore, an activity score is assigned
to every node. This score is drawn from a power-law distribution and determines
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Figure 5.3.: DPAH model and ranking of nodes. a) Illustration of the di-
rected network model with preferential attachment and homophily
(DPAH). First, n = 8 nodes are created and randomly labeled ac-
cording to the fraction of minorities fm = 0.25. Then, the following
algorithm repeats until a desired edge density is fulfilled. At time
t, a source node p is drawn from a power-law (activity) distribu-
tion, and a target node j is drawn with a probability proportional
to the product of its in-degree kin

j = 4 and the pair-wise homophily
hpj = hmM = 0.9. At time t+ 1, a new edge is added between nodes
l → o based on the same mechanism. b) The PageRank score of
each node is shown under PR. Nodes in each top-k% of the rank are
grouped based on the unique PageRank scores. In this example, the
top-60% of nodes concentrate most of the PageRank and their scores
are somewhat similar (i.e., low Gini). Also, the ranking is fair from
top-80% onwards, since they capture the same fraction of minorities
as in the population, 25%. Local values are measured per top-k%,
and global values are measured using the whole distribution for in-
equality (Gini), and the average across all top-k% ranks for inequity
(mean error).

with what probability the existing node becomes active to create additional links
to other nodes. This means that more active nodes possess higher out-degree
(see Section 5.5 for more details). Each combination of network structure is gen-
erated 10 times, nodes are ranked using PageRank and WTF separately, and
inequality and inequity scores are computed and averaged across network types
(and top-k’s for local disparity) for each algorithm.

Figure 5.3 (a) illustrates the generation of a network using the DPAH model.
First, n labeled nodes are created. In this example n = 8. Then, at time t, node
p is selected as source node with a probability proportional to its activity. Then,
p connects to an existing node j with a probability related to their pair-wise
homophily hpj and preferential attachment that is based on kin

j , the in-degree of
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node j. By this process, we ensure that the out- and in-degree distributions of
nodes follow seemingly power-law distributions that have been observed in many
large social networks [255]. The algorithm stops once the network reaches an
expected density. Note that source nodes can be either new nodes joining the
network for the first time (e.g., node p at time t) or existing nodes (e.g., node l
at time t+1). Since the network size is given, “a node joining the network for the
first time” is a 0-degree node that has been selected to create its first edge. Once
a source node connects to a target node successfully, the source node becomes
available in the next rounds to become a target candidate. This means that in
the beginning the model faces a cold start problem since there are no existing
(target) nodes to connect to. Thus, the first 1% of new edges are between a source
node (drawn from the activity distribution) and any other node with probability
as in Equation (5.3). For the sake of completeness we show the computation of
local and global disparities of this network in Figure 5.3 (b).

5.2.3. How do homophily and directional links influence the
ranking of minorities globally and locally?

Global disparity. As expected, we found that the Gini coefficient of the rank
distributions is large. Giniglobal ≥ 0.6 (regions I, II and III; dark colors) for both
PageRank (see Figure 5.4) and WTF (see Supplementary Figure 5.8). As we will
see later, this is mainly due to the preferential attachment mechanism [87, 194].
Moreover, we find that on average: (i) Balanced networks (fm = 0.5) can get a fair
ranking (green) when both groups possess the same homophily scores (hMM =
hmm). The same applies for neutral networks (hMM = hmm = 0.5) regardless
of their fraction of minorities (fm ≤ 0.5). (ii) When the fraction of minorities
decreases (fm < 0.5), groups can be fairly represented in the rank in two regimes:
First, when both groups are homophilic, homophily within minorities must be
higher than homophily within majorities (hmm > hMM > 0.5). Second, when
both groups are heterophilic, homophily within majorities must be higher than
homophily within minorities (hmm < hMM < 0.5) to balance the importance of
groups.
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represent the fraction of minorities in the network, x-axis indicates the homophily within minorities, and y-
axis the homophily within majorities. Colors denote the region where the disparity lies in according to our
interpretation in Figure 5.2. First, we see that, on average, there is never low global inequality (i.e., regions
IV to IX —lighter colors— do not appear). This makes sense because these are scale-free networks. Second,
depending on the level of homophily within groups, minorities on average can be under-represented (region I,
red), or over-represented (region III, blue), or well-represented (region II, green). For example, when fm = 0.1,
minorities are on average under-represented when hMM ≥ 0.7 and hMM ≥ hmm.
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Figure 5.5.: The effects of homophily and fraction of minorities in the
local disparity of PageRank. Columns represent the fraction of
minorities (10%, 30% and 50%) and rows show homophily within mi-
norities (from top to bottom: heterophilic, neutral and homophilic).
The x-axis denotes the top-k% rank and the y-axis shows homophily
within majorities. Colors refer to the regions of disparity introduced
in Figure 5.2. One can see that the minority suffers most (red) when
the majority is homophilic and the minority is either heterophilic or
neutral. Moreover, inequality is lowest (very light colors) only for a
few cases at top-5%. This means that the top best ranked nodes are
very similar and their ranks are far from the majority of nodes (i.e.,
due to preferential attachment). Moreover, inequity remains mostly
consistent regardless of top-k%. In other words, if the ranking al-
gorithm favors one group in the top-5% (e.g., red or blue), it will
continue to do so until entering the fair regime (green).
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Local disparity. We also compute inequality and inequity within each top-k%
rank in order to see to what extent they change when k increases. In the case
of PageRank, we see in Figure 5.5 that inequality varies (i.e., from light to dark
colors) in different regimes mainly due to the size of k (x-axis), and inequity due to
the interplay between homophily within groups, hMM and hmm. In particular: (i)
Only at the top-5% of the rank we see a few cases of low inequality (regions VII,
VIII and IX; very light colors), this means that nodes at the very top possess very
similar ranking scores, but they are very far from the rest of the population, i.e.,
the larger the top-k%, the higher the Gini (darker colors). This holds for WTF
up to roughly the top-30% (see Supplementary Figure 5.9). Overall, PageRank
converges to high inequality faster than WTF. (ii) Inequity (regions: red, blue,
green) is consistent across all top-k% ranks for both algorithms. In other words,
if the ranking algorithm favors or harms one group in the top-5%, it will continue
to do so until converging to the fair regime (regions II, V, VIII; green). With
a few exceptions, this fair regime is only reached when k is very large. For
example, if a minority group is under-represented at the top-5%, it will remain
under-represented at the top-80% (see hmm = 0.1 and hMM ≥ 0.7 in Figure 5.5
for PageRank, and Supplementary Figure 5.9 for WTF). (iii) Minorities are often
over-represented when majorities are heterophilic hMM < 0.5; (regions III, VI,
IX; blue). In contrast, minorities are often under-represented when majorities
are homophilic hMM > 0.5 (regions I, IV, VII; red). This is consistent up to ≈
top-80% for both algorithms.

In summary, our results suggest that the size of k does not have an influence on
inequity. This means that if the algorithm amplifies inequity at the top-5%, it will
also amplify inequity at larger top-k%’s. Therefore, increasing the selection pool
(larger k) does not improve the representation of minorities. This can be explained
by the fact that the preferential attachment mechanism disproportionately affects
nodes ranking [97].

Correlation and feature importance. We compute the Spearman correlation
between inequality and inequity, and conduct a random forest regression to mea-
sure the importance of each network property on both inequality and inequity
values (see Supplementary Section 5.6.3 for more details). Results are shown in
Table 5.1 for PageRank and Supplementary Table 5.5 for WTF. We find that
inequality and inequity are positively correlated in both global and local regimes.
In other words, the more skewed the rank distribution (i.e., high Gini), the more
unfair with either group (i.e., mean error far from zero), and vice versa. This
correlation is stronger and more significant in PageRank than in WTF. In terms
of feature importance, we find that global inequality (Gini) is mainly explained
by both homophily values, whereas global inequity (ME) is mainly driven by
homophily within majorities. Local inequality (Ginik), however, is mainly ex-
plained by the top-k% rank, and local inequity (MEk) by the homophily within
the majority group. Notice that we added the variable ϵ to verify whether the
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Table 5.1.: 10-fold cross-validation for PageRank. We use a Random For-
est Regressor to assess feature importance and report the mean and
standard deviation of the out-of-sample R2. Features are ranked in
descending order based on their mean importance (from left to right)
and highlighted if their importance represents at least 50% of the total
importance. Corr shows the Spearman correlation between inequality
and inequity scores (p-values ≈ 0). ϵ represents random chance.

Type Outcome Corr R2 Feature Importance

Global Gini 0.41 0.91 (0.009) hMMhMMhMM ,hmmhmmhmm, fm, ϵ 0.43, 0.31, 0.21, 0.05
ME 0.99 (0.001) hMMhMMhMM , hmm, fm, ϵ 0.61, 0.31, 0.08, 0.0

Local Ginik 0.21 0.95 (0.002) kkk, hMM , hmm, fm, ϵ 0.73, 0.11, 0.07, 0.06, 0.03
MEk 0.99 (0.001) hMMhMMhMM , hmm, k, fm, ϵ 0.51, 0.27, 0.14, 0.08, 0.01

network-based features are better than random (see Supplementary Section 5.6.3
for more details). In the case of PageRank, all network-based features perform
better than by chance. However, randomness seems to be more relevant for ex-
plaining rank inequality (Gini) in WTF.

These results are in agreement with what we see in previous figures; even though
majority nodes produce most of the inequality and inequity in the rank, their
interplay with minority nodes can change or intensify the direction of bias. In
fact, both homophily values can explain 75% (49%) of Gini, the global inequality
in PageRank (WTF), 92% (88%) of ME, the global inequity, and 78% (74%) of
MEk, the local inequity. However, the top-k% rank together with the homophily
within majority nodes explain 84% (86%) of Ginik, the local inequality.

5.2.4. How do different social mechanisms of edge
formation contribute to disparity?

So far, we show that PageRank and WTF on our network model produce high
inequality and a wide-range of possible inequity outcomes. How much of that in-
equality or inequity was a product of homophily or preferential attachment? To
see the effects of these two mechanisms alone, we generate new networks by turn-
ing on and off the homophily and preferential attachment features (see Section 5.5
for the details of the models).

Figure 5.6 shows the inequality and inequity produced by PageRank on a va-
riety of models: DPA (Directed Preferential Attachment), DH (Directed Ho-
mophily), Random, and DPAH (see Supplementary Figure 5.10 for WTF). Re-
sults from both algorithms show that networks whose nodes connect through
preferential attachment (DPA) produce on average higher inequality compared
to DH and Random. However, when preferential attachment is combined with
homophily (DPAH), this inequality increases even further. Additionally, we see
that WTF produces higher inequality compared to PageRank (see Supplemen-
tary Section 5.6.4 for more details). Inequity, on the other hand, is mainly driven
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Figure 5.6.: The effects of homophily and preferential attachment in
the global disparity of PageRank. We generated directed net-
works using four different models of edge formation. DPA: only
preferential attachment. DH: only homophily. DPAH: our pro-
posed model that combines DPA and DH. Random: a baseline where
nodes are connected randomly. We see the following patterns: (i)
Homophily (DH) produces a moderate-to-high level of inequality
(0.3 < Gini < 0.8), while preferential attachment (DPA) produces
a consistent moderate inequality (Gini ≈ 0.5). When both mecha-
nisms are combined (DPAH), the rank inequality increases even fur-
ther (0.7 < Gini < 0.9). (ii) Random and preferential attachment
(DPA) are always fair (ME = 0 or |ME| ≤ β), while in the cases
where homophily is involved (DH and DPAH) inequity is often high
(|ME| > β). Thus, in general preferential attachment is the main
driver of inequality, while homophily influences both inequality and
inequity. Vertical and horizontal error bars represent the standard
deviation over 10 runs of the Gini and ME, respectively.
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by homophily. This means that, homophily (DPAH and DH) influences both,
inequality and inequity in both algorithms.

Note that in Figure 5.6, we fixed the activity of nodes to γM = γm = 3.0.
However, when we set these parameters to γM = γm < 3.0 (more active nodes or
lower values of γ as found in several scale-free networks [4]), inequality decreases,
see Supplementary Figure 5.12. This behavior holds even if the minority group is
the only one increasing its activity (γm = 1.5 < γM = 3.0) which in turn increases
inequity against the majority, see Supplementary Figure 5.13. Additionally, in
Supplementary Figure 5.11, we see that edge density also plays a role in the in-
equality produced by PageRank and WTF. This means that, by further adjusting
these two parameters (node activity and edge density), we would expect changes
only to inequality since inequity is mainly affected by homophily as we saw before.

5.2.5. Disparities on empirical networks

First, we fit the DPA, DH, and DPAH models to each of the empirical networks in
order to find the mechanism that best explains the inequality and inequity found
in the rank. The parameters passed to these models are inferred from the real
networks and described in Table 5.3. Second, we rank nodes in the empirical and
fitted networks using PageRank and WTF, and compute the disparities (inequal-
ity vs. inequity) found in their rank distribution. Results are shown in Figure 5.7
for PageRank and Supplementary Figure 5.16 for WTF. Disparity values from
the real-world networks are labeled as empirical (black dot), and disparity values
from the fitted networks are labeled according to the model (x marks). We see
that each network tells a different story. This can be explained by the nature
or domain of these networks. For instance, APS and Hate are best explained
by the DPA model. This means that scientists tend to cite authors that have
already many citations, and users in Twitter tend to retweet content posted by
popular users (i.e., popular in terms of the number of retweets they get). Blogs
and Wikipedia on the other hand, are best explained by our DPAH model. No-
tice that both are hyper-link networks. In other words, people tend to add not
only popular references to their Web pages, but also related to their topics (i.e.,
political leaning in Blogs, and gender in Wikipedia). Note that the Hate network
shows the lowest (empirical) inequality. This is due to the fact that it possesses
low out-degree exponents (γM = 2.2, γm = 1.7).
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Figure 5.7.: Global disparity in PageRank on empirical networks. Each column represents an empirical network.
Citation/retweet networks (APS and Hate) and Hyper-link networks (Blogs and Wikipedia). Inequality and
inequity are shown in the y- and x-axis, respectively. The disparity in ranking that we see in empirical networks
are best explained as follows: (i) citation/retweet networks by preferential attachment PA, and (ii) hyper-link
networks by preferential attachment and homophily DPAH.
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5.2.6. Strategies towards a fair ranking

Results from both algorithms show that while the homophily within majorities
is the main driver for inequality and inequity, minorities may overcome unfair
rankings by connecting strategically in the network. For instance, when both
groups are equally active, minorities should adjust their homophily based on the
homophily of the majority. (i) When majorities are homophilic hMM > 0.5,
minorities should increase their homophily such that hmm > hMM . (ii) When
majorities are (somewhat) neutral (hMM = 0.5 ± 0.1), minorities may connect
arbitrarily with any group without being too homophilic, otherwise they will
become over-represented in the rank. (iii) When majorities are heterophilic
hMM < 0.5, one solution to achieve a fair rank is to increase the size of the
minority group, and make sure that both groups behave similarly in terms of ho-
mophily (hMM ≈ hmm). Otherwise, minorities will be over-represented regardless
of their in-class homophily. On the other hand, when one group is more active
than the other, achieving a fair rank becomes challenging. Nevertheless, if the
objective is to increase the visibility of minorities in the rank, then the minorities
themselves should be more active in the network by creating more connections
to increase their out-degree. Note that these “strategies” without algorithmic in-
tervention may work in scenarios such as a citation or collaboration networks,
but they might not work in other scenarios. In such cases, we need additional
recommender systems to help under-represented groups discover those “strategic”
links that will help them climb to higher ranks.

5.3. Discussion and Future Work

In this work we have proposed a systematic study to measure the inequality and
inequity produced by PageRank and Who-To-Follow (WTF). Our approach dis-
entangles the effect of network structure on the rank distributions of these two
algorithms by using synthetic networks. By doing so, we control for the properties
of the network and measure how these changes affect the rankings. In particular,
we studied six prominent structural properties of social networks: homophily,
preferential attachment, fraction of minorities, edge density, node activity and
the directionality of links. We found that the systemic bias produced by these
algorithms in the rank is mainly due to homophily imbalance (hMM ≫ hmm or
hmm ≫ hMM) for inequity, and the interplay between our six properties of in-
terest for inequality. Consequently, our systematic study makes PageRank and
Who-To-Follow interpretable and explainable since our results show the neces-
sary structural conditions to achieve a fair rank. A potential avenue to reduce
inequity is to then create synthetic connections before the ranking as it is done
for correcting the class imbalance problem in supervised learning [44]. Alterna-
tively, these conditions or strategic connections may be added into the network
to change its structure as a collective fairness intervention. For instance, recom-
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mender systems could suggest relevant articles not only based on popularity and
(keyword) similarity but also based on fairness by fulfilling diversity constraints.

Notice that our model simplifies the role of homophily and minorities. First,
it assumes that all nodes of the same group have the same in-class and between-
class homophily. This means that rich mixing patterns might get ignored since
some nodes can exhibit local differences [200]. Second, while there exist multiple
definitions of minorities [236] we adopted the one by Italian jurist Francesco
Capotorti: “a group numerically inferior to the rest of the population of a State, in
a non-dominant position...” [39, 110]. However, we constrained this population to
all nodes in a given network (neither the State nor the world population). Notice
as well that the ranking amplifies the representation of minorities by reducing the
representation of majorities in top ranks (e.g., when the majority is heterophilic,
see Figure 5.1). This aligns with the definition of minorities by Wirth [265] that
implies that “minorities objectively occupy disadvantageous positions in society”.
This means that “a minority may actually, from a numerical standpoint, be the
majority” (e.g., people living in poverty in under-developed countries). In other
words, under these two definitions, being in disadvantage in the top-k% (inequity)
is not a group size issue only, but a combination of group size and homophily as we
have previously shown. More complex definitions of minorities are out of the scope
of this paper. A further limitation is that we focus on a single binary attribute
(e.g., color ∈ {Black,White}), this means that multiple sources of inequality
and inequity (e.g., intersections of disadvantage such as being poor and of color)
cannot be captured at once [125]. Addressing these issues is beyond the scope of
this paper and we leave them for future work.

Finally, we disentangled the individual effects of preferential attachment and
homophily in the rank by comparing the disparities of our proposed DPAH model
with two variants and a baseline: networks with preferential attachment only
(DPA), networks with homophily only (DH), and directed Erdös-Rényi (Ran-
dom) [71] graphs. Further research can investigate other topologies and social
mechanisms of edge formation such as clustering [56], transitivity [27], and reci-
procity [65]. Similarly, other structural properties such as monophily [6] and
second order homophily [82] can be studied to measure their influence on rank-
ing.

5.4. Conclusions

In this work we have investigated under which conditions PageRank and Who-To-
Follow (WTF) reduce, replicate or amplify the representation of minorities in top
ranks. In particular, given the rank distribution produced by these algorithms,
we computed inequality as the dispersion among individuals in terms of ranking
scores, and inequity as whether minorities are over-, under- or well-represented
in top ranks compared to their representation in the network. We studied these
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two metrics separately and in combination to better understand the mechanisms
that can explain them.

To that end, we proposed DPAH, a growth network model that allows to gen-
erate realistic scale-free directed networks with different levels of homophily, frac-
tion of minorities, node activity, and edge density. In these networks, we found
that both inequality and inequity are positively correlated and mainly driven by
the homophily within majorities. This means that, when the majority group is
highly homophilic, the minority group is under-represented in top ranks. Also,
when the majority is highly heterophilic, the minority benefits tremendously since
it is over-represented in the top-k%. However, minorities can overcome these dis-
parities by connecting strategically with others. Thus, equity in ranking is a
trade-off between homophily and the fraction of minorities.

Our systematic study makes PageRank and Who-to-Follow explainable and
interpretable to help data scientists understand and estimate the disparity that
these algorithms produce given the structure of networks, which is key for propos-
ing targeted interventions. We hope our results create awareness among majority
and minority groups about these disparities since they may replicate and even
amplify the biases found in social networks.

5.5. Data and Methods

5.5.1. Synthetic networks

Network models have been proposed with various social mechanisms. For in-
stance, the classic stochastic-block model [116] which allows for homophily be-
tween and across groups, and the configuration model [189] which generates links
among nodes by preserving a given degree distribution. On the other hand, the
preferential-attachment model [18] produces scale-free networks due to cumula-
tive advantage [176]. Although these models can reproduce certain properties of
real-world networks such as degree or homophily, they fail at guaranteeing similar
visibility of minorities as their empirical counterpart. In this direction, Karimi
et al.[133] and Fabbri et al. [83] devise social network models with preferential
attachment, adjustable homophily and fraction of minorities. They demonstrate
how the degree rank of the minority group in a network is a function of the rela-
tive group sizes and the presence or absence of homophily. However, the former
models undirected networks, and the latter did not control for edge density and
node activity (i.e., power-law out-degree distributions) as we do in this work for
minority and majority groups.

Directed network

We define a directed network as: Let G = (V,E,C) be a node-attributed un-
weighted graph with V = {v1, ..., vn} being a set of n nodes, E ⊆ V ×V a set of e
directed edges, and C = {c1, ..., cn} a list of binary class labels where each element
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ci represents the class membership of node vi. The fraction of minorities fm cap-
tures the relative size of the minority class—with respect to C—in the network.
We refer to the minority group as m, and to the majority group as M . A net-
work is balanced when all class labels have the same number of nodes (fm = 0.5),
otherwise it is unbalanced (fm < 0.5). Networks fulfill a predefined edge density
level d. Since n and d are given, networks stop growing when e = dn(n− 1).

In order to generate directed links, inspired by the activity-driven network
model [201], we assign an activity score to each node that determines with what
probability the existing node becomes active and creates additional links to other
nodes. It has been shown that in empirical networks the activity of the nodes
follows a power-law distribution [201]. Therefore, we assign an activity to each
node drawn from a power-law distribution ρ(γ) = X−γ. Note that each group
possesses its own activity distribution and they are defined by the power-law
exponent γM and γm for majority and minority nodes, respectively. The level of
activity of a group is inversely proportional to γ. That is, groups with higher
out-degree produce lower γ (more skewed).

Then, the probability of connecting a source (active) node vi to a target node
vj (or in other words the probability of connecting to vj given the source node
vi) is explained by any of the following three mechanisms of edge formation.

Preferential attachment (DPA)

Also known as the rich-get-richer effect or cumulative advantage in social net-
works [18, 176]. It indicates that nodes tend to connect to popular nodes. We
define popularity as the in-degree of the node. Therefore, the probability that a
source node vi connects to a target node vj is proportional to the in-degree of the
target node vj.

P (i → j) = P (j|i) = kin
j∑N

l=1 k
in
l

(5.1)

Homophily (DH)

It is the tendency of individuals to connect (or interact) with similar others [171,
189]. Thus, the probability that a source node vi connects to a target node vj is
driven by the homophily between their classes ci and cj. We assign a homophily
value to each dyad based on pre-defined homophily parameters within majorities
and minorities, hMM and hmm, respectively. Homophily values range from 0.0 to
1.0. If the homophily value is high, that means that nodes of the same class are
attracted to each other more often than nodes of different attributes. Following
the definitions from previous work [83, 133, 214], nodes of the same class with
homophily haa = 0.5 are referred to as neutral (i.e., they connect randomly to
either class), otherwise they are heterophilic if haa < 0.5 (i.e., more likely to
connect to the other class), or homophilic when haa > 0.5 (i.e., more likely to
connect to the same class). Note that in- and between-class homophily values are
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complementary: hmm = 1− hmM and hMM = 1− hMm.

P (i → j) = P (j|i) = hij∑N
l=1 hil

(5.2)

Preferential attachment with homophily (DPAH)

We propose DPAH, a directed growth network model with adjustable homophily
and fraction of minorities. DPAH stands for Directed network with Preferential
Attachment and Homophily. This mechanism combines DPA and DH, and is an
extension of the BA-Homophily model [133].

P (i → j) = P (j|i) = hijk
in
j∑N

l=1 hilkin
l

(5.3)

Note that DPA and DH are especial cases of DPAH where only the in-degree
mechanism varies. This means that, the out-degree distribution remains the same
as in DPAH: it is driven by the activity model. Additionally, we include a random
model where both source and target nodes are chosen at random (i.e., directed
Erdös-Rényi model [71]). Table 5.2 shows the parameters adjusted in each model.
Number of nodes n and edge density d are arbitrary in the sense that they are
not part of the edge formation mechanism. Thus, we fix them to make a fair
comparison across all models.

Table 5.2.: Model parameters. Check marks denote that a given model (col-
umn) requires a particular parameter (row): number of nodes n, frac-
tion of minorities fm, edge density d, in-class homophily haa, and the
power-law exponent of the activity distribution γ. Sub-indices M and
m refer to the majority and minority groups, respectively. The differ-
ence between DH and DPAH is the preferential attachment (in-degree)
mechanism. All models produce directed networks.

Random DPA DH DPAH

n ✓ ✓ ✓ ✓
fm ✓ ✓ ✓ ✓
d ✓ ✓ ✓ ✓

hMM - - ✓ ✓
hmm - - ✓ ✓
γM - ✓ ✓ ✓
γm - ✓ ✓ ✓
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5.5.2. Empirical networks

We inspect four networks from different domains and compute the inequalities and
inequities produced by PageRank and WTF. Table 5.3 shows the most important
properties of these networks.

• APS: The American Physical Society citation network whose nodes repre-
sent articles, and edges represent citations. The binary class of each node is
pacs and encodes two different Physics sub-fields where 05.20.-y (Classical
statistical mechanics) is the minority.

• Hate: A retweet network [209] where nodes denote users, and edges rep-
resent retweets among them. Users are labeled as either hateful or normal
depending on the sentiment of their tweets. Hateful users represent the
minority.

• Blogs: An hyper-link network from political blog posts about the 2004 U.S.
election [3]. Nodes represent blog pages, and edges hyper-links among them.
Each blog is labeled as either right- or left-leaning. The latter represents
the minorities.

• Wikipedia: A Wikipedia hyper-link network where nodes represent U.S.
politicians [95, 256] labeled as either male or female. Female politicians
represent the minorities.

5.5.3. Ranking and recommendation algorithms

There exist a variety of ranking and recommendation algorithms that follow dif-
ferent strategies depending on the nature of the problem. For instance, in infor-
mation systems, items such as content, Web pages, and products are ranked to
recommend users what to read or buy [163]. In social networks, however, people
are ranked to identify their hierarchy or importance [59, 101, 228], and recom-
mended to other users in order to establish new connections [19, 181, 270, 275].
These rankings and recommendations are based on algorithms that often rely on
whom we are already connected with. In this work, we focus on two such algo-
rithms widely used in practice [99]: PageRank [193] and Who-to-Follow (WTF)
[106]. While PageRank determines the global ranking of nodes in comparison
with all other nodes, WTF deals with ranking nodes in a node level and thus
remains a local measure. For that reason, we focus on these two algorithms to
capture both dimensions.

PageRank

It was invented to rank all web pages in the Web [193], and has been used in several
applications [99]. For example, to study citation and co-authorship networks
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Table 5.3.: Empirical networks. APS, a scientific citation network. Hate,
a retweet network. Blogs, a political blog hyper-link network.
Wikipedia, a hyper-link network of politicians. Each row repre-
sents a property of the network. E∗∗ represents the fraction of edges
within and across groups, and h∗∗ homophily values inferred by the
DPAH model (see Supplementary Section 5.6 for derivations).

dataset APS Hate Blogs Wikipedia

n 1853 4971 1224 3159
class pacs hate leaning gender
M 05.30.-d normal right male
m 05.20.-y hateful left female
fm 0.37561 0.10943 0.48039 0.15226
d 0.00106 0.00061 0.01271 0.00149
γM 3.22246 2.23026 4.88733 4.22425
γm 8.93993 1.73445 3.22464 6.16567
EMM 0.64981 0.56898 0.47070 0.78469
EMm 0.02859 0.10244 0.04741 0.07824
EmM 0.02721 0.07886 0.04105 0.10685
Emm 0.29439 0.24972 0.44084 0.03022
hMM 0.94000 0.58000 0.92000 0.59000
hmm 0.96000 0.95000 0.90000 0.62000

[85, 130, 162]. PageRank assigns an importance score to every single node in a
network. This score takes into account the number and quality of incoming links
of each node. The PageRank of node i is defined as follows:

PR(i) = (1− α) + α
∑

j∈Ni

PR(j)

kout
j

(5.4)

where i ∈ V , Ni represents all neighbors of node vi (e.g., all nodes vi points
to), and kout

j the out-degree of node vj. The damping factor α, or probability
of following links using a Random Walker, is set to 0.85 as suggested by Brin
and Page [33]. We use the fast-pagerank [217] python package to compute the
PageRank score of all nodes using sparse adjacency matrices.

Who-To-Follow (WTF)

This recommendation algorithm was created and used by Twitter to suggest new
people to follow [106]. It is based on SALSA [154] which in turn is based on
Personalized PageRank [128]. In a nutshell, for each user u (or node vi ∈ V ), the
algorithm looks for its circle of trust, which is the result of an egocentric random
walk (similar to personalized PageRank) [106]. Then, based on this circle-of-trust,
the algorithm ranks all users that are not yet friends with u but are connected
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through the circle of trust. Then, we take the top-k of these (recommended)
users, and add up the counter of being selected as a recommendation to each of
them. This is done for every node u in the network. At the end, the rank of each
node encodes the number of times a user was suggested as a recommendation
across all nodes in the network. Thus, the WTF score for each node is defined as
follows:

WTF (i) =
∑

j∈V
1SALSA(j)(i) (5.5)

where SALSA(j) refers to the top-k users the SALSA algorithm recommends
to node j. In this work we select the top-10 users as recommendations. 1A(x)
denotes the indicator function or boolean predicate function to test set inclusion
(i.e., whether x ∈ A).

5.5.4. Gini coefficient

The Gini coefficient was developed by the Italian Statistician Corrado Gini [98] to
measure the income inequality of a society. It is defined as the mean of absolute
differences between all pairs of individuals for some measure. In our setup this
measure is the score given to every node by PageRank and Who-To-Follow. The
minimum value is 0 when all individuals’ scores are equal, and its maximum value
is 1 when there is a big gap or discrepancy between scores [42].

We define the Gini coefficient of the rank distribution X as follows. For more
details see [242]:

Gini(X) =

∑n̂
i=1(2i− n̂− 1)xi

n
∑n̂

i=1 xi

(5.6)

where x ∈ X is an observed value in the rank distribution, n̂ = |X| is the
number of values observed, and i is the rank of values in ascending order.
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5. Edge Formation in Ranking

5.6. Appendix

5.6.1. Derivation of the probability of having an internal
link

Let Kin
a (t) and Kout

a (t) be the sum of the in- and out-degrees of nodes from group
a at time t. The overall growth of the network follows a DPAH process. Thus,
the evolution of in-degree and out-degree follows:{

Kin
a (t) +Kin

b (t) = Kin(t) = mt
Kout

a (t) +Kout
b (t) = Kout(t) = mt

(5.7)

where m is the number of new links in the network at each time step t. In each
time step, a node vi is chosen. That results in m new out-going links from vi. We
set m = 1. Thus, in each time step only one edge is created from vi to vj.

Let us denote the relative fraction of group size for each group as fa and fb
and their respective activity parameters γa and γb that represent the exponents
of the activity distribution. Thus, the behavior of the network is similar to what
we have shown before [133]; only the total number of links is different. Let us
also define γ̂a as an average value drawn from the activity distribution of group a,
ρ(γa) = X−γa using mean field approximation. Similarly, γ̂b as an average value
drawn from the activity distribution of group b, ρ(γb) = X−γb . We can show that
in the limit of ∆t → 0, for each group, the in-degree growth function follows:
dKin

a

dt
= m

(
fa × γ̂a

(
1 +

haaK
in
a (t)

haaKin
a (t) + habKin

b (t)

)
+ fbγ̂b

(
hbaK

in
a (t)

hbbKin
b (t) + hbaKin

a (t)

))

(5.8)

dKin
b

dt
= m

(
fb × γ̂b

(
1 +

hbbK
in
b (t)

hbbKin
b (t) + hbaKin

a (t)

)
+ faγ̂a

(
habK

in
b (t)

haaKin
a (t) + habKin

b (t)

))

(5.9)
Next, we focus on the case of links within group a. The same analysis applies

for group b.
Let paa be the probability to establish a link between two nodes of group a.

The probability for an incoming or existing node from group a to link to a node
of the same group is given by:

paa(t) = fa
haaK

in
a (t)

haaKin
a (t) + habKin

b (t)
(5.10)

In the simple network growth model, the total degree of the groups increases
linearly over time.





Kin
a (t) = Cmγ̂aγ̂bt

Kin
b (t) = (2− C)mγ̂aγ̂bt

Kout
a (t) = mγ̂at

Kout
b (t) = mγ̂bt

(5.11)

Denoting C as the in-degree growth factor of the minority group.
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5.6.2. Calculating homophily from empirical network

We can calculate homophily in empirical networks using the information about
in-group links. First, the total number of edges in a directed network follows:

e = eaa + eab + eba + ebb (5.12)

To calculate eaa, the number of links within class a, we can simply argue that
it depends on paa, the probability of connecting two nodes belonging to class a,
multiplied by the probability of the arrival or source node to be of class a, denoted
by fa, the fraction of nodes in class a, as shown in Equation (5.10).

Our network model grows linearly in time. That means, the in-degree growth
for each group is linear. Let us assume that the in-degree growth rate of group a
is denoted by Ca:

Kin
a (t) = CaK

in(t) (5.13)

Since the in-degree growth remains constant over time, we can calculate Ca in
the empirical network by summing all in-degrees of the group

Ca(empirical) =
Kin

a

Kin
(5.14)

Equation (5.10) can be rewritten as

paa = fa
haaCa

haaCa + hab(1− Ca)
(5.15)

In empirical networks, paa represents the probability of a directed edge from
class a to class a. This probability is proportional to the number of edges from a
to a, normalized by the total number of directed edges that start from a:

paa =
eaa

eaa + eab
(5.16)

We can then calculate Equation (5.16) in the empirical network. Finally we
use maximum-likelihood estimate to find the best values for haa and hbb in Equa-
tion (5.15).

Note that the in-degree growth rate C has an sub-linear relationship to the
exponent of the in-degree distribution σ and the exponent of the in-degree growth
θ [133]. Thus, another method to retrieve empirical homophily is to first estimate
the exponents of the in-degree distributions for minority and majority groups (σa

and σb) and plug that into the equation.

paa =
f 2
ahaa(1− θb)

fahaa(1− θb) + fbhab(1− θa)
(5.17)

pbb =
f 2
b hbb(1− θa)

fbhbb(1− θa) + fahba(1− θb)
(5.18)

where σa = −( 1
θa

+ 1) and σb = −( 1
θb
+ 1).
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5. Edge Formation in Ranking

5.6.3. Regression model

We build a RandomForestRegressor [198, 225] model to explain rank inequality
and inequity given the structure of networks. Features (or independent variables)
are transformed by scaling them between zero and one. During training, the
model uses n_estimators = 100 and all default values from the Python package.
We use R2 scores to evaluate the performance of the 10-fold cross-validated model
on the test set. As shown in Table 5.4, the global model takes into account the
overall behavior or trend regardless of top-k ranks, while the local model includes
the top-k ranks. We add ϵ as a dummy variable, with randomly generated values
between 0 and 1, to compare the importance of each feature to random chance.

We report the importance of features given by the feature_importances_
property of the RandomForestRegressor model. The higher the value, the more
important the feature. The importance of a feature is computed as the (normal-
ized) total reduction of the criterion brought by that feature. It is also known as
the Gini importance [225].

5.6.4. Who-To-Follow produces higher inequality compared
to PageRank

In the main manuscript we see that Who-To-Follow (WTF) produces more skewed
rank distributions compared to PageRank. To understand this behavior, we need
to first understand how the algorithms work. PageRank scores reflect the global
importance of nodes in the network, and this global importance is mostly de-
termined by in-degree [88] and the age of nodes [167]. On the other hand, the
WTF score of a node is the number of times the node appears in the top-10
recommendation across all nodes in the network. This top-10 is determined by
the circle-of-trust of each node, similar to a Personalized PageRank. This means
that this top-10 contains the most visited nodes by a random walker that always
starts at the node who is getting the recommendation. Thus, that (local) top-10
will be highly influenced by in-degree too. However, since the WTF score counts
the number of times a node appears as a recommendation, it is likely that the
highest WTF scores refer to high degree nodes due to preferential attachment.
Therefore, the high inequality produced by WTF can be explained by the fact
that WTF combines a local random walk with a global count.
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5.7. Additional tables and figures

Table 5.4.: Regression models. Dependent and independent variables of the
four models of interest: Global/Local inequality (Gini) and inequity
(ME). We add the dummy variable ϵ (with randomly generated values
between 0 and 1) to verify whether the network-based features are
better than random or not.

Type Dependent variable (Y) Independent variable (Xs)

Global Gini
fm, hMM , hmm, ϵ

ME

Local Ginik fm, hMM , hmm, k, ϵ
MEk

Table 5.5.: 10-fold cross-validation for WTF. We use a Random Forest Re-
gressor to assess feature importance and report the mean and standard
deviation of the out-of-sample R2. Features are ranked in descending
order based on their mean importance (from left to right) and high-
lighted if their importance represents at least 50% of the total im-
portance. Features with a mark (*) are less important than random
ϵ. Corr shows the disparity as the Spearman correlation between in-
equality and inequity scores (p-values ≈ 0).

Type Outcome Corr. R2 Feature Importance

Global Gini 0.29 0.35 (0.03) ϵ, h∗
MM , h∗

mm, f ∗
m 0.37, 0.27, 0.22, 0.14

ME 0.92 (0.01) hMMhMMhMM , hmm, fm, ϵ 0.51, 0.37, 0.07, 0.05

Local Ginik 0.06 0.86 (0.00) kkk, ϵ, h∗
MM , h∗

mm, f
∗
m 0.86, 0.08, 0.02, 0.02, 0.01

MEk 0.85 (0.01) hMMhMMhMM ,hmmhmmhmm, k, ϵ, f
∗
m 0.43, 0.31, 0.11, 0.08, 0.07
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Figure 5.8.: The effects of homophily and fraction of minorities in the global disparity of WTF. Columns represent
the fraction of minorities in the network, x-axis indicates the homophily within minorities, and y-axis the
homophily within majorities. Colors denote the region where the disparity lies according to our interpretation
(see Figure 5.2). As in the case of PageRank (cf. Figure 5.4), we see that, on average, there is never low
global inequality. Also, depending on the level of homophily within groups, minorities on average can be under-
represented (region I, red), or over-represented (region III, blue). Note that the fair case (region II, green) rarely
occurs.
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Figure 5.9.: The effects of homophily and fraction of minorities in the
local disparity of WTF. Columns represent the fraction of mi-
norities (10%, 30% and 50%) and rows show homophily within mi-
norities (from top to bottom: heterophilic, neutral and homophilic).
The x-axis denotes the top-k% rank and the y-axis shows homophily
within majorities. Colors refer to the regions of disparity (see Fig-
ure 5.2). As in the case of PageRank (cf. Figure 5.5), we see that
the minority suffers most (red) when the majority is homophilic and
the minority is either heterophilic or neutral. Also, inequity remains
mostly consistent regardless of top-k%. In contrast to PageRank (up
to top-5%), WTF manages to capture nodes with very similar rank-
ing scores (roughly) up to the top-30% (i.e., Gini is low, regions VII,
VIII, IX).
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5. Edge Formation in Ranking
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Figure 5.10.: The effects of homophily and preferential attachment in
the global disparity of WTF. We generated directed networks
using four different models of edge formation. DPA: only preferen-
tial attachment. DH: only homophily. DPAH: our proposed model
that combines DPA and DH. Random: a baseline where nodes are
connected randomly. Compared to PageRank (cf. Figure 5.6), all
models generate higher inequality (y-axis), whereas inequity remains
similar. Vertical and horizontal error bars represent the standard
deviation over 10 runs of the Gini and ME, respectively.
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Figure 5.11.: Global inequality on Random networks as a function of
edge density. We generate directed Erdős-Rényi networks to
demonstrate how the global inequality (y-axis) varies with respect
to the edge density (x-axis) of the network. For each density value
we generate networks with different fractions of minorities and 10
epochs. Note that d = 0.0015 corresponds to the Random networks
used in the main experiments. Inequality computed on the PageR-
ank distribution is shown in red, while the inequality on WTF is
shown in blue. We see different trends for each algorithm. First,
the inequality (Gini coefficient) of PageRank is very low when the
edge density is extreme (i.e., either too low or too high). This means
that in these regimes most nodes are similarly important regardless
of the magnitude of their degrees. Second, the inequality of WTF
is in general negatively correlated with density (i.e., the lower the
density, the higher the inequality [104]). However, in the extreme
case of denser networks (i.e., d = 0.1), inequality raises. Recall that
ranking inequity is very close to zero (ME ≈ 0) in random networks.
Further studies are required to analytically understand the limits of
inequality with respect to density.
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Figure 5.12.: The effects of symmetric node activity in the global dis-
parity of PageRank. We generate DPAH networks by varying
fm, hMM , hmm, and fixing number of nodes n = 2000 and edge
density d = 0.0015. Each color represents the activity of nodes
as the out-degree exponents of the networks γ = γM = γm ∈
{1.5, 2.0, 2.5, 3.0, 3.5}. We see that by reducing the out-degree ex-
ponent in the DPAH networks (from γ = 3.5 to γ = 1.5), we reduce
inequality (vertical axis), and inequity remains stable. Vertical and
horizontal error bars represent the standard deviation over 10 runs
of the Gini and ME, respectively.
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Figure 5.13.: The effects of asymmetric node activity in the global dis-
parity of PageRank. Similar to Supplementary Figure 5.12, we
generate DPAH networks by varying fm, hMM , hmm and fixing num-
ber of nodes n = 2000 and edge density d = 0.0015. Additionally,
we adjust γM and γm, the activity of majority and minority groups,
respectively. Red represents networks where the majority is more
active (higher out-degree) than the minority. In contrast, purple
represents networks where the minority is more active than the ma-
jority. In comparison with their counterpart γ = γM = γm = 3.0
in Supplementary Figure 5.12, , we see that a more active minority
(γM = 3.0, γm = 1.5), reduces inequality (lower Gini) by amplifying
its visibility in the rank (positive ME). Conversely, a more active
majority (γM = 1.5, γm = 3.0) can amplify minority representation
at the cost of increasing inequality. However, in general, active ma-
jorities benefit themselves in the rank. Vertical and horizontal error
bars represent the standard deviation over 10 runs of the Gini and
ME, respectively.
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Figure 5.14.: Disparities caused by an active majority group on PageRank as a function of homophily and
group size. Columns represent the fraction of minorities in the network, x-axis indicates the homophily within
minorities, and y-axis the homophily within majorities. Colors denote the regions where the disparity lies
according to our interpretation (see Figure 5.2). These results correspond to the red data points in Supple-
mentary Figure 5.13, γM = 1.5 < γm = 3.0. We see that when the majority is more active than the minority,
the algorithm reduces the representation of minorities in almost all combinations of homophily and group size.
The exception lies in extreme heterophilic majorities. In this case, the ranking may amplify or replicate the
visibility of minorities in the rank.
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Figure 5.15.: Disparities caused by an active minority group on PageRank as a function of homophily and
group size. Columns represent the fraction of minorities in the network, x-axis indicates the homophily
within minorities, and y-axis the homophily within majorities. Colors denote the regions where the disparity
lies according to our interpretation (see Figure 5.2). These results correspond to the purple data points in
Supplementary Figure 5.13, γM = 3.0 > γm = 1.5. We see that when the minority is more active than the
majority, the algorithm amplifies the representation of minorities in the rank in almost all combinations of
homophily and group size. The exception is an interplay between the fraction of minorities and the homophily
of the majority group when minorities are heterophilic.

117



5.
E

dge
Form

ation
in

R
anking

0.0 0.5

0.4

0.6

0.8

1.0

In
eq

u
a
li

ty
(G

in
i

co
ef

.
o
f

en
ti

re
ra

n
k

d
is

tr
ib

u
ti

o
n

)

APS

0.0 0.5

Hate

0.0 0.5

Inequity
(Mean error of fraction of minorities across all top-k% ranks)

Blogs

0.0 0.5

Wikipedia

empirical

Random

DPA

DH

DPAH

Figure 5.16.: Global disparity in WTF on empirical networks. Each column represents an empirical network. Cita-
tion/retweet networks (APS and Hate) and Hyper-link networks (Blogs and Wikipedia). Inequality and inequity
are shown in the y- and x-axis, respectively. The disparities in ranking that we see in these empirical networks
are best explained by preferential attachment and homophily DPAH.
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6. Conclusions

For decades, social network analysis has been an interesting and very challenging
field of study. Traditional social science research has demonstrated the existence
of laws governing edge formation in social networks, and put a name to what we
know today as cumulative advantage, small-world phenomena, and homophily
[171, 177, 179]. Nowadays, social networks can be studied at large scale due
to the availability of new kinds of data from social media, mobile phones, and
sensors [131, 139, 191]. A common presumption is that more volume and variety
of data often makes machine learning algorithms more accurate at inference and
prediction [149]. However, these kinds of data can also introduce biases into
the machine learning pipeline and therefore reinforce societal issues such as the
glass ceiling effect, political polarization, urban segregation and denigration [70,
169, 231, 243]. While most studies have focused on calibrating the algorithms
to adjust their outcomes, quantifying the impact of biased networked data on
machine learning outcomes, has remained relatively neglected. This thesis aims
to fill that gap.

One of the advantages of working with networks is that they possess a structure
defined by the mechanisms of edge formation. Many societal issues can be ex-
plained by such mechanisms. For instance, cumulative advantage—also known as
preferential attachment or the rich-get-richer effect—is the causal mechanism for
many skewed distributions such as the income inequality growth [60]. Therefore,
in this thesis I systematically evaluate to what extent the structure of a network
reinforces such biases in machine learning outcomes. In particular, outcomes
from classification, ranking and recommendation algorithms. The goal is to make
existing network-based algorithms interpretable and explainable. Thereby, data
scientists can anticipate erroneous and unfair results, and thus propose interven-
tions accordingly to break the feedback loop of reinserting those biases into the
network.

Note that not all algorithms must be completely unbiased. For example, if
a user is looking for a relationship in Tinder and her preferences are men in
their 30’s, there is no reason why the application should show her profiles of
younger and older men, or women. However, the application could still do a fair
job within that sub-population, based on other characteristics such as religion,
profession, etc. When biased results are an issue, a step towards mitigation is to
first identify and understand the main source of bias [246]. Since in this thesis I
focus on social networks, the main source of bias is its structure, i.e., mechanisms
of edge formation. In chapter 2 and Chapter 3, I propose two techniques to
characterize these mechanisms which help to understand how edges form in given
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6. Conclusions

real-world networks. An additional advantage of analyzing social networks is
that we can control for its structure through generative network models. In
Chapter 4 and Chapter 5, I leverage the benefits of network modeling to then
quantify the influence of different network structures on classification, ranking
and recommendation algorithms.

6.1. Results and Contributions

In this section I summarize the findings and contributions of this thesis by ad-
dressing each research question.

RQ1 How can we characterize the underlying mechanisms of edge formation of a
given network?

RQ2 How do the mechanisms of edge formation influence classification perfor-
mance and the direction of bias in relational classification?

RQ3 How do the mechanisms of edge formation affect the distribution of oppor-
tunities across individuals and minorities in ranking and recommendation
algorithms?

First, I start addressing RQ1 by presenting HopRank and Janus, two meth-
ods that help us to understand how edges form in social networks. The former
leverages the distance between nodes to explain human navigation on networks,
and the latter ranks hypotheses based on homophily and preferential attach-
ment. Second, I address RQ2 and RQ3 by showing how homophily, preferential
attachment, fraction of minorities, and edge density affect minorities in network-
based classification, ranking and recommendation algorithms. Third, besides
these methods and benchmarks, I show my support of digital scholarship by
making all the code and data openly available on GitHub.

1. HopRank: I propose HopRank a method for characterizing edge formation
in non-attributed networks. HopRank models transitions (from one node to
another) across k-hop neighborhoods on semantic networks (e.g., memory
and ontologies). This approach is motivated by information foraging [203]
and decentralized search [113] where people, in principle, tend to acquire in-
formation from two stages: exploration (breadth-low-cost navigation) and
exploitation (depth-high-cost navigation). Specifically, HopRank extends
PageRank where instead of having only one teleportation or damping fac-
tor (i.e., probability of following links), it relies on the HopPortation vector
which defines the probabilities of transitioning to any node at a k-hop dis-
tance. I applied this method to model human navigation on BioPortal—a
repository of biomedical ontologies—and found that semantic structure does
influence navigation on networks. In particular, users tend to prefer cer-
tain k-hop neighborhoods more often than others depending on the type
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of navigation (e.g., search, menu expand, direct link, etc.). For instance,
when manually browsing the tree-like explorer on BioPortal, users tend to
hop to nearby concepts, whereas far-away concepts are more likely to be
reached by non-browsing types such as external links. These results advance
the understanding of how ontologies are actually navigated and consumed
(i.e., neither fully random nor only by following links), and help to develop
and improve user interfaces for ontology exploration. Note that, while in
this work I focus on navigation on BioPortal, HopRank can be used to
model navigation on any network. The main conditions are that nodes
must be non-attributed and people must have some prior knowledge about
the network they are navigating (e.g., they know it or can see it). The lat-
ter pre-condition helps people navigate the network by optimizing resources
(e.g., time). For instance, another use case could be navigating a network of
places (e.g., a city), where people would often go to the closest supermarket
and to a not so close-by workplace. When nodes are attributed, however, I
leverage that extra information to create more informative hypotheses and
rank them using Janus.

2. Janus: I propose Janus, the counterpart of HopRank, a method for charac-
terizing edge formation in node-attributed networks and multiplex networks.
Janus computes Bayes factors with marginal likelihood estimations to com-
pare the relative plausibility of expressed hypotheses as they are specifically
sensitive to the priors. These hypotheses are built using the attributes of the
nodes, and are based on homophily and preferential attachment. In terms of
scalability and interpretability, Janus outperforms similar methods such as
statistical regression methods based on QAP [122] or mixed-effects models
[230]. I applied Janus on synthetic networks to demonstrate the robustness
of the hypothesis ranking, and on real-world social networks to understand
how social interactions develop. In particular, interactions among (i) mem-
bers of five different households [240] and (ii) Twitter users on a particular
topic [237]. Results show that (i) among the members of the five house-
holds, having a similar age or the same sex does not influence the amount of
times they interact with each other, and (ii) the number of replies one user
gives to another in Twitter is not random and correlates with the number of
mentions. Janus is then relevant for data scientists interested in studying
the mechanisms that can explain edge formation in networks (with node
attributes or multi-layer networks) from both empirical and methodological
perspectives.

3. Evaluation benchmarks for relational classification: The way we con-
nect to other people often carries meaningful information about ourselves.
For instance, the political leaning of your friends can serve as a proxy of
your own political preferences because we tend to be friends with people
who are similar to us. This principle is leveraged by relational classification

123



6. Conclusions

[43], a machine learning technique that is trained from a known portion
of the graph, and then transfers this knowledge to the rest of the unseen
nodes. Naturally, there are multiple ways of learning such relational model
[165] and previous work shows how certain network properties affect the
outcomes of these algorithms [84, 227, 274]. However, to the best of my
knowledge there is no clear consensus on how the performance and bias
of relational classification is affected by co-existing characteristics of the
network such as preferential attachment, homophily, fraction of minorities,
and edge density. To this end, in this work I conduct a systematic study on
synthetic and real-world networks to show when and why classification per-
formance and the direction of bias occur as a function of network structure,
sampling technique and sample size. My findings show that homophily,
fraction of minorities and the sampling method make a considerable dif-
ference when training samples are small. In this case, if the goal is to
achieve high accuracy (i.e., when most nodes are correctly classified), then
heterophilic networks (i.e., when most connections happen between nodes
that are not alike) should be sampled by random edge sampling or par-
tial crawls [12], and homophilic networks should be sampled by degree or
random edge sampling. However, if the goal is to achieve high quality of
model parameters (i.e., when the proportions of nodes and edges per type
in the training sample are similar to the ones in the whole network), then
balanced networks (i.e., when groups have the same size) must be sampled
by degree, and unbalanced networks by partial crawls. Additionally, we
find that edge density improves accuracy only when networks are close to
neutral (i.e., when they are slightly heterophilic or homophilic) and train-
ing samples are small. These findings suggest that performance and bias in
relational classification can be anticipated and therefore mitigated before
relying on erroneous results. Consequently, this thesis extends the method-
ological toolbox for studying transparency in machine learning models by
proposing a first step towards an interpretable and explainable relational
model.

4. Evaluation benchmarks for network-based ranking: Similar to the
classification problem, ranking algorithms that learn how to rank nodes
merely on network structure also amplify biases found in data. For in-
stance, it has been shown that recommender systems such as Who-to-Follow
[106] tend to increase the popularity of users who are already popular [244].
However, it is unclear how exactly the ranking is affected by the proper-
ties of the network, either individually or in combination. Understanding
these effects is crucial when such algorithms are used in decision making
processes since they could amplify discrimination against under-represented
groups. This motivated me to study when inequality and inequity arise in
PageRank and Who-To-Follow, two well-known network-based ranking and
recommendation algorithms, respectively. Inequality measures the skewness
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of the rank distribution across all individuals, and inequity measures how
much the proportional representation of minorities in top ranks deviates
from a given diversity constraint or quota. Note that this quota is flexible
and can be adjusted depending on the context of the application. In this
study, the diversity quota reflects the representation of minorities in the
whole network. Therefore, if the inequity or deviation is very small, then
the ranking is fair. Depending on the sign of the deviation the ranking
may under-represent or over-represent minorities in top ranks. I also pro-
pose a growth model for directed networks which allows to adjust certain
properties of the network such as homophily, node activity, edge density
and the fraction of minorities. This model generates power-law in-degree
and out-degree distributions, two characteristics found in many social net-
works [201, 255]. By fitting this model to real-world networks I show how
edges are formed and thus explain and quantify the inequality and inequity
that these algorithms produce. Additionally, by using synthetic networks,
I demonstrate that homophily is the main driver of inequity, while inequal-
ity is driven by the interplay between homophily, preferential attachment,
node activity, and edge density. This study shows that although majorities
dominate the general behavior of the network—not only in group size but
also in number of connections—minorities can help to mitigate their under-
representation in top ranks. For instance, if the minority is very small, and
people from the majority connect mostly with each other, then the minor-
ity should also connect with each other to surpass the homophily of the
majority and achieve a fair rank. While this strategy works at reducing
inequity, it may split the network into two isolated groups. To avoid such
a split, a better strategy is to involve both groups, and increase the num-
ber of connections from majority to minority. For individuals, on the other
hand, being more active (i.e., more out-going links), and in general having
more connections, helps reducing the skewness of the ranking distributions.
This work adds to the methodological toolbox for studying transparency in
machine learning models by proposing first steps towards interpretable and
explainable network-based ranking and recommendation algorithms.

5. Code and data: All code used to generate intermediate and final results
and plots for each of these projects are publicly available through GitHub
repositories. I followed best coding practices and used object-oriented pro-
gramming in Python. Code for generating synthetic networks and interme-
diate results is run through multiple parallel batches on the command line,
and code to generate the plots that appear in the final manuscripts is often
instantiated in Jupyter Notebooks: [74], [73], [75], [76].
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6.2. Implications and Applications

The contributions mentioned before have important implications for society as
well as for the design and execution of machine learning methods that rely on
network structure. Some of these are briefly discussed below.

Recommender systems: The purpose of a recommender system is to suggest
relevant items to users. In Chapter 5, I studied PageRank and Who-To-Follow,
two algorithms which have been the core of many recommender systems. PageR-
ank was used to originally rank all web pages in the Web by the Google search
engine. Since its conception it has also been used to rank authors, scientific papers
and baseball players [99]. Who-To-Follow was implemented by Twitter to recom-
mend users new people to follow. These algorithms, however, exacerbate bubble
and popularity effects [64] because the fairness component is often dismissed. In
this thesis, a fair rank is such that its top-k preserves the proportional repre-
sentation of groups in the whole network. Based on this definition, my findings
suggest that the magnitude and direction of bias in top ranks mainly depend on
the level of homophily. Interestingly, this bias is not always against the minority
group, especially in cases such as celebrity-fan or politician-voter where the ma-
jority group has sparse connections among each other, but they mostly connect
to the popular minorities. These results, demonstrate under which conditions
ranking and recommender algorithms may ensure fairness or reinforce inequity
in society. For example, in a citation network where men represent 90% of all
nodes and women only 10%, if men mostly cite other men (i.e., high homophily),
then women will be under-represented in the top of the rank. Conversely, if men
mostly cite women (i.e., high heterophily), then men will be under-represented in
the top of the rank compared to their actual representation in the network. If we
want the rank to be fair, men should be neutral (i.e., equally likely to cite men
or women) and women should not be extremely homophilic. Therefore, based on
these conditions, we can recommend the important missing links that balance the
importance of nodes and groups in the network.

Handling missing values: Often, applied machine learning practitioners are
faced with real-world data that has multiple missing values. Reasons for having
missing data range from corrupted records and outdated datasets to historical bi-
ases. While there are several ways of handling missing values [5, 69, 161], I would
like to focus on the ones using machine learning to predict missing attributes
of individuals. If the data is a social network, and some people are lacking at-
tributes such as gender, my work in Chapter 4 can help to not only infer those
missing attributes, but also to evaluate the results. The evaluation benchmarks
that I propose give the analyst the confidence to trust (or not) the classification
outcomes. For instance, given the homophily of a social network, its fraction of
minorities and the sample size, the analyst can be informed in advanced of the
performance and the direction of bias of the results.
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Interface design: In Chapter 2, I study human navigation on semantic networks.
While I particularly focused on BioPortal, a repository of biomedical ontologies,
the study is suitable for the analysis of human navigation on any network. The
main conditions are that nodes must be non-attributed and people must have
some prior knowledge about the network they are navigating (e.g., they know it
or can see it). In the particular case of digital networks, often they are presented
as tree-like structures including hyper-links to related nodes (e.g., parent and
children nodes). Some platforms offer a search functionality to jump directly to
specific nodes that are not visible in the near neighborhood of the current node.
Therefore, by understanding the dynamics of navigation in such systems, we
could identify signals for possible interfaces adjustments to facilitate navigation
and enhance the user experience. For instance, besides having a visible direct
access to only 1-hop neighbors, an improved interface may show nodes that other
users also visited after visiting the current node. Another potential improvement
is to highlight or show only relevant nodes by feeding the information about
popular visited paths into the fisheye layout [92, 220].

6.3. Limitations and Future Work

Finally, this thesis represents an early attempt to understand and explain the
effects of biased networked data on machine learning outcomes. More work is
necessary to mitigate the harms that machine learning algorithms are causing to
society.

• Generalization of results. First, the empirical findings using real-world
networks in this thesis are not generalizable to all networks. For instance,
the ranking of hypotheses to explain the contact network in Section 3.5.3 is
only valid for this particular network; it does not generalize to all contact
networks in the world. Second, the proposed benchmarks in Chapters 4
and 5 (based on synthetic networks) are generalizable to some extent to
networks that possess certain properties that are frequently observed in so-
cial networks. The main conditions are that such networks must exhibit
preferential attachment (i.e., skewed degree distributions), homophily, and
connections triggered by humans. Nevertheless, the code for all method-
ologies proposed in this thesis is openly available for reproducibility and
reusability. Thus, other types of networks could be used to discover new
knowledge in different domains.

• Multivariate analysis. For simplicity, this thesis focuses on networks
whose nodes possess only a single binary attribute. In the context of classi-
fication (see Chapter 4), this decision was made to facilitate the explanation
of results. Future research should incorporate protected and unprotected
attributes to capture more complex structures in explainable and inter-
pretable relational models. For instance, to investigate the role of protected
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attributes such as gender in the approval of credit loans that are based on
the credit score of friends. This means that, protected and non-protected
attributes should be studied in combination and go beyond the binary do-
main. Similarly, in the context of ranking (see Chapter 5), I also focused on
a single binary attribute to define minority and majority groups. A possible
avenue for future studies should incorporate categorical attributes such as
nationality, social status, and religion. Possible research questions in this
direction include: “What are the structural conditions that all groups in a
network need to fulfill in order to achieve a fair top-k rank?”, and “How do
the different groups of people compete for attention in the top of the rank?”.

• Network structure. In this thesis I mainly focus on four prominent prop-
erties of social networks: preferential attachment, homophily, fraction of
minorities and edge density. In Chapter 4, we see that one real-world
dataset (i.e., GitHub) was not fully captured by the benchmarks. One
explanation is that the synthetic networks were generated with symmetric
homophily (i.e., hmin = hmaj = H), although the real-world networks ex-
hibit asymmetric homophily. While the model fitting was not perfect, the
general behavior was captured and could explain high and low classification
performance given the type of network and sample size. Therefore, future
directions should include asymmetric homophily in undirected networks,
directed networks, and many other properties such as monophily [6] and
triadic closure. Note that in the case of monophily, it could be used as a
network property to control for in the network generation, or in the learn-
ing phase to learn the model parameters. For instance, instead of learning
conditional probabilities using 1-hop neighbors, we could learn them using
2-hops.

• Beyond selected algorithms. Similar to the ranking problem, modeling
and forecasting the spread of infectious diseases or information in social net-
works may suffer from fairness issues. In the context of disease outbreaks,
it has been shown that poverty and social determinants of health create
conditions to further contribute to unequal burdens of morbidity and mor-
tality [206]. However, to the best of my knowledge, most of the algorithms
that have been proposed to model this phenomena [16, 137, 181, 279] ignore
the fairness component. Most spreading processes are optimized to reach
multiple people (or contain a virus) very fast by inferring influential nodes,
also known as “super spreaders”. However, this optimization does not guar-
antee a fair treatment to all groups in a network. In fact, under-represented
groups are often ignored due to the unequal allocation of resources suggested
by these algorithms. Towards this goal, Vijayshankar and Roy [254] analyt-
ically demonstrated the cost of fairness in disease spread control in contact
network models. However, it remains unclear how each mechanism of edge
formation (or in combination) affects the selection of influential nodes, and
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to what extent they contribute to the unequal allocation of resources. I
believe that a systematic study—such as the one I conducted in Chapter 5
to rank people in a network—can answer these questions.

• Adversarial behavior. A valid concern for explainability is that the more
knowledge a person has about the model, the easier it is to attack or trick
the system into making a decision favorable to the adversary [115]. In fact,
in Chapter 5 one of the conclusions is that our results can help to reduce
inequalities without algorithmic intervention by connecting strategically in
the network. This means that, a minority group in disadvantage could
strategically change its behavior to gain more visibility in the rank. What
if this group is an adversarial attacker? In this case, minorities will unfairly
increase their visibility in top ranks at the expense of the majority. For
example, articles from predatory journals trying to appear in top search
results, or bots in social networks trying to trick the recommendation algo-
rithm to appear as friend suggestions. On the other hand, if the adversarial
attacker is the majority group, we can expect more harm in the network
since the minority group will always be in disadvantage. Fortunately, the
machine learning community has already proposed techniques to reduce or
prevent adversarial attacks [21, 63, 184]. However, more work needs to
be done in the context of classification, ranking and recommendation algo-
rithms applied to networked data.

• Computational power. In general, the code generated in this thesis op-
timizes RAM by representing graphs as sparse matrices in Python (e.g.,
scipy.sparse.csr_matrix) for HopRank [74], Janus [73], and [76] to com-
pute PageRank and the Who-To-Follow scores. However, that might not be
enough for very large networks especially for calculating all possible k-hops
in HopRank, since sparsity might be reduced for some k’s. Recall that k
goes from 1 to the diameter of the network. Roughly, I required 1TB of
RAM to allocate 10.175M cells for calculating the k-hops of LOINC, the
largest ontology from our datasets with 101K nodes. In the case of Janus,
as I mentioned in Section 3.6, it outperforms its counterpart QAP thanks
to the sparsity of the networks. However, the local model of Janus could
speed up the computation of posterior probabilities by using parallelization,
similar to [23]. The work on relational classification [75] could also benefit
from the sparsity of networks to not only use less RAM but also to make the
computation of posterior probabilities faster. The current version represents
networks as networkx.Graph and computes the posterior probabilities for
each node sequentially.
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