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Linkless Normal Form for ALC Concepts

Claudia Schon

University of Koblenz-Landau, Germany

Abstract. Knowledge compilation is a common technique for propo-
sitional logic knowledge bases. A given knowledge base is transformed
into a normal form, for which queries can be answered efficiently. This
precompilation step is expensive, but it only has to be performed once.
We apply this technique to concepts defined in the Description Logic
ALC. We introduce a normal form called linkless normal form for ALC
concepts and discuss an efficient satisfiability test for concepts given in
this normal form. Furthermore, we will show how to efficiently calculate
uniform interpolants of precompiled concepts w.r.t. a given signature.

1 Introduction

Knowledge compilation is a technique, which was originally developed for dealing
with the computational intractability of propositional reasoning. It has been used
in various Al systems for compiling knowledge bases offline into systems, that
can be queried more efficiently after this precompilation. An overview about
techniques for propositional knowledge bases is given in [7].

There are several techniques for Description Logics which are related to
knowledge compilation techniques. An overview on precompilation techniques
for Description Logics such as structural subsumption, normalization and ab-
sorption is given in [10]. To perform a subsumption check on two concepts,
structural subsumption algorithms ([2]) transform both concepts into a normal
form and compare the structure of these normal forms. However these algorithms
typically have problems with more expressive Description Logics. Especially gen-
eral negation, which is an important feature in the application of Description
Logics, is a problem for those algorithms. In contrast to structural subsumption
algorithms, our approach is able to handle general negation without problems.
Absorption ([15]) and normalization ([3]) have the aim of increasing the per-
formance of tableau based reasoning procedures. Unlike those approaches, we
extend the use of preprocessing. We suggest to transform the concept into a
normal form called linkless normal form allowing an efficient consistency test,
not requiring a tableau procedure.

With regards to Description Logics, knowledge compilation has firstly been
investigated in [14], where FL concepts are approximated by F L~ concepts.
Recently, [4] introduced a normal form called prime implicate normal form for
ALC concepts which allows for a polynomial subsumption check. So far, however,
prime implicate normal form has not been extended for Thoxes yet. Another ap-
proach to precompile both ALC concepts and Thoxes is presented in [9] and [8].
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There, the result of the precompilation is represented as a graph structure, the so
called linkless graph. Using this linkless graph, certain subsumption queries can
be answered in polynomial time. However a disadvantage of the precompilation
of concepts into linkless graphs is, that the linkless graph provides no possibility
to see the result of the precompilation as a concept. In this paper we remedy
this situation by presenting linkless concepts as the result of the precompilation
process. This makes the whole precompilation process more comprehensible and
makes certain properties of precompiled concepts more obvious.

In this paper we will consider the Description Logic ALC [2] and adopt
the notion of linkless formulas, as it was introduced in [13,12]. Firstly, we are
presenting the basics of the Description Logics ALC and ALE. Then we are
defining some normal forms used to introduce the idea of our precompilation.
Afterwards we will discuss properties of precompiled concepts and introduce
a method to efficiently answer certain subsumption queries using precompiled
concepts. This precompilation is closely related to the precompilation presented
in [9] and [8], where the result of the precompilation is a graph structure, the
so called linkless graph. Further this linkless graph is used to answer queries.
However, there is no possibility to see the result of the precompilation as a
concept. In contrast to that, the result of the precompilation presented in this
paper is a concept. This makes the whole precompilation process much more
comprehensible. Furthermore, presenting the result of the precompilation as a
concept facilitates to see certain properties of precompiled concepts. This makes
it easier to develop an operator to calculate uniform interpolation of precompiled
concepts w.r.t. a given signature.

2 Preliminaries

At first we introduce syntax and semantics of the Description Logics ALE and
ALC ([2]). Complex ALE concepts C' and D are formed from atomic concepts
and atomic roles according to the following syntax rule:

C,D—A|T|L|-A|CND|3R.C |VR.C

where A is an atomic concept and R is an atomic role. ALC has the additional
rules C,D — —=C| C U D. Next we consider the semantics of ALC concepts.
An interpretation Z is a pair (AZ,-), where AZ is a nonempty set which is the
domain of the interpretation and -7 is an interpretation function assigning to each
atomic concept A a set AT C AT and to each atomic role R a binary relation
RT C AT x AT. We extend the interpretation function to complex concepts by
the following inductive definitions:
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I _ AL
17=0
(~O)F = AT\ C*

(cnD) =c*nD*

(CuD)yf =c*ubp*

(3R.C)T = {a € A%| 3b (a,b) € RE Ab e CT}
(VR.C)t = {a € AT| Vb (a,b) € RT — be CT}

A concept C is satisfiable, if there is an interpretation Z with C% # (. We call
such an interpretation a model for C. Further a terminological axiom has the
form C C D or C = D where C, D are concepts and an axiom C C D (C = D)
is satisfied by an interpretation Z, if CZ ¢ D* (C* = D?). A TBox consists
of a finite set of terminological axioms and is called satisfiable, if there is an
interpretation satisfying all its axioms. Given an axiom A C B and a TBox 7
we often want to know if A C B holds w.r.t. 7, which we denote by A C+ B
and call it a query to the TBox 7. Further A C7 B holds, if A C B is true in
all models of 7. Another way to show that A Tz B holds is to show that 7
together with A M —B is unsatisfiable.

In the following, unless stated otherwise, by the term concept, we denote ALC
concepts given in NNF, i.e., negation occurs only in front of concept names. By
concept literal, we denote a concept name or a negated concept name. Further by
literal we denote a concept literal or a role restriction. By concepts occurring on
the topmost level of a concept C' in NNF, we understand each literal occurring
in C, which is not in the scope of a role restriction. A concept C' in NNF is in
disjunctive normal form (DNF), iff C' = (||/_ 1(|_|T:1 L; ;)) where L; ; is a literal.
Note that this definition of DNF only affects the topmost level of a concept. For
example the concept (EM-B)U3IR.(AN (DUE)) is in DNF, even though the
concept in the scope of the existential role restriction does not have a special
structure. Fach concept can be transformed into DNF by transforming it into
NNF and then using distributive as well as DeMorgan’s law.

In the sequel we will analyse conjunctive paths through a concept. Therefore
we give a short definition of a path:

Definition 1. For a given concept C, the set of its paths is defined as follows:
(L)=0

(T) = {0}

(C)={{C}}, if Cis a literal

paths(C1 U Cs) = paths(C1) U paths(Cs)

paths(C1 M C2) = {X UY|X € paths(C1) and Y € paths(Cs)}

For example the concept: C = (3R.(DUE)U-A)MVR.DMNVR.EM B has the two
different paths py = {3R.(DUE),VR.D,VR.E, B} and ps = {-A,VR.D,VR.E, B}.



Linkless Normal Form for ALC Concepts, Fachbereich Informatik Nr. 12/2010

Definition 2. Let C be a concept in NNF. We call concepts B and D conjunc-
tively combined in C, if C has a path which contains both B and D or if C
contains QR.A, Q € {3,V} and B and D are conjunctively combined in A.

3 Normal Forms

In the precompilation introduced in this paper, we will first precompile the
topmost level of a given concept and in the next step, we will recursively perform
the precompilation on subconcepts occurring in the scope of a role restriction. To
ensure that this precompilation preserves equivalence, the concept first has to be
transformed into the so called propagated 3-normal form, which bases on the V-
normal form. The V-normal form and propagated 3-normal form introduced here
are closely related to the normalization rules used in [1] to compute the least
common subsumer of ALE concept descriptions. Another related approach is
the normal form used for the calculation of uniform interpolants in [?]. However
transforming a concept into the normal form used in [?] in general produces a
larger blowup than the precompilation into linkless normal form.

3.1 V-normal form

The V-normal form (V-NF) restricts occurrences of universal role restrictions on
the topmost level of a concept. It exploits the fact that VR.AMVR.B is equivalent
to VR.(AM B) and demands all conjunctively combined occurrences of universal
role restrictions w.r.t. the same role to be summarized.

Definition 3. A concept is in V-normal form (V-NF), if it is in NNF and the
topmost level of the concept does not contain conjunctively combined VR.B1 and

VR.B.
For example the concept
C=3R.(BUE)NYR-BMN(EUDUVYR.F) (1)

is not in V-NF, since the two universal role restrictions VR.—B and VR.F are
conjunctively combined.

Theorem 1. For every concept there is an equivalent concept which is in V-NF.

Proof. A concept C can be transformed into an equivalent concept C’ in V-NF
by first transforming it into NNF and then using the following algorithm:

1. If C doesn’t contain any role restrictions, then ¢’ = C.
2. If C contains conjunctively combined universal role restrictions VR.B; and
VR.B; at the topmost level:
— transform C into DNF and
— use commutativity together with the rule VR.BiMVR.By = VR.(B1MBs).
O
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Concept C from (1) can be transformed into V-NF by first transforming C
into DNF and then combining all conjunctively combined universal role restric-
tions referring to the same role. The resulting concept is:

(3R.(BUE)NVR.-BMNE)U(3R.(BUE)NVR.-BMD)U(IR.(BUE)VR.(~BMNF))
(2)
However going the whole way to DNF results in a concept, which is larger than
necessary. It is possible to create a more succinct version of the V-NF of a concept
by expanding the concept only as far as necessary. Where necessary means,
that C is gradually expanded only until the V-NF is reached. For the concept
considered above, it is possible to calculate a more succinct V-NF which is:

3R.(BUE)N ((VR-BMN(EUD))UVYR.(~BMF)) (3)

3.2 d-normal form

Next we introduce the 3—normal form which imposes some restrictions on the
occurrences of existentially quantified role restrictions on the topmost level of a
concept.

Definition 4. A concept C is in I-normal form (3-NF), if C is in V-NF and
further each AR.B occurring on the topmost level of C is conjunctively combined
with at most one role restriction of the form VR.A.

Note that Definition 4 restricts occurrences of AR.A in C. This means that
for example the concept D = (A3R.BNVR.(EUF))U(IR.BNVYR.—E) is in 3-NF,
because the claimed condition holds for each occurrence of 3R.B in D.

Theorem 2. For every concept there is an equivalent concept which is in 3-NF.

The 3-NF of a concept can be calculated by an algorithm which is similar to
the one given in the proof of Theorem 1. As in the case of the V-NF this can lead
to an 3-NF, which is larger than necessary. However by partially expanding the
concept only as far as necessary it is possible to produce a more succinct 3-NF.
The 3-NF for concept C given in (3) is:

(3R.(BUE)NVYR~-BMN(EUD))U (IR(BUE)NYR.(-BMNF)) (4)

With the help of the following lemma, we are able to combine existential and
universal role restrictions occurring in a concept.

Lemma 1. For ALC concepts A, B holds: 3R.ANVR.B =3R.(ANB)MNVR.B

Definition 5. Let C be a concept in 3-NF. The result of applying Lemma 1 to
all existential role restrictions occurring on the topmost level of C, which are
conjunctively combined with a universal role restriction is called the propagated
3-NF of C. Further C is in complete propagated 3-NF, if C' is in propagated
3-NF and for all QR.B occurring in C, Q € {3,V}, B is in complete propagated
3-NF as well.
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For every concept in 3-NF there is an equivalent concept in propagated 3-NF.
The result of this is called the propagated 3-NF for C. The propagated 3-NF of
concept given in (4) is:

(3R.(BUE)N=B)MVR.~BM(EUD))U(3R.(BUE)N-BMNF)NVYR.(-BMNF))
(5)

Now we are able to give details on the way, a concept can be precompiled.

4 Linkless Concepts

The core of our precompilation technique is the removal of so called links ([13]).
Intuitively a link is a contradictory part of a concept, which can be removed
from the concept preserving equivalence.

Definition 6. For a given concept C' a link is a set of two complementary con-
cept literals occurring in a path of C. A concept C is called top-level linkless, if
C is in NNF and there is no path in C which contains a link.

The idea of links was first introduced for propositional logic formulas. If a formula
contains a link, this means that the formula has a contradictory part. Further
if all paths of a formula contain a link, the formula is unsatisfiable. The special
structure of linkless formulas i.e. formulas without links in propositional logic
allows us to decide satisfiability in constant time and it is possible to enumerate
models very efficiently. One possibility to remove links from a formula is to use
path dissolution [13]. The idea of this algorithm is to eliminate paths containing a
link. The result of removing all links from a propositional logic formula F' is called
full dissolvent of F'. Further path dissolution simplifies away all occurrences of
true and false in a formula.

Path dissolution can be used for Description Logics as well. We use a bijection
between concepts and propositional logic formulas. This bijection, called prop,
maps each concept name A to a propositional logic variable a, further M (L) to
A (V), T (L) to true (false) and QR.C to a propositional logic variable Q_r_c
with Q € {3,V}. In the worst case, the removal of links can cause an exponential
blowup.

Definition 7. Let C be a concept mapped to prop(C). Then fulldissolvent(C') is
the concept obtained by mapping the full dissolvent of prop(C) back to a concept

using prop~'.

Note that if prop(C) is unsatisfiable, fulldissolvent(C) = L.
Theorem 3. Let C be a concept. Then fulldissolvent(C) = C.

Theorem 3 follows from the fact [Murray & Rosenthal 93], that path dissolution
preserves equivalence in the propositional case.

In general, a path p is inconsistent, if the conjunction of its elements is
inconsistent. For a concept given in propagated 3-NF, a path p is inconsistent,
iff p contains a link or p contains R.A for which the concept A is inconsistent.
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The aim is now, to develop a normal form for concepts, which has the same
nice properties as the linkless normal form for propositional logic formulas. The
idea of this normal form is to remove links from a concept not only from the
topmost level of the concept but from all levels of the concept.

For our precompilation we claim the input concept to be in propagated 3-
NF and in the first step of our precompilation, we remove all links from the
concept. The concept resulting from this step can still be inconsistent. Take
JR.(-BMB)MVYR.B as an example. Therefore, in the second step of the precom-
pilation we precompile all subconcepts occurring in the scope of an existential
role restriction. Further we precompile all subconcepts occurring in the scope of
an universal role restriction. This last step is necessary when we want to answer
queries. Asking queries can introduce new existential role restrictions, which we
need to be able to combine with universal role restrictions occurring in the pre-
compiled concept very efficiently during querytime. Therefore it is advantageous
to have precompiled versions of concepts occurring in the scope of universal role
restrictions.

The result of the precompilation is defined in the next definition.

Definition 8. A concept C' is in linkless normal form (linkless NF), if it is in
propagated 3-NF, top-level linkless and for all QR.B occurring in C, B is in
linkless NF and further C' is simplified according Fig. 1.

TNnD=D TuD=T 1lnmD=1 lubD=D JR.1L =1

Fig. 1. Simplifications

A concept, which is given in linkless NF is also called linkless.
The following algorithm calculates the linkless NF for a given concept:

Algorithm 4 Let C be a concept in NNF. The concept linkless(C) can be cal-
culated as follows:

1. Transform C into complete propagated 3-NF.

2. Substitute C' by fulldissolvent(C').

8. For all role restrictions QR.B on the topmost level of C, replace B
by linkless(B) and simplify the result according to Fig. 1.

Note that the precompilation, i.e. the application of algorithm 4 preserves equiva-
lence. Performing the simplifications of Fig. 1 during the precompilation ensures,
that a linkless concept can only be inconsistent, if it is L. Dissolution only re-
moves inconsistent paths from the concept. It does not introduce new paths.
Hence all levels of a linkless concept are in propagated 3-NF. The linkless NF of
the example concept C', which is given in propagated 3-NF at the end of Section
3.2 is:

(3R(EM=B)NYR~-BMN(EUD))U(IR(EN-BMNF)NYR(-BNF)) (6)
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5 Properties of Linkless Concepts

We now analyse different properties of linkless concepts in order to clarify the
benefits of the linkless NF for concepts. We first take a look at closure properties,
then consider consistency, next take a look at query answering and in the end
concentrate on uniform interpolation.

5.1 Closure Properties

For query answering it is interesting to analyse closure properties of linkless
concepts. From the structure of linkless concepts follows the next theorem:

Theorem 5. Let C7 and Cy be linkless concepts. Then Cy U Co, VR.C7 and
JR.C1 are linkless as well.

It is easy to see that linkless concepts are not closed under negation, since the
negation of a linkless concept generally is not in NNF. Further linkless concepts
are not closed under conjunction. Take the linkless concepts A and —A as an
example: A —A is not linkless.

5.2 Consistency

Due to the fact, that the simplifications of Fig. 1 are preformed during the
precompilation, the following theorem holds.

Theorem 6. Let C be a linkless concept. Then C can only be inconsistent, if it
15 L.
Therefore the consistency of linkless concepts can be tested in constant time.

Proof. Let C be a linkless concept. We prove Theorem 6 by induction on the
nesting depth of roles in C.

Induction basis: C' does not contain any roles. Since C' is linkless, C' is sim-
plified according to Fig. 1. Therefore the assertion holds.

Induction hypothesis: For linkless concepts C' with a maximal nesting depth
n of roles holds: C' is unsatisfiable, iff C' = L. This means that for n > 0 C' is
satisfiable.

Induction step: Let C be linkless and n + 1 its nesting depth of roles. We have
to show that C' must be satisfiable. We assume C' to be unsatisfiable. Since C is
in NNF this means that, all paths in C must be inconsistent. In general there
are three reasons for a path p to be inconsistent:

1. p contains a link:
However since C' is linkless, this is not possible.

10
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2. p contains dR.A and VR.B with A B unsatisfiable:
Since C is linkless and therefore in propagated 3-NF, it follows that A has to
be unsatisfiable. Further A has to be linkless. Moreover the maximal nesting
depth of roles in A is n. From the induction hypothesis follows, that A = 1.
However this is not possible, because a linkless concept C does not contain
occurrences of IR. 1, since C is simplified according Fig. 1.

3. p contains |:
Since C'is simplified according to Fig. 1, this means that path p only contains
1 and nothing else. However this is a contradiction to the assumption that
C has a nesting depth of roles greater than 0.

Since none of the reasons for a path to be inconsistent is possible, it follows that
C has to have satisfiable paths and hence is satisfiable. a

5.3 Tractable Query Answering

Given a linkless concept C subsumption queries = C' T E can be answered
in linear time, if F has a certain structure. In general, a subsumption C' C FE
holds, iff C' M —F is unsatisfiable. In order to save clerical work, we consider
subsumption queries C' T =D which hold iff C' M D is unsatisfiable. The next
definition specifies, for which concepts D this property holds.

Definition 9. A consistent ALE concept D is called a query concept, if D is in
complete propagated 3-NF and for all QR.B occurring in D, B is consistent.

This definition shows, that query concepts have to be transformed. Even though
the precompilation of the query has to be done during query-time, this is not
too harmful, because it is reasonable to expect the query to be rather small. In
the following we understand an ALE concept to be the set of its conjuncts.

Given a linkless concept C, in order to find out whether a subsumption query
C C =D holds, we have to check the satisfiability of C'™ D. However linkless
concepts are not closed under conjunction. So the concept C M D doesn’t need
to be linkless. Therefore we have to define an operator, which allows us to con-
junctively combine the linkless concept C' with the query concept D resulting
in a linkless concept. The operator used here is an enhancement of the condi-
tioning operator introduced in [5] for propositional logic formulas. Intuitively,
conditioning a linkless concept C' by a query concept D means, that we assume
D to be true and simplify C according to this assumption.

Definition 10. Let C be a linkless concept and D be an query concept. Then C
conditioned with D, denoted by C|D, is defined as:

1. If C is a concept literal:
T,ifCeD
ClD=«¢ 1,ifCeD

C, otherwise

11
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2. If C' has the form Cy M Csy:
1, if C1]D =1 or Co|D = L
C|D ={ Cy|D, ifCyD =T, (i,j € {1,2},i # j)
Cy|D N Cy|D, otherwise
8. If C has the form Cy U Cs:
T, ifC|lD=T orCo|D=T
C|D =1 Cy|D, if C;|D =1, (1,5 € {1,2},i # j)
C1|D U Cs|D, otherwise
4. If C has the form VR.E:
41, if AR.B’ € D with E|B' = L.
C|D =< VR.(E|B), if VR.B € D and there is no 3R.B' € D with E|B’' = L.
VR.E, if VR.B ¢ D and there is no 3R.B' € D with E|B' = L.
5. If C has the form 3R.E:
1, ifVR.B€ D and E|B = L.
C|D =< 3R.(E|B), if VR.B€ D and E|B # L.
JR.E, otherwise

Conditioning a concept C' by a query concept D can be done in time linear
to the size of C.

Lemma 2. Let C be a linkless concept and D a query concept. Then C|DND =
cnb.

Proof. We prove this by induction on the structure of concept C:
Induction basis: C' is a concept literal.

a.) CeD:

Then C|D N D "% TN D = D. Further CM D = D, because C' € D.
b.) C € D:

Then C|DM D "=" 1 N D= L. Further CM D = L, because C € D.
c.) C¢ D andC ¢ D:

Then C|DN D =" CND.

Induction hypothesis: For linkless concepts C7, Cs, holds for all query concepts
D: C;|DND = C;nD (i € {1,2}). In the following = means, that this equality
follows from the induction hypothesis.

Induction step: We now have to show, that the assertion holds for the linkless
concepts C1 M Cs, C; UCo, VR.Cy and 3R.C1.

1) C=C1NCy
a.) Ci|D = L or C3|D = L. W.lo.g. let Ci|D = L. Then C1|DN D =
1N D= 1. Further C;/DND=C,ND= 1.

12
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Then

ClDND =" 1nD
=1
=1MnaC,
= (C11D)NCy
=CnD

The case C2|D = L is in the same manner.
b.) C1|D =T or C3|D = T. W.lo.g. let C;|D = T. Then

C|DND"=" Cy|/DN D
=C,ND
=(TnD)n(CynD)
= (C1/DN D) M (Cy 1 D)
= (C,MD)N(CyN D)
=(Ci1NCy) D
=CnDbD

The case C2|D = T is in the same manner.
c.) Otherwise:

C|DND =" C,|DNCy|DN D
= (C1|DMN D) M (Cy|D N D)
= (C, 1 D)N(CyMN D)
=(CynCy)ND
=CnD

2) C=C1uUCy

a.) C1|D = T or Cy|D = T. W.lo.g. let C1|D = T. Then C|D N D "="
T M D= D. Further

cnD=(CiucCy)nD
=(CiND)u(Cen D)
= (C1/DND)U(CyN1 D)
=(TNDU(CynD)
=D U (CoN D)

=D

The case Co|D = T is in the same manner.

13
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b.) C1|D = L or Co|D = L. W.lo.g. let C1|D = L. Then C|D M D "="
Cy|D N D = Cy 1 D. Further

cCnbD=(C,UC)ND

= (C,ND)U(Cyn D)
Ci|DND)U(CyN D)
=(LND)u(Cen D)
=1U(CynD)
=CyMD

(
IH(

The case C2|D = L is in the same manner.
c.) Otherwise:

C|DND =" (C1|DUCy| D) D

= (C1|D N D) U (Co|D 1 D)

= (C,ND)uU(Cyn D)

=CnDb

3.) C =VYR.C}
a.) Let Dbe DyN...ND,_yN3IRB' ND;MN...MND, with C4|B" = L.

According to the induction hypothesis, C41|B'M B’ =C, N B = L.
Then C|DM D "=" LMD = L. Further

CND=VRC,NDMN...ND;_yN3RB ND;;yMN...MD,
=3R(B'MCy)NYR.C,MDyM...MD; 1M D;y1M...T1D,
Z3R.INVYR.C,NDN...MD;_yMN D N...ND,
=1

b.) Let further D be D1M...MD;_1 MYR.BMND;41M...MD, and there is
no 3R.B’ € D, with C1|B’ = L. Then

C|DND "= VR.C,|BND
=VR.C,|BMND;N...ND; 1 NYR.BMN D1 M...ND,
=VR.(C1|BNB)ND
ZVR.(C,NB)ND

Further

CnD EYVYR.C;ND
=VR.CyMDyMN...ND; 1 MYRBMND;;1M...MD,
=VR.(C:B)ND
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c.) There is no VR.B in D and there is no 3R.B’ in D with Cy|B’ = L.

Then C|DMN D =" VYR.C, D =CnD.
4) C =3R.C:
a.) Let Dbe DiM...MD;_1MVYR.BMD;41iM...MD, and C;|B = L. Then

C|DND =" 1N D = 1 and further

CND=3RC,NDyMN...ND;_yNVYR.BMND; 1 MN...ND,
=3JR.(C;NB)ND
=3R.(C,|BNB)ND
=3JR.(LNB)ND
=3R.1ND
=1

b) Let D be D1|_|. . ~HD7L71 HVR.BHDi+1ir|. . .HDn and Cl‘B # 1. Then

C|DND "= 3R.C,[BND,M...ND;_yNMYR.BMN D 1iM...MD,
=3R.(C1|BN B)N D
=3R.(C;NB)ND
=CnD

¢.) Otherwise: C|DMN D "= 3R.C, M D =CND.
O

Lemma 3. Let Cy and Cy be linkless concepts with Cy E Cy and D be a query
concept. Then C1|D C Cy|D.

Proof. We prove this by induction on the structure of concept Cs. In the follow-
ing we assume C7 # 1. It’s save to make this assumption, because for C; = L,
C1|D = L|D = L C Cs|D holds, irrespective of Cs.

Induction basis: Cy is a concept literal. Then Cy T Cy implies C; = Cs and
further C|D = C3|D which implies C1|D C Cs|D.

Induction hypothesis: The assertion holds for linkless concepts By and Bs.

Induction step: We now have to show, that the assertion holds for linkless con-
cepts Bl 1 BQ, B1 (] BQ, VRBl and E'RBl

].) Cg = Bl 1 BQ
Since C7 C Cy = B; M By, it also has to hold that C; T By and C; C
Bsy. According to the induction hypothesis, this implies Cy|D C By|D and
C1|D C By|D.
a.) Bi|D = L or By|D = L. W.lo.g let By|D = L. Then Cy|D "=" 1.
According to the induction hypothesis, C;|D C By|D = L which implies
C1|D = L. This leads to L = C1|D C C|D = L. The case By|D = L is
in the same manner.
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b.) Bi|D =T or By|D = T. W.lo.g let B;|D = T. Then Cy|D "="" By|D.
This leads to C1|D C B2|D = Cs|D. The case Ba|D = T is in the same
manner.

c.) Otherwise:

Then Co|D = B;1|D M By|D. According to the induction hypothesis,
both C1|D C Bi|D and C1|D T Bs|D hold, which implies C1|D C
B1|D N By|D = Cy|D.

Cy =By UBy

Since C; C Cy = By U By, it also has to hold that C; C By or C; C Bs.

W.lo.g. we assume C; T Bj. According to the induction hypothesis, this

implies C1|D C By|D.

a.) Bi|D = T or By|D = T. W.lo.g let By|D = T. Then Cy|D "=" T.
This leads to C1|D T T = Cs|D. The case By|D = T is in the same
manner.

b.) (i) Let Bi|D = L. Since C1|D C B4|D, it follows that C1|D = L. This

leads to C1|D = L T Cyq|D.
(i) Let Ba|D = L. Then Co|D "=" By|D, which leads to Cy|D C
Bi|D = Cs|D.

c.) Otherwise:

CQ|D = Bl|D [ BQ‘D Further Cl|D E Bl‘D E Bl|D L BQ|D = CQ|D

The case C7 C By is in the same manner.

Cy =VR.B;.

Since Cy C Cy = VR.B;y and (] is linkless, every path in C; has to contain

a concept of the form VR.B¢, with B, T By. According to the induction

hypothesis, Be, |D £ B;|D holds for all query concepts D.

a.) Let 3R.Bp € D with By|Bp = L. Since every path of Cy contains a
concept of the form VR.Be, with Be, C By, it follows that Be, |Bp C
B;|Bp = L and further Be, |Bp = L. This means, that every path of
C1|D contains L which leads to Cy|D = L. Further Cy|D "="" L and
Ci|D=1C 1L =0CyD.

b.) Let VR.Bp € D and there is no 3R.B;, € D with B;|B}, = L. As
mentioned above, every path in C has to contain a concept of the form
VR.Bc, with Be, C Bj. This means that concept C; can be every
linkless concept which can be constructed by the following syntax rule

iy — VR.BCl|Cl [ E|Cl ucCh

Where E and B¢, are arbitrary linkless concepts with B, © By. We
have to show that the assertion holds by a separate induction on the
structure of Cy:

Induction basis: C1 = VR.Be,. Then C1|D = VR.B¢,|D = VR.(B¢, |Bp) C
VR.(B1|B) = Cs|D.

Induction hypothesis: The assertion holds for C] and C{ which can be
constructed according to the above mentioned syntax rule.

Induction step: We have to show that the assertion also holds for linkless
Ci{ME and CyUCY.
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i. C; = C]{ M E. According to the induction hypothesis C1|D C Cq|D.
A. C||D= L or E|D= 1. Then Cy|D "=" L C Cy|D.
B. E|D = T. Then C1|D "*=" C}|D C Cy|D.
C. Cf|D = T. Since T = C{|D C Cs|D holds according to the
induction hypothesis, C3|D must be T and therefore C1|D C
Csy|D.
D. C{|D # T, C{|D # L, E|D # T and E|D # _L: This leads to
C1|D =C{|DNE|D C Cq|D.
ii. C; =C{UCY. According to the induction hypothesis C{|D E Cy|D
and CY'|D C Cq|D.
A. C{ID=TorC{|D=T (W.lo.g.C{|D = T):Since T = C{|D C
C5| D holds according to the induction hypothesis, Co|D must be
T and this implies C1|D C Csq|D.
B. C{|D = Lor C{|D = L (Wlo.g. C{|D = 1): Then C1|D =
C{|D C Cq|D
C.C{ID#T,Ci{D#L1,C{|D# T and C{|D # L: This leads to
Cy|D =C{|DUCY|D C Cq|D.
c.) Otherwise: Then C3|D = VR.B;. A similar induction as in case b.) proves
this case.
02 = HR.Bll
Since C C Cy = dR.B; and (] is linkless, every path in C; has to contain
a concept of the form 3R.B¢, with Be, T B;. According to the induction
hypothesis, Bo,|D C Bi|D holds for all query concepts D. In this case
concept C7 can be every linkless concept which constructed by the following
syntax rule
Cl — 3]%.301 |Cl M E|Cl U Cl

Where E and B, are arbitrary linkless concepts with Be, T Bj.

a.) VR.Bp € D with B;|Bp = L. Since every path of C; contains a concept
of the form dR.B¢, with Be, C By, it follows from the induction hy-
pothesis that B¢, |Bp C B1|Bp = L which implies Bg, |Bp = L. This
means, that every path of C1|D contains | which leads to C1|D = L.
Further Cy|D "=" L and C1|D = L C L = Cy|D.

b.) Let VR.Bp € D and B;|Bp # L. As mentioned above, every path in
(1 has to contain a concept of the form IR.B¢, with Bo, C By. In this
case, concept C7 can be every linkless concept which can be constructed
by the following syntax rule

Cl — HR.BCI|01 [l E|Cl (] Cl

Where E and Be, are arbitrary linkless concepts with Bo, T By. We
have to show that the assertion holds by a separate induction on the
structure of Cy:

Induction basis: C1 = 3R.B¢,. Then C1|D = (3R.B¢, )|D = 3R.(Bc¢, |Bp) C
JR.(B1|Bp) = Cs|D.
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c.) Otherwise: Then Co|D = JR.B;. An induction similar to the one given
in 4.) b.) proves this case.
O

Lemma 4. Let C be a linkless concept and D be a query concept. Then C|D is
satisfiable, iff C M D is satisfiable. Furthermore C|D is linkless.

Proof. The satisfiability of C'M D implies the satisfiability of C|D by Lemma
2. We show the other direction and the linkless property by induction on the
structure of concept C'

Induction basis: C' is a concept literal.

1.) Ce€D:
Then C|D = T, which is satisfiable. Then C M D is be satisfiable as well.
Besides this C|D = T is linkless.

2.) CeD:
Then C|D = 1L = CMN D. Furthermore L is linkless.

3.) C¢DandC ¢ D:
Then C|D = C, which is satisfiable. Further C' M D is be satisfiable, since
D is satisfiable by definition and C' is a concept literal not occurring in D.
Besides this C' is linkless.

Induction hypothesis: For linkless concepts C7, Co and all query concepts D
holds: If C;|D is satisfiable, C; M D is satisfiable as well and C;|D is linkless
(1 € {1,2}).

Induction step: We have to show, that the assertion holds for linkless concepts
CiMNCy, C; UCy, VR.Cq and IR.CY.

1.) C =CyNCy, C linkless:

(a) C1|D =L or Co|D = L. W.lo.g. C4|D = L:
Then C|D = 1 which is unsatisfiable and linkless. Furthermore, accord-
ing to the induction hypothesis, C; M D has to be unsatisfiable. This also
implies the unsatisfiability of CM1 D = C; M Ce M D.

(b) C1|D =T or C3|D =T. W.lo.g. C1|D =T.
According to the induction hypothesis C; M D is satisfiable.
Then C|D PeL 1o Cs| D, which according to the induction hypothesis, is
satisfiable if Cy M D is satisfiable.
Further, CMD = (C1 M Cy) M D =CyMDMNCy. Since C = C, M Cy is
linkless, Cy MCy is satisfiable. Further C'; M D is satisfiable. Since C MCy
is linkless, it is not possible that a contradiction in C; M CyM D is caused
by all three conjuncts. This is ensured, because C1 M5 is in propagated
J-NF. Therefore Cy M D M C5 is satisfiable, iff Cy M D is satisfiable.
Furthermore, according to the induction hypothesis, C|D = Cs|D is
linkless.
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()

C;|D # L and C;|D # T for i € {1,2}:

Then C|D = C{|D N Cq|D. If C|D is satisfiable, both C;|D have to
be satisfiable. According to the induction hypothesis, this implies the
satisfiability off C; M D (i € {1,2}).

Further CMD = (Cl 1 CQ) nD= (Cl |_|D) M (CQ Il D) Since Cl, CQ, D,
C1NCy, C1MD and Cy M D are all satisfiable, C; M Cy M D is satisfiable
as well. This is the case, because C7 M C5 is linkless and therefore it is
not possible that a contradiction in C; M Cy M D is caused by all three
conjuncts. This is ensured, because Cy M Cy is in propagated 3-NF.

In addition to that C|D = C1|D M Cs|D is linkless. This is the case,
since C7 M Cs is linkless and the conditioning with D does not introduce
links. Further we have to show that Cy|D M Cs|D is in propagated 3-NF.
Conditioning with D does not introduce any universally quantified roles
and therefore C1|D M Cy|D is in V-NF and 3-NF. We still have to show,
that C1|DMCs|D is in propagated 3-NF'. Let’s assume that, w.l.o.g. 3R.A
occurs in (7 and VR.B in Cs. Since C1 M5 is linkless, A = AM B has to
hold, which means A C B. It follows from Lemma 2, that A|D C B|D
and therefore C;|D M Cq|D = C|D is in propagated 3-NF.

2) C=CyUCs

(a)

Ci|D=Tor Cs|D=T.W.log Ci|D=T.

Then C|D = (C; U Cy)|D "=" T is satisfiable and linkless. According
to the induction hypothesis C7 M D is satisfiable, which implies C D =
(CLUCy)ND = (CyND)U(CyMN D) to be satisfiable as well.

C1|D =1 or 02|D = 1. WlOg 01|D = 1.

Then C|D =" Cy|D. If C|D = Cy|D is satisfiable, Cy M D has to
be satisfiable as well, according to the induction hypothesis. Further
CND = (C1uCy)ND = (C;ND)U(CyMD). Since C1MD is unsatisfiable
according to the induction hypothesis, C' I D is satisfiable, iff C5 M D is
satisfiable.

In addition to that, C|D = C3|D is linkless according to the induction
hypothesis.

C;|D # T and C;|D # L for i € {1,2}.

Then C|D "=" C,|D U Cy|D, which is satisfiable, iff Cy|D or Cy|D
is satisfiable. W.l.o.g. let C1|D be satisfiable. By induction hypothesis,
this implies the satisfiability of Cy M D, which leads to the satisfiability
of CMD=(C,uCy)ND=(C;yND)U(Can D).

Furthermore both C'1|D and Cs|D are linkless according to the induction
hypothesis. Hence C|D = C;|D U Cy|D is linkless as well.

3.) C =VYR.C,
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(a)

Let D be D1 |_|D2|_|. . -|_|Di—1 |_|E|R.B/|_|Di+1 .. .ﬂDn with 01|B/ = 1.
Then C|D "*=" 1 which is unsatisfiable and linkless. Further

CnND=VYRC,ND
=VR.CiMDiNDyN...MD;_1MN3IR.B' MND;1MN...ND,
=3R.(Ci1NMB)MVYR.C1M DM DyMN...ND; 1M Dy T...11D,

Z3R.1LNVYRC,MD NDyM...ND;_y M Dy M...ND,
=1

which is unsatisfiable as well.

Let Dbe DM DyM...MD;_1MVYR.BMD;y1M...MD, and there is no
JR.B’' in D with C4|B’ = L.

Then C|D "*=" VR.(Cy|B) which is satisfiable and according to the
induction hypothesis is linkless. Further

CnbD=VYR.C,ND
ZVR.CllemDQH...HDifll_lvR.Bl_lDi+1m...l_an
=VR.(C:B)ND

which is satisfiable, since we claimed that there is no IR.B’ in D with
Cy|B' = 1.

VR.B ¢ D and there is no 3R.B’ in D with C1|B’ = L.

Then C|D "*=' VR.Cy, which is satisfiable and according to the in-
duction hypothesis is linkless. Further C' 1D = VR.C; M D has to be
satisfiable, since D is a query concept and for all existential role restric-
tion 3R.B; in D holds C;|B; # L which implies the satisfiability of
C, N B;.

4) C =3R.C4

(a)

Let D be D1 |_|D2|_|...|_|Di_1 HVR.BHDH_l M. ..ﬂDn and 01|B =1.
Since D is a query concept, it is ensured that no D;, j € {1,...,i—1,i+
1,...,n} has the form VR.B'.

From the induction hypothesis follows, that C; M B is unsatisfiable. Fur-

ther C|D "=" L, which is unsatisfiable.
Then

CND=3RC,ND,NDyM...MD;_1 NMYR.BMND; 1 M...MD,
=3R(CiNB)NDiMNDsM...MD;_1 NYR.BMND; 1 M...MND,

Z3R.1ND
=1

which is not satisfiable.

Further C|D = 1 is linkless.

Let VR.B € D and C1|B # L.

Then C|D "=' 3R.(Cy|B) is satisfiable. Further it follows from the
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induction hypothesis, that Cy M B is satisfiable.

Let D be D1 |_|D2|_|...|_|Di_1 HVR.BHDH_l |_|---|_|Dn- Since D is a
query concept, it is ensured that no Dj, j € {1,...,i—1,i+1,...,n}
has the form VR.B’.Then

CnD=3RC,ND
=3R.C,ND;MNDyN...ND;_1 MVYR.BMN D41 M...MND,
=3R.(C; N B)ND

Since both C; M B and D are satisfiable and further VR.B’ ¢ D for all
B’ # B, it follows that C'M D is satisfiable.
From the induction hypothesis follows, that Ci|B is linkless. Hence
C|D = 3R.(C1|B) is linkless as well.

(¢c) Let VR.B ¢ D.
Then C|D "*=" 3R.C}, which is satisfiable, iff C} is satisfiable.
Further C M D = JR.Cy; M D is satisfiable, iff C'; is satisfiable. This
follows from the fact that the query concept D is satisfiable and further
VR.B ¢ D.
In addition to that, C|D = 3R.C is linkless, because C; is linkless
according to the induction hypothesis.

The next theorem follows directly from Lemma 4. It shows how to use the
conditioning operator for an efficient subsumption check.

Theorem 7. Let C be a linkless concept and D be a query concept. Then C T
=D holds, iff C|D is unsatisfiable.

Corollary 1. Let C be a linkless concept and D be a query concept. Then it can
be decided in linear time, if C T —D holds.

Corollary 1 is a direct consequence of Theorem 7 and the fact that conditioning
can be performed in linear time. On page 7 in Section 4, our example concept C' is
given in linkless NF. We now want to check, if the subsumption = C C EU3R.F
holds. Negating the right side of the subsumption, leads to the query concept
-FE MVR.-F. With the help of Definition 10, we can calculate the result of
conditioning C by the query concept: C|-EMNYR.—~F = 3R.(EM—-B)NVR.~BMND.
Since this concept is satisfiable, the subsumption = C' T FU3R.F does not hold.

5.4 Uniform Interpolation

Another interesting transformation for precompiled theories mentioned in [6]
is uniform interpolation. With regard to ontologies, uniform interpolation has
many applications ([11]) e.g. re-use of ontologies, predicate hiding and ontology
versioning. Intuitively, the uniform interpolant of a concept C w.r.t. a set of
atomic concept symbols @ is the concept D, which does not contain any atomic
symbols from @ and is indistinguishable from C' regarding the consequences that
do not use symbols from @. So the idea of uniform interpolation is to forget all
symbols given in @ without changing the meaning of C.
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Definition 11. Let C be a concept and @ a set of atomic concept symbols. Then
the concept D 1is called uniform interpolant of C' w.r.t. @ or short ®-interpolant

of C, iff the following conditions hold:

— D contains only atomic concept symbols which occur in C but not in P.

- ECCD.

— For all concepts E not containing symbols from @ holds: = C T E iff E
DCE.

We will now present an operator, to compute the uniform interpolant of a linkless
concept w.r.t. a set of concept symbols.

Definition 12. Let C be a linkless concept and ® be a set of atomic concept
symbols. Then UI(C,®) is the concept obtained by substituting each occurrence
of A and =A in C by T, iff A€ .

From the way UI(C,®) is constructed, the following lemma is obvious:

Lemma 5. Let C and @ be defined as in the previous definition and Cy and Cs
be linkless concepts. Then

1. If C does not contain any symbols from @, then C = UI(C, D).
2. UI(C, © Cy,®) = UI(C1,P) © UI(Cy,P) with ©® € {N, U}
3. UI(QR.C,®) = QR.UI(C, D), for Q € {3,V}

Lemma 6. Let C be a concept and @ be a set of atomic concept symbols, such
that UI(C,®) is defined. Then holds: C is satisfiable, iff UI(C,®) is satisfiable.

Proof. We assume that C' is satisfiable. Then there has to be a consistent path
in C. During the construction of UI(C,®), the only thing that is done are sub-
stitutions by T. This can never make a consistent path inconsistent. Therefore
there has to be a consistent path in UI(C,®) as well, which makes UI(C,®)
satisfiable.

We show the other direction of the equivalence by contraposition: We assume
that C' is unsatisfiable. Since C' is linkless, the only way that C' is unsatisfiable is
that C' = L. Therefore UI(C,®) = UI(L,®P) = L for all &, which is unsatisfiable.

The next theorem states that the uniform interpolant of a linkless concept
w.r.t. a set of concept symbols can be calculated efficiently.

Theorem 8. Let C be a linkless concept and @ a set of atomic concept symbols.
Then holds:

1. UI(C,®) is the P-interpolant of C,
2. UI(C,®) can be calculated in time linear to the size of C' and
3. if UI(C,®) is simplified according to Fig. 1, then UI(C,®) is linkless.

The second and the third assertion of Theorem 8 follows directly from the
way, UI(C,®) is constructed.
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Proof. (of the first assertion of Theorem 8) In order to show that UI(C,®) is
the @-interpolant of C, we have to show that UI(C,®) has the three properties
given in definition 11.

— The property, that UI(C, ®) contains only atomic concept symbols which oc-
cur in C but not in @ follows directly from the way, UI(C, ®) is constructed.

— The property, that = C C UI(C, $) means, that C M —UI(C,P) is unsatis-
fiable, which follows directly from Lemma 6.

— The third property is that, for all concepts F not containing symbols from
& holds: = C C E, iff = UI(C,®) C E. We prove this by showing that for
all concepts E, C'M—FE is unsatisfiable iff UI(C,®) N —FE is unsatisfiable.

First note that, if C' or —F is unsatisfiable, then C M —F and UI(C,®)MN—-FE
are unsatisfiable as well and the assertion holds. Therefore we assume C' and
—FE to be satisfiable.

1. If CM—FE is satisfiable, then there is a satisfiable path p in CMnnf(—-FE).
We show that this path p corresponds to a satisfiable path p’ in UI(C, @)1
nnf (—F). Let pc denote the subpath of p, passing through C and p_g be
the subpath of p passing through nnf(—F). If we consider UI(C,®)MN—E,
we know that the construction of UI(C,®) only changes the subpath pc
of p such that each occurrence of A and —A with A € & is substituted
by T. This can not cause path p to become unsatisfiable, so the re-
sulting path p’ is satisfiable as well. Therefore UI(C,®) M nnf(—E) and
UI(C,®) N —E is satisfiable.

2. If CM—E is unsatisfiable, then all paths in CMnnf(—FE) are unsatisfiable.
However due to the assumption that both C' and —F are satisfiable, we
know that the subpaths pc and p_ g are satisfiable. Therefore the contra-
diction in a path has to be constructed from both elements from po and
p-g and has to use symbols not occurring in ¢. However these symbols
are not affected by the construction of UIl. Thus the contradictions are
still contained in the paths of UI(C,®) N nnf(—FE), which implies that
UI(C,®) M —E has to be unsatisfiable.

Given for example the set & = {E, D}, we can calculate the ®-interpolant of
the linkless concept C' from the example given in Section 4 on page 7: UI(C,®) =
(3R.(TN=B)NYR-BN(TUT))UBR.(TN-BMNF)NVR.(-BMF)) which can
be simplified according to Fig. 1 to the concept (3R.~BMVYR.-B)U (IR.(-BMN
F)NVR.(-BNF))

6 Conclusion / Future Work

This paper presents a precompilation of ALC concepts into a NF called linkless
concepts, which allows for an efficient satisfiability test, subsumption test and
uniform interpolation. In [8] we presented a method to transform ALC concepts
and Thoxes into a special structure called linkless graph which is closely related
to the idea of the precompilation presented in this paper. The precompilation
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into linkless graphs is implemented and first promising results can be found in
[8]. Since the two precompilation techniques are closely related, the experimental
results given in [8] can be seen as experimental results for the precompilation
presented in this paper as well. A disadvantage of the precompilation of con-
cepts into linkless graphs is, that there is no possibility to see the result of the
precompilation as a concept. This paper remedies this situation by presenting
linkless concepts as the result of the precompilation process. This makes the
whole precompilation process more comprehensible and makes certain proper-
ties of precompiled concepts more obvious.

Next, we will extend the linkless NF to handle ALC Thoxes. We expect this
step to be manageable, since the linkless graphs are already developed for ALC
Tboxes. However, when constructing the uniform interpolant for a precompiled
TBox, things get more complicated, since uniform interpolants for ALC Tboxes
need not exist. We are planning to focus our research on this area as well.
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