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Abstract

Magnetic resonance (MR) tomography is an imaging method, that is used to expose
the structure and function of tissues and organs in the human body for medical
diagnosis. Diffusion weighted (DW) imaging is a specific MR imaging technique,
which enables us to gain insight into the connectivity of white matter pathways
noninvasively and in vivo. It allows for making predictions about the structure and
integrity of those connections. In clinical routine this modality finds application in
the planning phase of neurosurgical operations, such as in tumor resections. This
is especially helpful if the lesion is deeply seated in a functionally important area,
where the risk of damage is given.

This work reviews the concepts of MR imaging and DW imaging. Generally,
at the current resolution of diffusion weighted data, single white matter axons can-
not be resolved. The captured signal rather describes whole fiber bundles. Beside
this, it often appears that different complex fiber configurations occur in a single
voxel, such as crossings, splittings and fannings. For this reason, the main goal is
to assist tractography algorithms who are often confound in such complex regions.
Tractography is a method which uses local information to reconstruct global con-
nectivities, i.e. fiber tracts.

In the course of this thesis, existing reconstruction methods such as diffusion
tensor imaging (DTI) and q-ball imaging (QBI) are evaluated on synthetic gener-
ated data and real human brain data, whereas the amount of valuable information
provided by the individual reconstruction mehods and their corresponding limita-
tions are investigated. The output of QBI is the orientation distribution function
(ODF), where the local maxima coincides with the underlying fiber architecture.
We determine those local maxima. Furthermore, we propose a new voxel-based
classification scheme conducted on diffusion tensor metrics.

The main contribution of this work is the combination of voxel-based classifi-
cation, local maxima from the ODF and global information from a voxel’s neigh-
borhood, which leads to the development of a global classifier. This classifier val-
idates the detected ODF maxima and enhances them with neighborhood informa-
tion. Hence, specific asymmetric fibrous architectures can be determined. The
outcome of the global classifier are potential tracking directions. Subsequently, a
fiber tractography algorithm is designed that integrates along the potential tracking
directions and is able to reproduce splitting fiber tracts.
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Kurzfassung

Die Magnetresonanztomographie (MRT) ist ein bildgebendes Verfahren, das in der
medizinischen Diagnostik zur Darstellung von Struktur und Funktion der Gewebe
und Organe im Körper eingesetzt wird. Diffusionsgewichtete Bildgebung ist ein
spezielles bildgebendes MRT Verfahren, welches es ermöglicht, nichtinvasiv und
in vivo Einblicke in den Verlauf von Nervenbahnen zu geben. Es erlaubt damit,
Aussagen über die Struktur und Integrität dieser Verbindungsbahnen zu treffen.
Im klinischen Alltag findet diese Modalität Anwendung in der neurochirurgischen
Operationsplanung, wie beispielsweise bei Resektionen von Läsionen, die in wich-
tigen funktionellen oder tiefliegenden Arealen liegen, wo die Beschädigungsgefahr
wichtiger Nervenbahnen gegeben ist. Kommt es im Zuge der Operation zu einer
etwaigen Durchtrennung von wichtigen Bahnen, kann dies zu erheblichen funktio-
nellen Beeinträchtigung führen.

Diese Arbeit gibt eine Einführung in die MRT-Bildgebung und wird sich im
Speziellen mit der Aufnahme von diffusionsgewichteten MRT- Daten beschäftigen.
Generell besteht das Problem, dass das Auflösungsvermögen von Diffusionsdaten
relativ niedrig ist in Relation zum Aufnahmeobjekt. So werden in einem einzel-
nen 3D Volumenelement, auch Voxel genannt, eine Reihe von Nerventrakten ab-
gebildet, die sich beispielsweise kreuzen, aufsplitten oder auffächern. Hier besteht
die Notwendigkeit, diese Voxel zu identifizieren und zu klassifizieren, um auch in
schwierigen Regionen aus den lokalen Diffusionsdaten die Verläufe von Nerven-
bündeln möglichst exakt zu rekonstruieren. Diese Rekonstruktion wird durch die
sogenannte Traktographie realisiert.

Im Zuge dieser Arbeit werden wir existierende Rekonstruktionsmethoden, wie
beispielsweise diffusion tensor imaging (DTI) und q-ball imaging (QBI) auf syn-
thetisch generierten Daten untersuchen. Wir werden herausstellen, welche wert-
vollen Informationen die rekonstruierten Daten liefern können und welche indivi-
duellen Einschränkungen es gibt. QBI rekonstruiert eine orientation distribution
function (ODF), deren lokalen Maxima in vielen Fällen mit den Richtungen der
Nervenbahnen übereinstimmen. Wir bestimmen diese lokalen Maxima. Auf den
Metriken des Diffusionstensors wird eine neue voxelbasierte Klassifikation vor-
gestellt. Die Vereinigung von voxelbasierter Klassifikation, lokalen Maxima und
globalen Informationen aus der Nachbarschaft eines Voxels ist der Hauptbeitrag
dieser Arbeit und führt zur Entwicklung eines globalen Klassifikators, der mögli-
che Traktographie-Richtungen vorgibt und asymmetrische Konfigurationen ermit-
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telt. Im Anschluss wird ein eigener Traktographie-Algorithmus vorgestellt, der auf
den Ergebnissen des globalen Klassifikators arbeitet und somit auch Aufsplittun-
gen von Nervenbahnen abbilden kann.
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Chapter 1

Introduction

This chapter gives a general introduction to the topic of this thesis. The motiva-
tion and objectives are provided in the first two sections. In the last section, the
organization of this thesis is presented.

1.1 Motivation

Diffusion weighted (DW) imaging is a magnetic resonance method that depicts the
average diffusion of water molecules, which is also known as Brownian motion.
In fibrous tissue such as white matter, water molecules tend to diffuse along fibers,
because it is constrained by e.g. cell membranes and myelin. Due to this phys-
ical phenomenon, DWI is able to obtain directional information about the neural
architecture of the brain in vivo and non-invasively.

Diffusion weighted imaging has been used to study pathological changes (al-
tered diffusion behaviour), e.g. in stroke patients, in cases of multiple sclerosis or
Alzheimer’s disease. Furthermore, it has found vast application in neurosurgical
planning, such as brain tumor resections and is in practical use worldwide in many
hospitals nowadays.

Subject-specific representations of connections are of great interest in funda-
mental neuroscience and medicine. DWI is an image modality that can give insight
into the functional relation between activation areas and facilitates a better under-
standing of those connections. However, DWI probes the structure of the biolog-
ical tissue (in µm) by orders of magnitudes smaller than the imaging resolution
(in mm), hence multiple subvoxel fiber populations are often represented in one
voxel. Therefore, several approaches have beed developed in the past to model the
diffusion signal and to reconstruct white matter pathways based on the diffusion
information captured with DWI.

High angular resolution diffusion (HARD) imaging is an advanced DWI method
that captures diffusion information from minimum 60 different spatial directions
uniformly distributed over the sphere. Recently, a reconstruction method on HARD
data called q-ball imaging (QBI) has been developed, which is able to recover sev-

3



4 CHAPTER 1. INTRODUCTION

eral fiber populations within a voxel. QBI uses spherical harmonics basis functions
to model the incoming signal and computes the orientation distribution function
(ODF), which is said to correspond to the underlying fiber distribution. However,
very complex and heterogen fiber configurations can potentially occur in an imag-
ing voxel, such as crossings (at low or high angle) of two or three fiber tracts as
well as bending, branching and fanning of a single fiber tract. In some cases, q-ball
imaging has limitations on the correct reconstruction of the diffusion signal, which
ultimately confound fiber tracking algorithms. Fiber tracking can be understood
as integration of the directional local diffusion information to recover the course
of fiber tracts, starting at defined seed regions. Such seed regions can be set by
clinicians, which are often interested in the reconstruction of specific bundles. The
results of subject-specific fiber tracking are often evaluated by e.g. radiologists or
neurosurgeons. Thus, a correct fiber reconstruction is pivotal to facilitate diagnos-
tic or therapy specific decisions by clinicians.

1.2 Objective

A correct interpretation of the ODF is pivotal to enable fiber propagation in chal-
lenging regions. In order to improve the ODF interpretation, an additional clas-
sification index can be used, indicating the number of fiber populations within
the voxel. Existing voxel classifiers usually differentiate between isotropic diffu-
sion on the one hand and single and multiple fiber populations on the other hand.
However, classifying complex multiple fiber configurations such as kissing, fan-
ning/merging, branching or a single fiber with a high curvature is still a challenging
task. The purpose of this thesis is to investigate the application of different recon-
struction methods on the acquired diffusion signal, where in turn various anisotropy
measures or criteria can be derived from. These indices can potentially serve as ba-
sis for voxel-based classification of different intravoxel configurations. The overall
aim is to develop a classifier, which takes intravoxel information as well as more
global information from the voxel’s neighborhood into account. Eventually, the
classifier should be incorporated into a fiber tracking algorithm.

We established a cooperation with the Leibniz Institute for Neurobiology1 in
Magdeburg, Germany, which provided us with human brain MRI diffusion data
recorded in a seven tesla ultrahigh magnetic field. The implementation has been
done with MeVisLab, an integrated development environment and rapid prototyp-
ing tool for medical image processing and visualization provided by the MeVis
Medical Solutions AG and Fraunhofer MeVis, Bremen. This tool already contains
both QBI-related and tractography modules.

The key aspects of this thesis are:

1. Data acquisitions in cooperation with the Leibniz Institute for Neurobiology,
University of Magdeburg, on a 7 tesla MRI

1http://www.ifn-magdeburg.de

http://www.ifn-magdeburg.de
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2. Investigation of existing classifiers and anisotropy indices from different
HARD reconstruction schemes

3. Development and implementation of a new classifier in MeVisLab

4. Evaluation based on synthetic and human brain HARD datasets by recon-
structing challenging pathways using a tractography approach with embed-
ded classifier

5. Documentation of results

1.3 Organization of this Thesis

This thesis is organized as follows. After the introductory part we review and
cover the principals fundamental for understanding our contributions. We provide
some background knowledge on cerebral white matter anatomy in chapter 2. In
chapter 3 we review on the basics of MRI and diffusion MRI. Furthermore, the
physical foundations of magnetic resonance (MR) as well as the imaging process
are explained. Beside this, the relation between the physical phaenomenon of dif-
fusion and the MR concept is shown. Finally, different reconstruction techniques
for diffusion tensor imaging (DTI) and high angular resolution diffusion imaging
(HARDI), among them q-ball imaging, are presented in this chapter. Chapter 4
gives an overview over existing classification approaches on diffusion MRI. Trac-
tography is explained in chapter 5 and state-of-the-art algorithms are presented.
This concludes the theoretical part and allows us to describe own methods in the
subsequent chapters.

Our developed voxel-based classification approachs on the diffusion signal val-
ues, the apparent diffusion coefficient profile and on the diffusion tensor are de-
scribed in chapter 6. Chapter 7 draws a comparison between three existing q-ball
imaging methods. These methods can be used to infer local directional information
about diffusion. Chapter 8 is the core of this thesis and combines most of the find-
ings and methods investigated in the chapters beforehand. It outlines our global
classification and tractography approach. Chapter 9 provides a description of the
implementation that has been done in the course of this thesis. In the last chapter
of this thesis, which is chapter 10, the most important findings are summarized.
Additionally, the contributions made in this thesis are outlined. Finally, this chap-
ter gives an outlook in terms of voxel-based classification, global classification and
fiber tractography.
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Chapter 2

Anatomy of the Brain

The following chapter gives a short introduction on the central nervous system,
where the brain is an integral part of. The brain comprises different tissue, such
as white matter, gray matter and cerebrospinal fluid. The nervous architecture of
white matter is the imaging object we study in this thesis. It is formed predom-
inantely by myelinated axons interconnecting neurons in different cortex regions.
We will especially describe the axonal fiber tracts and bundles which are of special
interest in this thesis.

2.1 Introduction

A neuron is an electrically excitable cell that processes and transmits information
by electrical and chemical signalling. Chemical signalling occurs via synapses,
specialized connections with other cells. Some of the signals contain information
about the environment, such as the objects one can see, hear or smell. Other signals
are instructions for the organs, glands and muscles. A single neuron receives the
signals from neighbor neurons through their dendrites. From there, the signal goes
to the main cell body, known as the soma. Next, the signal leaves the soma and
travels down the axon to the synapse. Myelin sheaths cover the axon and work like
insulation to help in keeping the electrical signal inside the cell, thereby facilitating
a quick transmit. Then, the signal leaves through the synapse to be passed along to
the next nerve cell as shown in figure 2.1.

Neurons connect to each other to form neural networks, they are the core com-
ponents of the nervous system. The nervous sytem is comprised of the central
nervous system (CNS) and the peripheral nervous system (PNS). The CNS con-
tains the majority of the nervous system and consists of the brain and the spinal
cord. Some classifications also include the cranial nerves in the CNS. Together
with the PNS, it has a fundamental role in the control of behavior. The CNS is con-
tained within the dorsal cavity, with the brain in the cranial cavity and the spinal
cord in the spinal cavity. The brain is protected by the skull, while the spinal cord
is protected by the vertebrae, and both are enclosed in the meninges. The brain is

9



10 CHAPTER 2. ANATOMY OF THE BRAIN

Figure 2.1: A typical neuron
comprises a cell
body, dendrites, and
an axon. [Car02,
p.36]

enclosed by a clear, colorless fluid called cerebrospinal fluid (CSF), which acts as
a cushion for the cortex providing a basic mechanical and immunological protec-
tion to the brain inside the skull. It occupies the subarachnoid space close to the
meninges and the ventricular system around and inside the brain and spinal cord
and is clearly recognizable on MR images.

The gray matter in the human body is made up of neuronal cell bodies, while
the white matter consists of the axons of the nerve cells.

2.2 Gray matter

Gray matter appears in the CNS as cortex and nuclei. The cortex is a sheet of
neural tissue that is outermost to the cerebrum (cerebral cortex) and the cerebellum
(cerebellar cortex). The cortex is where the information processing takes place.
It plays a key role in memory, attention, perceptual awareness, thought, language,
and consciousness. It is constituted of up to six horizontal layers, each of which has
a different composition in terms of neurons and connectivity. The human cerebral
cortex is 2-4 mm thick.

In preserved brains, it has a gray color, hence the name gray matter. The
surface of the cortex is folded, such that more than two-thirds of it in the human
brain is buried in the grooves, called sulci. The ridges are called gyri.

The surface of the cerebellum is covered with finely spaced parallel grooves, in
striking contrast to the broad irregular convolutions of the cerebral cortex. These
parallel grooves are tightly folded in the style of an accordion. The nuclei in the
CNS are isolated arrangements of cell bodies surrounded by white matter. In the
peripheral nervous system, gray matter comes in the form of ganglions, which are
also isolated neuronal cell bodies surrounded by other tissues than white matter.



2.2. GRAY MATTER 11

Coronal Slice

Decussation of pyramids

Association fibers
Commissural fibers

Projection 
fibers

Gray matter
White matter

Pons

Medulla oblongata

Figure 2.2: Three types of fibers (thick font).1

Figure 2.3: Long association fibers: (a) lateral view of the left hemisphere, (b) coronal
view of the right hemisphere, (c) coronal view of short association fibers. Long
association fibers connect different lobes, while short association fibers con-
nect areas of the cortex within a lobe. (d) shows the structure of white matter
(left hemisphere) which can be made visible using a special preparation tech-
nique. [SSS+09, p.280, p.449]
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2.3 White matter

In contrast to gray matter that is formed from neurons, the white matter is formed
predominantly by myelinated axons interconnecting neurons in e.g. different re-
gions of the cortex.

One can discriminate different notations for fibers. Usually, a fiber tract is a
group of nerve fibers with common origin and common end. A fasciculus is a
morphologically isolated aggregation of nerve fibers or nerve tracts. A lemniscus
(loop) is a historical term for specific fibers in the brainstem.

Depending on the course of the fiber pathways, one can assign the fibers to one
of the following groups:

• projection fibers are ascending or descending bundles which connect the cor-
tex with subcortical structures or vice versa. They only transmit signals in
one direction.

• association fibers connect regions that lie in the same brain hemisphere.
They usually transmit signals in both directions (figure 2.3).

• commissure fibers are bundles that connects analogeous structures in the left
and right hemispheres, mainly fibers belonging to the corpus callosum (cal-
losal fibers, figure 2.4).

• decussation fibers are bundles that cross the midline of the CNS to the con-
tralateral side.

The types of fibers are shown in figure 2.2 on a coronal slice.
In the following we give a list of fiber bundles which are of special interest in

this thesis.

Corpus Callosum The corpus callosum (CC), also known as the colossal com-
missure, is a wide, flat bundle of neural fibers at the longitudinal fissure. It connects
the left and right cerebral hemispheres and facilitates interhemispheric communi-
cation. It is the largest white matter structure in the brain, consisting of 200-250
million contralateral axonal projections.

The corpus callosum is divided into several parts, as shown in figure 2.4a):
The posterior portion of the corpus callosum is called the splenium; the anterior is
called the genu (or knee); between the two is the truncus (or body) of the corpus
callosum. The rostrum is the part of the corpus callosum that projects posteriorly
and inferiorly from the anteriormost genu.

The frontal fibers, which project from the genu to the frontal lobes, and the pos-
terior fibers, which range from the splenium to the occipital lobes are u-shaped as
shown in the axial view of figure 2.4b and figure 2.5. Because of their forceps-like

1Image taken from http://antranik.org/cerebral-white-matter-and-gray-matter-and-basal-ganglia/,
May 24th, 2012

http://antranik.org/cerebral-white-matter-and-gray-matter-and-basal-ganglia/
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Figure 2.4: Commissure fibers (a) sagittal view of the right hemisphere with highlighting
of the corpus callosum, which is the most important commissure fiber bundle.
(b) axial view of both hemispheres which shows commissure fibers connect-
ing both hemispheres with each other. (c) shows the right hemisphere of a
preparation object, which was fixed in formalin and frozen in a pretreatment
step. Afterwards, thin slices were removed to reveal the white matter structure.
[SSS+09, p.448, p.449]

shape, they are refered to as forceps frontalis (forceps minor) and forceps occip-
italis (forceps major). Thinner axons in the genu connect the prefrontal cortex
between the two halves of the brain. Thicker axons in the midbody of the corpus
callosum and in the splenium interconnect areas of the pre-motor and supplemen-
tary motor regions and the motor cortex with each other. We will especially inves-
tigate this region throughout the thesis, since it is a well-known fanning configura-
tion. The posterior body of the corpus communicates somatosensory information
between the two halves of the parietal lobe and visual center at the occipital lobe.

The projections from the splenium that sweep inferiorly along the lateral mar-
gin of the posterior horn of the lateral ventricle and project into the temporal lobes
are known as tapetum. It is a small group of fibers medial to the optic radia-
tion (described below), which contains temporal-occipital fibers, that run superior-
inferiorly at the level of the splenium of the corpus callosum (see figure 2.5).

Superior longitudinal fasciculus (arcuate fasciculus) The superior longitudi-
nal fasciculus (SLF) is a long association fiber bundle lateral to the centrum ovale
of the cerebral hemisphere, connecting the frontal, occipital, and temporal lobes. It
is depicted in figure 2.3. The fibers pass from the frontal lobe to the posterior end
of the lateral sulcus where many fibers radiate into the occipital lobe and others
turn downward and forward around the putamen and pass to anterior portions of
the temporal lobe. The term arcuate fasciculus (AF) is often used in reference to
the superior longitudinal fasciculus or, specifically, its more arcuate portion. It runs
laterally to the optic radiation.

Corticospinal tract The corticospinal tract (CST), also called pyramidal tract,
conducts impulses from the cerebral (motor) cortex to the spinal cord (see figure
2.6a). It mainly contains motor axons.
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Figure 2.5: The tapetum of the corpus callosum lies between the forceps major and minor.
[GG18, fig.733]

Motor area of
cortex

Internal
capsule

Geniculate fibers

Descussation of
pyramids

Anterior cerebrospinal 
fasciculus

Stria 
terminalis
Cortico-
tectal fibers
Superior
colliculus
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Pyramidal
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fasciculus
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Figure 2.6: (a) Lateral view of the pyramidal tract (red) and the brainstem. (b) Coronal
view of the pyramidal tract, showing its decussation in the brainstem and the
lateral and anterior branches of the cerebrospinal tract. [GG18, p.473]
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Figure 2.7: Visual system including the optic radiation between the lateral geniculate body
of the thalamus and the visual cortex (striate area): (a) basal view, (b) left
lateral view. [SSS+09, p.764]

Some of the neuronal cell bodies in the motor cortex send long axons to the
motor cranial nerve nuclei mainly in the contralateral side of the midbrain, pons
and medulla oblongata, decussating just before they reach their target nuclei. These
are called geniculate fibers, as depicted in figure 2.6b.

Many more motor cortex neurons, however, extend fibers all the way down to
the spinal cord. Most of the corticospinal fibers cross over to the contralateral side
in the medulla oblongata (pyramidal decussation). This makes clear why one side
of the body is controlled by the opposite side of the brain. Those that cross in the
medulla oblongata travel in the lateral corticospinal tract. A small portion enters
the lateral corticospinal tract on the same side. The remainder of them cross over at
the level that they exit the spinal cord, and these travel in the anterior corticospinal
tract.

Optic Radiation The optic radiation is one of the visual pathways and enables
organisms to process visual detail. It is a massive fanlike fiber system passing
from the lateral geniculate body of the thalamus to the visual cortex, also called
striate area. The optic radiation fibers diverge around the occipital sulcus to the
middle and superior occipital gyri, see figure 2.4. The Meyer loop is part of the
optic radiation which sweeps back on itself into the temporal lobe, just lateral to
the temporal horn of the lateral ventricle 2.7.
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2.4 Summary

We have given a short introduction to important neural tissue, brain tissue and brain
structures being the domain used in this thesis. We have introduced the necessary
nomenclature of small and larger fiber bundles we will refer to in the following
chapters. Since our aim is to reconstruct neural pathways, we will especially focus
on the white matter architecture. However, knowledge about cerebrospinal fluid
and gray matter will be helpful when we perform voxel-based classification of the
underlying diffusion pattern.



Chapter 3

Principles of MRI and diffusion
MRI

3.1 Magnetic Resonance Imaging

The method of magnetic resonance imaging (MRI) was discovered independently
by Lauterbur and Mansfield in 1973. Nowadays, MRI scanner can be found in
almost every hospital and have become a broadly used instrument for medical di-
agnoses. Depending on the chosen parameters the images are diffusion-, proton- or
relaxation-weighted with the overall aim to resolve different tissues types, which
makes them a highly flexible image modality.

Earlier, MRI was known as NMR. This is an abbreviation for nuclear magnetic
resonance. Although the name has changed (primarily due to the negative con-
notation of the word nuclear), the basic principles of signal generation and signal
transformation are the same, which are discussed in the following sections.

3.1.1 Physics on MRI and Image Acquisition

Atoms of chemical elements comprise an atomic nucleus and an atomic shell.
Atomic nuclei consist of two main elements, the electric positive charged protons
and the electric neutral neutrons. Both have a quantum-mechanical property called
spin. The spin is conceived as the rotation of a particle around some axis, compara-
ble to an angular momentum (e.g. rotation of a billiard ball or the earth around its
own axis). Beside this, spins have particular properties that distinguish them from
angular momenta known from classical mechanics: A proton or neutron cannot be
made to spin faster or slower or even to stop, although the orientation of the axis
indeed can be changed. The direction of the rotation axis is usually expressed as a
vector quantity, the so called spin vector.

Electric charge that is in motion generally induces an electrical current, which
again is the cause of induction of a magnetic field. The spins form a magnetic
dipole with magnetic poles of equal magnitude but opposite polarity, similar to
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(a) (b)

Figure 3.1: (a) Protons possess a property called spin. This spin motion induces an electri-
cal current, resulting in spins with magnetic poles comparable to bar magnets.
(b) Magnetic moments of the spins with and without the application of an
external magnetic field B0. Images adopted from [Pud10]

tiny bar magnets, as depicted in figure 3.1aa). This phenomenon is also referred to
as paramagnetism.

The rotating electrically charged protons induce a magnetization in the direc-
tion of its rotational axis, which is called magnetic moment. The ratio between the
spin angular momentum and the magnetic moment gives us a constant known as
the gyromagnetic ratio γ, which is specific for each magnetically active nuclei. For
example, the gyromagnetic ratio for hydrogen nucleus is 42.58 MHz/T. The unit T
stands for tesla and describes the strength of a magnetic field. If the nucleus con-
tains an even number of protons and neutrons (e.g. oxygen 16O), their nuclei spin
is zero and therefore no magnetic moment occurs in those atomic nuclei. Atomic
nuclei with an odd number of protons and neutrons possess a nuclear spin (e.g.
hydrogen 1H, carbonate 13C, natrium 23Na, phosphor 31P).

Hydrogen (1H) is the most frequent chemical element in the universe. It is an
integral part of water and can be detected in almost any organic compounds. Thus,
it occurs in all living organisms. Its nucleus consists of a single proton, which
exhibits a spin. Hydrogen has a significant magnetic moment which is also the most
sensitive component for magnetic resonance in the human body altogether. For
these reasons we will draw the attention solely on the behaviour of the hydrogen
proton in the following.

For measuring a signal using MR it is pivotal to use a strong externally applied
magnetic field, which we denote as B0 with the unit tesla (T). Nowadays field
strengths of 3 tesla have found broad application, while any field strengths higher
than 3 tesla are often only available in research facilities.

In theory, the spins are arbitrary orientated in a field-free space. Their magnetic
moments fully compensate each other and the collection of spins is non-magnetic
from the outside perspective. The vectorial sum of the single magnetic moments
results in a net magnetization M of zero. M can be expressed as a 3D-vector quan-
tity including a length and orientation. We define the z-component Mz (the so
called longitudinal magnetization) as directing along the field lines of B0, whereas
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(a) (b)

Figure 3.2: (a)When applying an external magnetic field B0, some of the spins align along
(parallel) or against (antiparallel) the field lines in a certain angle, here denoted
as θ. (b) A slight majority aligns parallel to the B0-field and forms the net
magnetization vector M. Images adopted from [Pud10]

the magnetization in the xy-plane Mxy lies perpendicular to it (transverse magne-
tization). In reality, the proton’s spin orientations are always influenced by the
magnetic field of the earth, which is 20.000-times weaker than a magnetic field
used for MRI.

A single spin exposed to a B0-field always either align along (parallel) or
against (antiparallel) the field lines, as shown in figure 3.1b and figure 3.2a. This
implies that the transverse magnetization Mxy is equal to zero, since the x- and
y-components of all magnetic moments sum up to zero.

By placing an ensemble of hydrogen protons in a B0-field, we observe that
some align as antiparallel and a slight majority aligns in parallel, due to the fact
that the parallel orientation is energetically favorable, as depicted in figure 3.2b.
Protons with parallel orientation are supposed to be in a low-energy state. Protons
in antiparallel orientation are supposed to be in a high-energy state.

The spin excess is the number of spins in the low-energy state in excess of the
number in the high-energy state. Note that the magnetic moments of the excess
spins add up to finally form the net magnetization M and thus the tissue placed in
the B0-field becomes macroscopically magnetized. A larger B0 produces a higher
net magnetization M. Another factor that influences M is the proton density (PD)
within a given volume. The proton density is tissue specific and can be measured
by MRI. The higher the number of protons, the higher is M.

For a better illustration, we want to give an idea of how many excess spins occur
in a human body at normal body temperature: Among one million magnetized
hydrogen protons placed into an one tesla B0-field, there are only six low-energy



20 CHAPTER 3. PRINCIPLES OF MRI AND DIFFUSION MRI

(a) (b)

Figure 3.3: (a)The spins begin to rotate around the field lines with Lamor frequency. This
cone-shaped rotation is called precession. Image adopted from [Pud10] (b)
Precession can be described as a sinus function. Here oscillations with dif-
ferent frequencies (and different precession speeds, respectively) are depicted.
Image adopted from [Hen03, p. 41]

excess hydrogen protons. This makes an amount of 0.0006% protons (6 parts
per million (ppm)). A volume element (voxel) of water of 1× 1× 1 mm3 size (1
microlitre) contains 6.7 ·1019 hydrogen protons. The plain spin excess adds up to
a number of 400 trillion protons, which is high enough to exhibit a macroscopic
effect that can be measured.

Water, consisting of two hydrogen atoms and one oxygen, comprises up to 70%
of body weight. The varying molecular structures and the amount of hydrogen in
various tissues affect the protons’ behaviour in the external B0-field. Water or cere-
brospinal fluid has one of the strongest net magnetization relative to other tissues
within the body.

Besides aligning along or against the magnetic field, spins will precess at some
frequency around the field lines as shown in figure 3.3a. We can picture the spin as
a spinning top, executing a precession. The frequency ω at which the spin precesses
is given by the Larmor Equation:

ω = γ ·B0 (3.1)

The stronger the magnetic field B0, the higher the lamor frequency. Both quan-
tities are linear correlated. For a field strength of one tesla, the lamor frequency ω

is twice as high as for a field strength of 0.5 tesla.
Within the earth’s magnetic field, spins constantly precess at 2 kHz. Exposed to

a strong magnetic field, spins precess with a much higher frequency e.g. of 42MHz
for one tesla, which is in the range of high-frequency radio waves.

In a homogeneous B0-field, all spins generally precess with the same frequency
in the direction of the field lines, but they are out of phase (the components in the
xy-plane are not aligned). They exhibit a constant longitudinal magnetization Mz,
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Figure 3.4: The transverse magnetization can be
measured, when placing the receiver-
coil perpendicular to the z-axis. Im-
ages adopted from [SF06, p. 64]

but the incoherent phases cancel the transverse net magnetization Mxy out.
In the next section, we will look at how this magnetization behaves in the pres-

ence of an high-frequency (HF) or also called radio-frequency (RF) pulse.

Signal Acquisition

As described in the last section, there is a macroscopic magnetization of the tis-
sue observable due to the spin excesses resulting from the existence of a strong
external magnetic field. However, this magnetization can not be measured by MRI
scanner directly. Therefore, an electromagnetic high-frequency (HF) pulse must be
applied, which causes the individual spins to precess in phase. The HF-pulse is a
radio wave, which oscillates. We refer to it as B1-field. It must be polarized perpen-
dicular to the main field B0, in a way that the magnetization vector of the HF-pulse
rotates in the xy-plane. Another main condition, which is called resonance condi-
tion and means that the oscillating frequency of the rotation must occur at Lamor
frequency. Otherwise, the magnetic moments of the spins are not deflected from
its equilibrium.

If applied correctly, the short-time HF-pulse accumulates and rotates the spins
towards the xy-plane and thus influences the net magnetization vector M (which is
no longer orientated along the z-axis). The flip angle of the spins is determined by
the strength and duration of the HF-pulse.

A 90◦-pulse (or flip angle α = 90◦) has been applied, when the net magnetiza-
tion M is tipped towards the transverse plane, as shown in figure 3.5. In tihs case,
the transverse magnetization Mxy is as high as the former amount of Mz, because
the phases of the spins are now coherent and the longitudinal magnetization Mz

becomes zero. As soon as the pulse is switched off, the spins precess back to their
initial orientation, thereby describing a helix as shown in figure 3.6a. The macro-
scopic magnetization along the z-axis Mz increases, while Mxy decreases at the
same time. This procedure emits electromagnetic radiation at Lamor frequency,
which is recorded by the receiver coil oriented perpendicular to B0 as shown in
figure 3.4. As a result, a signal can be collected.

As the rotating transverse net magnetization precesses through the receiver coil,
a current or signal is induced in the coil. According to Faraday’s Law of Induction,
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(a) (b)

(c) (d)

Figure 3.5: Excitation of the spins.
(a) Initial state of the excess spins within the B0-field: spins produce a longitu-
dinal net magnetization, while the transverse net magnetization is zero, since
the spins are out of phase.
(b) Spin orientation after the 180◦-pulse: net magnetization is flipped to
the opposite direction of the z-axis, but the direction of precession does not
change; the spins are out of phase. This pulse is used to gain a spin echo in
spin-echo sequences.
(c) Spin orientation at the end of the 90◦-pulse: net magnetization is tipped
toward the xy-plane, the direction of precession does not change; the spins are
in phase and exhibit a transverse net magnetization Mxy.
(d) Spin orientation after the 90◦-pulse: vector positions are the same as in (c);
the spins begin to precess back to their inital state, thereby exhibit transverse
and longitudinal net magnetization (relaxation).
Images adopted from [Hen03, p. 54-57]
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(a) (b)

Figure 3.6: (a) After the 90◦HF-pulse is turned off, the net magnetization M rotates back
to its inital state of equilibrium. Its vector describes a helix over time. The
transverse magnetization Mxy induces the measurable electromagnetic signal.
(b) The MR-signal (dark blue), here depicted as a function over time, is re-
ferred to as free induction decay (FID) and can be described as an exponen-
tially damped oscillation function that decays after T ∗2 . Images adopted from
[Hen03, p. 85]

a current will be produced in the conductor, if a magnetic field moves through a
conductor. The stronger Mxy, the stronger the received signal in the conductor.
The initial signal after the pulse is referred to as the free induction decay (FID),
because Mxy rotates freely, induces a signal and decays (figure 3.6b). The temporal
signal decay varies among different tissues and can be adjusted by specific MR-
parameters.

After the 90◦-pulse, the longitudinal magnetization Mz grows to its former
value again. This process is called relaxation. The spins return to their inital state
of equilibrium. Generally, Mxy decays faster than Mz can recover. Both processes
indicate exponential behaviour and can be characterised by three important time
constants:

Constants for T1 (in ms)
1.0T 1.5T

fat 240
muscle 730 863
white matter 680 783
grey matter 809 917
liquor 2500 3000

Table 3.1: [Hen03, p. 72] Figure 3.7: T1 relaxation curves, which depend on Mz. Image
adopted from [Hen03, p. 72]

T1: longitudinal relaxation or spin-grid-relaxation.
Some of the spins that had moved into the higher energy state release their
energy to their lattice formed by adjacent molecules such as lipids or pro-
teins. They return to the lower energy state, causing the net magnetization
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Constants for T2 (in ms)
fat 84
muscle 47
white matter 92
grey matter 101
liquor 1400

Table 3.2: [Hen03, p. 80] Figure 3.8: T2 relaxation curves, which depend on Mxy. Image
adopted from [Hen03, p. 80]

M to regrow along the z-axis. This exponential regrowth occurs at a rate
given by the tissue relaxation parameter known as T1. The length of this
time period depends on the used field strength and the tissue.

T2: transverse relaxation or spin-spin-relaxation.
The change of energy state coincides with a loss of phase coherence among
the spins and alters the local magnetic field marginally (ca. 1 millitesla),
which in turn influences adjacent spins’ precessions. The asynchronous pre-
cessions of the spins decrease the cumulative effect of net magnetization in
the xy-plane. This exponential decay occurs at a rate given by the tissue
relaxation parameter known as T2, which is widely independent of the field
strength.

T ∗2
gives the rate of the FID decay, which is much shorter than the actual T2.

The mobility of molecules in tissues and the quantum mechanical interaction of
hydrogen protons with its surroundings are represented by their relaxation times.
T1 describes how fast the spins are able to release their excessive magnetic energy
to the lattice in a specific tissue. Thereby, it depends on the size of the surrounded
tissue molecules and the strength of B0. Some specific constants for T1-relaxation
are shown in figure 3.7 and table 3.1, indicating that fat has a short T1 time, while
hydrogen molecules in liquor can move freely around, leading to long T1 times.

The stronger the mobility is contrained by adjacent molecules, the shorter is
the T2-relaxation. Hence, fat, grey matter and white matter have short T2 times as
demonstrated in table 3.2 and figure 3.8. Generally, T2 is much shorter than T1, and
the following rule applies: T ∗2 < T2 < T1.

The question arises, why the FID decays with time constant T ∗2 and not with
T2: The static magnetic field B0 is not fully homogeneous. There are local field
variations caused by the body of the patient or technical inhomogenities of the
magnet, which are spatially and temporally constant. Those static differences in
the magnetic field contribute to the fan out of the spins’ precession, they dephase
faster than the duration of the T2 relaxation.
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(a) (b)

Figure 3.9: (a) Multiecho sequence with three 180◦-pulses. (b) The upper image shows
three spin vectors which precess at different rate (e.g. 1 is faster than 2 and
3). The effect of a 180◦-pulse on the spins is shown in the lower image: the
orientation is flipped, but the direction of precession remains the same. It is
said that they are in phase, as soon as all three vectors align. Image adopted
from [Hen03, p. 88, 59, 90]

Relaxation leads to an irreversible loss of magnetization (during the T2 decay),
but the inhomogeneous dephasing (during the T ∗2 decay) can be reversed by using
a 180◦-pulse that inverts the magnetization vectors. This method was proposed by
Edwin Hahn in 1950 [Hah50]. Local field variations are spatially and temporally
constant. When applying such a pulse, the order of the phases becomes inversed,
but the direction of precession does not change as illustrated in figure 3.9b. If
conditions remain the same, the fast spins will catch up to the slow spins. The goal
is rephase the spins to gain another signal, which will be only recorded if the spins
are refocused to exhibit an adequate Mxy. This procedure is called spin echo. A
multi echo sequence is a sequence that uses several subsequent echos, as shown in
figure 3.9a. The difference between T2 and T ∗2 is obvious here. The signal of the
spin echo decays with T ∗2 , its amplitude with T2.

If the inversion pulse is applied after a period τ of dephasing and great initial
signal loss, the inhomogeneous evolution will rephase in order to form an echo
at time 2τ. The time between the initial 90◦-pulse and the signal of the echo is
called echo time (TE) and is a well-known constant concerning MRI. Generally,
the amplitude of the signal echo is smaller than the amplitude of the FID and the
longer the echo time, the smaller the echo’s amplitude. The echos are usually used
for imaging, since the FID decays too fast. This procedure is repeatable until the
transverse magnetization Mxy has been converged to zero due to the T2-relaxation.

Apart from utilizing a 180◦-pulse like in spin echo, there is another method for
regaining the signal after FID, called gradient echo. In this approach, a magnetic
gradient is applied to the B0-field immediately after the HF-pulse. The initial field
strength is maintained only at one position and leads to different precession speeds
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Figure 3.10: Example of a spin echo sequence with a flip angle of α = 90◦ .
(1) initial state, no magnetization in the xy-plane
(2) application of the HF-pulse (M precesses in the xy-plane) and the slice
selection gradient, the negative gradient GS− afterwards rephases the spins
within the slice
(3) decay of the signal because of dephasing of the spins (T2 and T ∗2 )

(4) 180◦ pulse after
1
2
·T E: inversion of the spins, the slowest headmost

(5) signal echo after TE because the spins are rephased with a full transverse
magnetization Mxy [Hen03, p. 121] [WKM09, p.42]

of the spins lengthwise. After the HF-pulse and the application of the gradient, the
Lamor frequencies of the spins are fanned out and dephased. Then, the polarity of
the B0 must be reversed and a gradient in the other direction is used to rephase the
spins.

Usually, TE is much shorter than for the spin echo method, since the static T ∗2
dephasing mechanism is not reversed after all. Thus, the FID must be destroyed
quickly and regained within the T ∗2 decay. Furthermore, when the HF-pulse is
applied, smaller flip angles are used (α < 90◦) to shorten the measurement time.
All in all, the gradient echo technique is faster than the spin echo technique in terms
of image acquisition durations.

Slice Selection, Frequency and Phase Encoding

A similar method that is used for gradient echo is employed to set the slice thick-
ness. Technically, two paired gradient coils are used in a tomograph in x,y or
z-direction with the same conduction current but inversely arranged polarity. One
coil increases the strength of the magnetic field and the opposite coil decreases
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Figure 3.11: The position of the slice and the slice thickness is selected by the magnetic
field gradient GS. Image adopted from [WKM09, p. 19].

it, leading to a linearly changed inhomogeneous magnetic field. Simultaneously
when the HF-pulse is applied, the gradient has to be switched on. The precession
of the spins then varies along the gradient GS, they show resonance at different
frequencies, respectively. Only the protons from one slice will fulfill the resonance
condition, which is the slice that is acquired. The actual position of the slice can
be chosen by using the corresponding frequency of the HF-pulse and the thickness
of the slice can be set by different gradient slopes as demonstrated in figure 3.11.

The temporary image space, in which the raw data of one slice from digitized
MR signals are stored during data acquisition is referred to as k-space in the fre-
quency domain. The k-space can be described as a matrix with discrete values
kF ,kP and NF columns and NP rows. It is also known as frequency spectrum. In the
following we want to describe, how the measured signal is used to fill the rows and
columns of the k-space matrix. After spins are excited, gradients are applied along
the two in-plane directions defining the excited slice; by convention this is the x-y
plane, and z is the direction perpendicular to the excited slice, pointing along the
field lines.

The way in which gradient and HF-pulses are leveraged is controlled by soft-
ware at the MRI scanner. A MR-pulse sequence is a particular scheme, which
describes the chronology of HF-pulses for signal excitation and the magnet field
gradients for spatial encoding as shown in figure 3.10.

The gradient field is switched on again for the so called frequency encoding
along one spatial direction in the selected slice (e.g. in x-direction) . The strength
of B0 is modulated linearly along this axis and the causes corresponding linear
changes in precessional frequency. We denote the frequency encoding gradient as
GF. GF provides data for one row in the k-space matrix of the selected slice. This
row is measured during one T2 decay in the spin echo sequence e.g. one spin echo
signal will be used to encode one row with NF values (see timestep 5 in figure
3.10).

Frequency encoding is repeated with varying strength of the phase encoding
gradient GP along the y-axis NP-times. This is illustrated in the pulse sequence of
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Figure 3.12: Example of a multislice spin echo sequence. We can measure several slices
at a time, because TE is much shorter than the repetition time TR. In the time
interval between the readout of the last echo and the next HF-pulse, other
slices can be excited (here: z1 to z4), leading to a shorter scan time.
[Hen03, p. 125]

figure 3.10 via different strengths of the field gradient function GP. GP is switched
on for a short time between the slice selection gradient GS and frequency encoding
gradient GF. The spins precess at a different rate for a short time. As soon as the
gradient is switched off, the spins have different phase positions along the y-axis so
they are phase encoded. This procedure implies, that several HF-pulses are needed
to fill the complete k-space matrix row by row. For obtaining all rows along the
y-axis in k-space matrix (e.g. NP = 256) we must repeat the HF-pulse 256 times
to gain 256 echos everytime using another gradient strength for GP. The time
between two HF-pulses is referred to as repetition time (TR). This time constant
is usually adjusted for different MR sequence designs, depending on the desired
T2 rate. During one T2-decay GP is not altered, but the strength of GP is changed
after sending the next HF-pulse. As these frequencies vary over time with gradient
activity, each excited spin accumulates a phase θ based on its location (x,y) and the
integrated area of the gradients (GF and GP), i.e.

θ = 2π(kFx+ kPy) (3.2)

where
kF = γ

∫
GF(t)dt (3.3)

and
kP = γ

∫
GP(t)dt (3.4)

TE and TR are the most important parameters for contrast regulation, which is
illustrated in figure 3.13 and in table 3.3.

Parallel acquisition techniques (PAT) employ an array of coils to measure the
signal. The spatial arrangement of the coils delivers additional information about



3.1. MAGNETIC RESONANCE IMAGING 29

Figure 3.13: The MR-image contrast in a spin echo sequence is achieved by weighting the
tissue parameter T1, T2 or proton density (PD). It can be achieved by vary-
ing the echo time TE or the repetition time TR of the spin echo sequence
as shown in the above diagrams. 1,2,3 are examples of different types of
tissue with diverse relaxation times. The longitudinal relaxation T1 of hy-
drogen protons in the three tissues immediately starts after the HF-pulse and
increases at different rates. The maximum values correspond to the proton
density of the volume element, which is also referred to as the numer of hy-
drogen protons per voxel. Image adopted from [Hen03, p. 95, 133, 135,
137]

the origin of the MR-signal. This information is used to reduce the number of
phase encoding steps and thereby decreasing the scan time. To put it another way,
the spatial encoding induced by the gradient is extended by the encoding over the
coils. This leads to an acceleration factor of 2 to 4 in terms of acquisition times.

Image Reconstruction

The signal s(t) measured in a receiver coil is the integrated signal from all spins,
expressed as

s(t) =
∫

f (x,y)ei2π[kF x+kPy]dxdy (3.5)

One can represent the net magnetization across an excited slice as a function
f (x,y). This equation is called a 2D-Fourier transform F ; the signal depends on
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Proton density contrast T1-weighted contrast T2-weighted contrast
description Proton densities corre-

spond to the maximum
values that are reached
during Mz regrowth. Nor-
mal soft tissue does not
differ very much in proton
density.

Used to depict anatomical
details. The optimal TR
is the mean T1-constant of
the tissues, that is of inter-
est.

Used to depict anatomi-
cal details. For larger TE,
influence of proton den-
sity decreases and signal
curves intersect during T2
relaxation. The optimal
TE is the mean of the T2-
constant of the tissues, that
is of interest.

times long TR, short TE short TR, short TE long TR, long TE
bright areas tissues with a large proton

density
tissues with a short T1 e.g.
fat, muscle

tissues with a long T2 e.g.
liquor, grey matter

dark areas liquor liquor, grey matter fat, muscle

Table 3.3: Comparison of contrasts in a spin echo sequence provoked by different PD, T1
and T2 weighting.

f (x,y) and the variables kF and kP, and can be written as F (kF ,kP). If one can
measure F (kF ,kP) for sufficient values of kF and kP, one can mathematically re-
cover the function f (x,y) by taking the inverse Fourier transform F −; f (x,y) is
then finally displayed as the MR image with gray values. The relation between
image and k-space is illustrated in figure 3.14.

How are the properties of the final discrete image related to the imaging pro-
cess? The number of pixels in y-direction NP is determined by the number of rep-
etitions of phase encoding steps. This number, multiplied with the repetition time
(TR) determines the duration of the scan: scantime = NP ·TR. Thus, the resolution
in phase encoding direction widely determines the resulting time. The field of view
(FOV) is the section of the selected slice, which should be depicted in the image
e.g. 25cm× 25cm. If the matrix’s dimensions were 256× 256 pixels, each pixel
would have a size of approximately 1mm × 1mm by using the following equation
FOVx

Nx
or

FOVy

Ny
. In general, the resolution of the final image is determined by the

extent of the sampled k-space. The number of pixels in x-direction NF is limited
by the discrete MR-signal (sampling rate of the analog digital transformer). The

sampling rate is the reciprocal value of the FOV ∆kF =
1

FOVx
due to the Nyquist

limit.

3.1.2 Diffusion Weighted Imaging (DWI)

In this section, the basic physical principles of the diffusion phenomenon are re-
viewed. Furthermore, we look at how the diffusion process can be measured by MR
and why it is helpful to delineate white matter non-invasively. Diffusion weighted
imaging (DWI) has a well-known history of about 20 years since it helps to un-
derstand the connections between different cortical regions of the brain. For this
reason it has turned into an important method used for characterization of neuro-
degenerative diseases, in surgical planning and other medical applications.
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Figure 3.14: Fourier transform of the frequency spectrum (k-space), which results in the
MR image with grey values corresponding to the relaxation times of the re-
spective tissues. Each value in the k-space contains information about the
whole MR image. The centered values determine the rough structure of the
image, while the outer values provide information about edges and finer de-
tails. [Hen03, p. 118, 119]

Basic Principles of Diffusion

Diffusion is a physical process and can be decribed as perpetual mixing of molecules
caused by thermal motion. It occurs as a result of the constant motion of water
molecules, which freely move around and collide with each other in an isotropic
medium. The process is called Brownian motion named after the scientist who first
observed it in 1828 [Bro28]. It should not be confused with other transport mech-
anisms which require bulk motion to carry molecules from one place to another
such as convection or dispersion.

Since our body consists of water for the most part, diffusion appears at a mi-
croscopic scale in our body cells. If it was possible to examine a single water
molecule, one would observe it undergoing a completely random trajectory, each
molecule acting independently of its neighbors. It can be described as a random
walk in 3D, which means that the molecule stays in a particular place for a fixed
period in time and after some delay it moves to a new random location in space
energized by the temperature above 0◦ celcius. This process continues on for each
molecule in a particular volume. It is impossible to make exact predictions about
the displacement of a single random walker, but one can carry out predictions about
the displacement from a point of origin in a given time interval, as we will cover
later in this section.

For the first time, the diffusion process was formulized by the German physi-
cist Adolf Fick in 1855 [Fic55]. Fick’s first law relates the diffusive flux J to the
concentration. The flux goes from regions of high concentration to regions of low
concentration, with a magnitude that is proportional to the concentration gradient
∇C.
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(a) (b) (c)

Figure 3.15: Gaussian diffusion depicted in (a) one, (b) two and (c) three dimensions.
The form of the Gaussian in one dimension is a familiar normal distribution
(|R|=

√
2Dt). In 2D, the crosssection of the curve is a circle with radius given

by |R|=
√

4Dt, centered on the origin. In 3D, the probability is a sphere, of
radius |R|=

√
6Dt centered on the origin r0, which was discovered by Einstein

(see equation (3.7)). Image adopted from [JBB09, p.39].

J =−D∇C (3.6)

The scalar coefficient D, called diffusion coefficient, or diffusivity is a measure-
ment for the molecule’s mobility. It can be derived from the travelled distance of
the molecules in a certain time interval and it unit is m2s−1. Note that the diffusion
coefficient D is an intrinsic property of the medium, and its value is determined by
the size of the diffusing molecules, the temperature and microstructural features of
the environment.

In 1905, Albert Einstein [Ein05] discovered that the three-dimensional squared
unrestricted displacement of molecules from their starting point r0 over a time
t, averaged over all the molecules in the sample, is directly proportional to the
observation time t. This is given in the following equation,

6Dt = 〈RT R〉 (3.7)

where R = r− r0 denotes the displacement vector, with starting position r0 and
position r after time interval t. 〈〉 describes an ensemble average. RT R denotes the
scalar product of the displacement vector and can also be written as |R|2, which
corresponds to the length of the vector R.

To further illustrate equation (3.7), consider the following example. A typical
resolution for DWI is 2.5× 2.5× 2.5 mm. If we assume this volume is a cube of
pure water, the number of water molecules contained in such a volume is on the
order of 1020. At body temperature (37◦C), water has a diffusion coefficient D of
3× 10−3mm2s−1. If we observe water molecules for 30ms, on average they will
have been displaced 25 µm in all directions. The probability of displacing a given
distance from the origin is the same for each direction in an isotropic medium.
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Hence, the distribution of squared displacements takes a Gaussian form, as illus-
trated in figure 3.15.

Diffusional processes are generally influenced by the geometrical structure of
the environment where the diffusion takes place. So far, the properties of diffusion
in isotropic media have been described. The question arises, how we can model
the apparent diffusion with a directional dependency, i.e. anisotropy? It can be
generally characterized by the conditional diffusion probability density function
(PDF), also called diffusion propagator P(r|r0, t). The PDF describes the probality
for a spin to displace from position r0 to position r in the diffusion time t [Cal93,
ST65]. The PDF of water molecules is very complex and not completely known to
date, which constitutes a serious drawback for diffusion weighted imaging. Thus,
simplier models of diffusion have been proposed to approximate the PDF, such
as the diffusion tensor (DT) model. In principle, this is a second order tensor
which takes the form of a matrix. Einstein’s law of diffusion equation (3.7) can be
generalized using the DT to model the anisotropic behaviour of water molecules
in biological tissue. Therefore, the scalar coefficient D is simply replaced by the
diffusion tensor D, leading to

D =

dxx dxy dxz

dxy dyy dyz

dxz dyz dzz

=
1
6t
〈RRT 〉= 1

6t
〈Σ〉 (3.8)

〈RRT 〉 represents the covariance matrix Σ of r and r0, since R = r− r0 can be
interpreted as the deviation from the mean position r0 of the molecule ensemble
displacement, wheras the displacement can be regarded as a normal distribution.

In Fick’s formulation, the diffusion tensor D is also introduced, yielding

J =−D∇C (3.9)

After outlining the physical basics of diffusion, we will describe how one can
measure diffusion using MRI.

Diffusion MRI

Diffusional processes are influenced by the geometrical structure of the environ-
ment where the diffusion takes place. Due to the fact that microstructural features
contribute to the overall diffusion process, it may be possible to obtain valuable
information about the biological microstructure simply by observing the motion
of water molecules [Sta03]. In the human body, the random motion of water
molecules is influenced by a variety of factors such as restrictions due to cell mem-
branes, cytoskeleton, macromolecules and myelin sheath.

This implies, that MR can be used to probe the structural environment non-
invasively by measuring this restricted diffusion. This is particularly important,
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when the boundaries influencing the diffusion are typically too small to be resolved
by conventional MRI techniques. Although the exact mechanism of the generation
of diffusion MRI signals in biological tissues is not fully understood, it is generally
believed that the quantity measured by diffusion MRI is a mixture of intracellular
diffusion, intercellular diffusion, and the exchange between the two sides of the
cell membrane.

The history of diffusion MRI (we also use the term DWI) is closely related to
the principles of NMR and MRI, which were mainly formulated and discovered
in the last century. They provide the fundamental framework for the principles of
diffusion MRI.

Back in 1950, Hahn [Hah50] discovered the sensitivity of the spin echo MR
signal on molecular diffusion. He investigated that the random thermal motion of
the spins reduces the amplitude of the observed signal in comparison to the FID
and dephases the spins more quickly.

In 1965, Stejskal and Tanner [ST65] introduced a pulsed gradient spin-echo
sequence (PGSE), as illustrated in figure 3.16 (recall the theory on spin-echo se-
quences we have given in section 3.1.1). Stejskal and Tanner measured the diffu-
sion of water molecules in predefined directions gi, i = 1, ...,N. As indicated in
figure 3.16, a bipolar gradient is applied after the excitation with the 90◦-pulse and
before signal sampling. The first gradient adds to each spin’s precession a positive
phase proportional to its average position (along the direction of the gradient). A
negative phase proportional to its average position is evoked by the second gradi-
ent pulse. The sum of these phases is related to the differences between these two
positions. Perfect refocusing happens only when water molecules do not change
their location in between the application of two dephase-rephase gradients. Hence,
by the application of paired gradients, we measure the imperfect refocusing. When
a refocusing HF-pulse is placed between the two gradients, it reverses the phase in-
duced by the first gradient and the phases from all applied gradients. Hence, both
diffusion-weighting gradients have the same polarity.

Each gradient which is applied to obtain and to modulate diffusion weighting
can be represented by a vector G. Each gradient will last for a time interval δ and
has strength G, G = |G|, usually measured in units of mT/m. The gradient pair is
separated by a time interval ∆. Thus, we have several experimental parameters that
affect signal attenuation in the following way: The longer the interval ∆ between
two pulses, the more likely it is for water molecules to move around. This leads to a
higher diffusion rate and hence to a more significant signal loss. However, a change
in the gradient separation period ∆ is not advisable, because it changes the echo
time TE as well. The resulting signal would be influenced not solely by diffusion-
weighting but also by T2-weighting [CH01]. A strong or longer applied gradient (G
and δ) leads to more initial dephasing along the gradient axis and results in a greater
signal loss. Hence, more diffusion-weighting occurs and the water molecules have
a bigger chance to change their position. Increasing the duration δ of the gradient
is feasible, but there is generally not much time between excitation and refocussing
HF pulse to accomodate longer gradient durations. In general, the best method to
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HF

Figure 3.16: Example of a pulsed gradient spin-echo sequence. The gradient pulse du-
ration δ can vary between a few milliseconds, while the period between the
two gradient pulses ∆ may be anywhere between 10ms and a few hundreds
of milliseconds. Image adopted from [JBB09, p. 6]

achieve this is to increase the magnitude G of the gradient G, because the signal
loss is solely attributed to the diffusion process.

Stejskal and Tanner [ST65] showed that the signal attenuation S(q, t) can be
expressed as a 3D-Fourier transform F of the diffusion propagator, or PDF, P.
Note, that the captured signal is generated from the average over all spins in the
voxel,

S(q, t)
S0

=
∫
R3

e−2πi(γδG/2π)T RP(r|r0, t)dr

=
∫
R3

e−iqT RP(t)dr = F [P(r|r0, t)] (3.10)

where R = r− r0 is the relative spin displacement after displacement time t. The
gradient specific values can be combined to a vector q = γδG/2π, which is also
called wave vector. The wave vector depends on the length, strength and orienta-
tion of the gradient pulses during the measurement sequence. The diffusion time t
depends on the pulse length and separation, which is for pulsed-gradient spin-echo
sequences t = ∆− δ/3. The wavevector q can be separated into a scalar value |q|
representing the length of the vector and the diffusion-encoding direction g= q/|q|
which is a unit vector pointing in direction of the magnetic field gradient. The space
of all 3D q vectors is called q-space.

The diffusion PDF or diffusion propagator P is the function we are about to
reconstruct via diffusion MRI. The actual finding of equation (3.10) is that the PDF
can be obtained by the inverse Fourier transform F − of the signal. To reconstruct
an approximation of the PDF, one has to sample the diffusion PDF along numerous
q vectors. In turn, to sample the PDF, one need to measure diffusion along N
directions. Therefore, the same spin echo sequence must be repeated N-times each
time using a different orientation of the gradient pair. This is done in q-space
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(a) (b) (c)

Figure 3.17: Axial slice from a human brain DWI data set described in A.0.6. (a)
Baseline image with b = 0s/mm2, no gradient encoding direction was ap-
plied (b) b = 1000s/mm2 , g1 = (−0.212046,−0.0987787,−0.972255)T (c)
b = 1000s/mm2, g5 = (0.459594,−0.160435,−0.873518)T

imaging, which was introduced by Callaghan [Cal93] in 1993. A more extensive
review on q-space imaging, is covered in section 3.2.

The b-value modulates the amount of diffusion weighting by combining the
diffusion time and wave vector,

b = |q|2t = |γδG|2t = (γδG)2t. (3.11)

hence, it is an important parameter for DWI. For high b-values, the true signal
falls off very quickly, while the background noise is kept constant. As a result,
noisy measurements with a poor signal-to-noise ratio (SNR) are obtained. For low
b-values one might not be able to obtain sufficient diffusion signal attenuation.
Hence, the b-value must be adjusted properly though optimal imaging parameters
are still a matter of research. The signal in absence of any diffusion encoding
gradients is denoted as S0 and the corresponding baseline image b0-image, where
the diffusion-weighting gradient amplitude is zero with b = 0. Example diffusion
weighted images are given in figure 3.17.

As already mentioned, the PDF of water molecules is very complex, as shown
in equation (3.10) and is not completely understood to date. To this end simplier
models of diffusion have been proposed to compute the Fourier integral analyt-
ically, such as the three-dimensional Gaussian model, which uses the diffusion
tensor from equation (3.8),

S(q, t)
S0

= e−tqT Dq⇔ S(g,b) = S0e−bgT Dg = S0e−t|q|2gT Dg = S0e−bADC (3.12)
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This is a popular formulation of the Stejskal-Tanner equation under Gaussian as-
sumption. The apparent diffusion coefficient ADC is estimated by D(g) = gT Dg.
The actual computation of the inverse Fourier transform in order to obtain the dif-
fusion PDF is difficult in practice and has given rise to many research activities
regarding alternative acquistion and reconstruction techniques.

A final note should be made on the obtained diffusion signal values in terms of
the general MR weighting factors ρ, T1, and T2. In DWI, S0 and S(q, t) measure-
ments are weighted identically by ρ, T1 recovery and T2 decay. Since relaxation-
related signal attenuation is approximately independent of the applied diffusion
gradients, dividing S(q, t) by S0 eliminates the effects of relaxation. Hence, the
resulting DWI is q-dependent and attributed solely to diffusion.

Apparent Diffusion Coefficient (ADC)

In restricted environments, the apparent diffusion coefficient describes the behaviour
of diffusion along a specific direction. It is closely related to the diffusion tensor D
by D(g) = gT Dg.

Referring to equation (3.12), the ADC can be estimated by the logarithmical
version of the Stejskal-Tanner equation,

−b ·ADC = ln
(

S(g,b)
S0

)
(3.13)

where the value of ADC only reflects diffusion in the particular direction of the
chosen gradient. Hence, to compute the ADC in a particular direction, it is neces-
sary to acquire one diffusion weighted image along the gradient direction and one
image without diffusion-weighting (the b0-image).

ADC is subject to clinical use in cases of acute ischemia. In the affected re-
gions, a reduction in the displacement of water molecules per unit time can be
detected, which goes along with a reduction in the ADC value [MCK]. Less sig-
nal attenuation making the lesion appearing hyperintense on an ADC image, even
when conventional scans (T1- or T2-weighted images) reveal no irregularities.

One major disadvantage of the ADC is its rotational variance, because it de-
pends on the choice of laboratory coordinate system in use as well as the inter-
pretation varies according to the relative positions of the MR gradient and the bio-
logical tissues, usually resulting in an underestimation of the degree of anisotropy
[PB96]. In anisotropic media such as white matter, where the measured diffusiv-
ity is known to depend upon the orientation of the tissue, a single ADC does not
adequately characterise the orientation-dependent water mobility. Therefore, the
diffusion tensor approach has been proposed.

3.1.3 Diffusion Tensor Imaging (DTI)

Diffusion Tensor Imaging (DTI) was introduced to overcome this limitation. Rota-
tionally invariant measures were defined by Peter Basser et al. [BML92, BMTB93,
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BML94b, BML94a]. They proposed to use a second order symmetric and positive-
definite tensor to model the diffusion properties equal to what we have seen in
equation (3.8) referring to the physics of diffusion in Fick’s and Einstein’s laws.

DTI approximates the diffusion PDF by a multivariate normal distribution with
zero mean, which is a generalization of the one-dimensional normal distribution to
higher dimensions. The definition of a multivariate normal distribution implies,
that D can be seen as the covariance matrix Σ, whose elements at position i, j
are the covariance between the ith and jth element, which in turn is a measure
for two variables’ tendency to show similar behavior. Explicitly, the Gaussian
displacement of water molecules has the following probability density function
(PDF),

P(r|r0, t) =
1

(
√

2πt)3|Σ|
exp(− 1

2t
RT

Σ
−1R) (3.14)

=
1

(
√

4πt)3|D|
exp(− 1

4t
RT D−1R) (3.15)

and | · | represents the determinant of a matrix. By convention, the covariance ma-
trix and the diffusion tensor are linked by D=Σ/2. Since the diffusion tensor D can
be regarded as a scaled covariance matrix, it fulfills the properties of a covariance
matrix: The elements along the diagonal are non-zero and the matrix is symmetric
dxy = dyx,dxz = dzx,dyz = dzy and each single component is D = (di j)i=1...3, j=1...3 ∈
R. The diagonal elements of the diffusion tensor D = (dii)i=1...3 correspond to
diffusion along three orthogonal axis (e.g. those axis of the scanner measurement
frame). The off-diagonal elements can be seen as a correlation between displace-
ments along those orthogonal axes, for example dxy correlates displacements along
the x- and y-axis. In the special case, when the axis of greatest diffusion becomes
perfectly aligned with e.g. the x-axis, the off-diagonal element dxy will become
zero.

Because of the symmetry property, the tensor has six unknown coefficients.
To solve the system of equations, the undetermined variables have to be estimated
from at least six diffusion weighted images with gradients applied in non-collinear
and non-coplanar directions. In addition, one image without diffusion weighting
is required. Typically, a b-value of 1000 s/mm2 is used with 7 to 60 gradient di-
rections to obtain a stable result. D itself can be estimated using a weighted or un-
weighted linear least square method. Alternatively, it is also possible to solve this
equation using a non-linear least square method such as the Levenberg-Marquardt
algorithm [BML94b]. For an extensive review on how to determine the six un-
known variables of the diffusion tensor see [JBB09].

Diffusion Tensor Visualization and Quantities

The DT is a rich mathematical tool with properties one can exploit for diffusion
MRI visualization and analyis. D is often visualized using an ellipsoid. The ellip-
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Figure 3.18: Scheme of the diffusion tensor matrices and its ellipsoids. The tensor in (a)
and (b) are isotropic. Tensors (c)-(e) are aligned with the laboratory frame
of reference, hence all off-diagonal elements are zero. Tensor (f) is rotated
around the z-axis with an angle of 60◦ , dxy is no longer zero and reflects a
correlation in displacements along the x- and y-axis. Tensor (e) and (f) are
identical in terms of their eigenvalues. Images adopted from [JBB09, p. 43]

soid is oriented along the internal reference frame of the diffusion tensor, which
is represented by the eigensystem. The tensor contains a diagonalisibility property
and can thus be decomposed into three eigenvalues and corresponding eigenvec-
tors. The orthogonal principal axes of the ellipsoid are given by the eigenvectors
e1,e2,e3. Einstein’s equation (3.7) implies that the displacement within a fixed
period of time is proportional to the square root of the diffusivity. Hence, the ellip-
soid axes are scaled according to the square root of the eigenvalues

√
λi, i = 1,2,3,

where λ1 ≥ λ2 ≥ λ3 belongs to the corresponding eigenvectors e1,e2,e3, as de-
picted in figure 3.18.

The direction of the largest eigenvector e1 gives the principal direction of the
DT, and the corresponding eigenvalue

√
λ1 is equal to the length of the principal

vector. The principal eigenvector is assumed to be co-linear with the dominant fiber
orientation within the voxel. This assumption is contrasted by several exceptions
and will be covered in the next section. The other eigenvectors e2,e3 span the
orthogonal plane towards e1 by definition. Hence, these two vectors are unable to
provide useful information about the orientation of additional fiber population. The
eigenvalues are not negative, because D is diagonizable and positive semi-definite.
When computing the DT, one should restrict the tensor to be meaningful, such as
ensuring that the three eigenvalues are positive.

Different shapes of ellipsoids and their interpretation are given on the right side
of figure 3.18. In a voxel with isotropic diffusion, we assume λ1 ≈ λ2 ≈ λ3. In the
anisotropic case, there are two potential configurations of the tensor. It can be cigar-
shaped (elongated) with λ1 > λ2 ≈ λ3 or pancake-shaped (planar) λ1 ≈ λ2 > λ3.

Several rotationally invariant scalar quantities can be derived from the eigen-
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value decomposition of the DT.

• The trace of the DT is the sum of the three diagonal elements, which are
equal to the sum of its three eigenvalues, trace(D) =∑

3
i=1 λi = dxx+dyy+dzz.

• The mean diffusivity (MD) is then defined as being orientationally averaged
by computing λ̄ = trace(D)/3.

• The fractional anisotropy (FA) introduced by Pierpaoli and Basser in 1996
[PB96], which takes the normalized variance of the eigenvalues around their
mean into account.

FA =

√
3
2

√
∑

3
i=1(λi− λ̄)2

λ2
1 +λ2

2 +λ2
3

(3.16)

The FA index normalizes the variance by the sum of squares of its eigen-
values. Thus, FA measures the fraction of the tensor that can be assigned
to anisotropic diffusion. Voxels with high FA values indicate white matter,
because the directionality of the axon bundles permits faster diffusion along
the axon fiber direction than across it. The FA takes values between zero
(isotropic tissue) to one (anisotropic tissue).

Later in the classification chapter, we will refer to further indices which are
defined on the DT and its eigenvalues, see also section 4.1.2.

Besides the 3D-ellipsoidal visualization approach for the DT, which was re-
constructed for one axial slice in figure 3.19, other visualizations are commonly
used. One can replace the ellipsoid by a cuboid or a simple vector which repre-
sents the main eigenvector e1 scaled by the prinicipal eigenvalue λ1. Furthermore,
2D direction-encoded color (DEC) maps [PP99] were introduced in the field of
DTI. This approach uses the absolute x-y-z coordinates of the principal eigenvec-
tor e1 and conveys them to a specific corresponding RGB color, e.g. [R G B] =
[e1xe1ye1z]. For example, if e1 = {1,0,0}T the corresponding voxel will be colored
in red. Usually, the voxel color is also multiplied with an anisotropy measure (usu-
ally the FA). This is illustrated on the left side of figure 3.19. As the color wheel in
figure 3.19 implies, red voxels stand for principal vectors running in the temporal
orientation (perpendicular to the saggital plane) , whereas areas of green indicate an
anterior-posterior orientation (perpendicular to the coronal plane) and blue voxels
represent a rostral-occipital orientation (perpendicular to the axial plane). Assum-
ing that the direction of e1 corresponds to the orientation of the underlying tissue,
this 2D DEC map provides an elegant and comprehensible representation of the
local 3D fiber organization.

Diffusion tensor imaging has become popular because it provides two unique
insights into tissue microstructure. First, it quantifies diffusion anisotropy, which is
a useful index of white matter integrity, and second, it provides an estimate of the
principal direction of axon fibers, which enables tractography. Furthermore, image
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Figure 3.19: Axial slice from a human brain DWI data set described in A.0.6. Left: com-
putation of the 2D direction-encoded color (DEC) map using the FA measure
as modulation and the components of the main diffusion vector e1. Right:
magnified view of 3D diffusion tensor as ellipsoid, cuboid or vector.
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acquisition only takes a few minutes and the diffusion tensor can be calculated in
a short period of time. It has been found useful in clinical applications [GRT08],
tractography studies [HPC+06, GR08, BA10] and segmentation studies [AG07,
KYHT11].

Limitation of the Diffusion Tensor Model

Figure 3.20: Different intravoxel fiber configurations and their corresponding PDF, diffu-
sion tensor and its principal axis. The fifth column shows the fiber orientation
distribution function for each configuration, which the output of a reconstruc-
tion method that can be obtained with HARDI. Image adopted from [JBB09,
p.57].

Although DTI is a versatile technology it has several limitations, due to the
modeling assumption it is based on. White matter axons are tiny compared to
typical MRI voxels. Axon radii are on the order of 0.1 to 10µm, whereas isotropic
voxel sizes range from 1 to 5 mm. Voxels therefore contain thousands of axonal
fibers, which can adopt a wide range of often complex configurations.

If the PDF differs significantely from the Gaussian model, the DT contains
very little useful information and might be misleading. Figure 3.20 shows five dif-
ferent fiber configurations that potentially can occur in an imaging voxel together
with their displacement distribution. Furthermore, the expected DT and its princi-
pal direction are illustrated. The latter can be interpreted as the estimation of the
dominant fiber orientation from the DT model for each configuration.

• 1.) Parallel configuration (row 1 of figure 3.20)
In a parallel configuration, the Gaussian assumption of DTI coincides with
the true PDF. The diffusion tensor’s shape indicates a highly anisotropic dif-
fusion and is extended along the fiber direction. The principal direction gives
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an exact estimate of the single fiber orientation. The DT model is capable of
modeling this case correctly.

• 2. & 3.) Fanning & bending within a plane (row 2 and 3 of figure 3.20)
The movement of the molecules depends on the location within the voxel in
relation to bending or fanning fibers. In both cases the displacement occurs
along the slightly horizontal orientation of the fiber (e.g. it bends 30◦ around
the vertical axis).

The PDF averages all contributions and thus here horizontal scattering oc-
curs more than in the straight parallel fiber configuration. The bending
and fanning does not affect the displacements perpendicular to the bend-
ing/fanning plane. The smallest eigenvalue λ3 and the direction of e1 is
identical to the straight parallel fiber case. On the one hand, the main di-
rection provides a good estimate of the mean fiber direction, but it does not
reflect the full complexity of the configuration at all.

• 4.) Acute crossing at an angle < 90◦ (row 4 of 3.20)
Although the PDF for the oblique crossing is different to the fanning and
bending example and is of non-ellipsoidal shape, the DT is identical to the
fanning and bending configuration. The principal direction is misleading,
since it does not correspond to any direction of the fiber in the voxel.

• 5.) Crossing at 90◦ (row 5 of 3.20)
The perpendicular crossing produces a PDF with a cross-shaped contour, but
the diffusion tensor’s outcome is a planar shape, which lacks any directional
information. The DT shows no preferred diffusion direction (illustrated with
a question mark) and there are no maxima aligned with the underlying fiber
distribution, as also shown in figure 3.26c.

Additionally to the different complex fiber configurations that may occur, the
axonal density or size can have a major impact on the diffusion within a voxel and
predictions on the underlying fiber course get even more challenging. Moreover,
partial volume averaging effects play a major role, since there are often contribu-
tions from other tissue types in the captured displacement distribution.

To summarize, the key limitation of DT is that it can only recover a single
fiber orientation correctly. The PDF underlies a Gaussian assumption and this does
not always model the underlying diffusion process correctly, since more complex
diffusion profiles can occur in a voxel. As soon as multiple fiber populations ap-
pear, the DT will not be able to reflect multiple maxima and can rather be seen
as a bounding ellipsoid around the fiber configuration. It especially fails as soon
as fiber crossings appear as well as other complex fiber distribution, like bending,
fanning or branching.

This is a major obstacle for tractography and connectivity mapping and moti-
vated the development of more sophisticated models in the past. The next section
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covers a variety of alternative models and algorithms which aim for recovering
non-Gaussian distributions from diffusion MRI measurements.

3.2 Diffusion Spectrum Imaging

As we have shown, diffusion tensor imaging (DTI) provides a powerful tool for
mapping neural histoarchitecture in vivo. However, DTI can only resolve a single
fiber orientation within each imaging voxel due to the Gaussian PDF assumption.
The fiber crossing confound has prompted efforts to develop diffusion imaging
methods capable of resolving intravoxel fiber crossing, such as diffusion spec-
trum imaging (DSI) [TRWW03, Tuc02], also known as q-space imaging (QSI)
[WRT+00], diffusion displacement imaging or dynamic NMR microscopy [Cal93].

DSI attempts to measure the PDF directly and makes no assumption about tis-
sue microstructure or the shape of the PDF [CEX88, Cal93]. Hence, it is a model-
free approach. This can be justified by the fact that in regions of fiber crossings
the diffusion function provides significant multimodal structure, i.e. diffusion that
arise when the fiber populations within a voxel have different orientations.

The method is based on the idea to sample a large number of q-space points
over a discrete three-dimensional Cartesian grid (radial and angular measurements)
and then take the inverse Fourier transform F −1 of the measured DWI signal to
obtain an estimate of the diffusion PDF. This relation was already demonstrated
in equation 3.10. MR diffusion measurements are sensitive only to the absolute
value of the direction: diffusion in +x results in the same value as motion in −x.
This imposes a symmetry on the measurements, in a way that antipodes on the
measurement in q-space are identical. Therefore, it is sufficient to sample only one
hemisphere of the q-space. Figure 3.22a illustrates sampling schemes with points
equally distributed over a Cartesian grid.

In the context of diffusion MRI, full human brain DSI acquisitions have been
developed and used with some success. For more information on this see [Tuc02].

However, despite the fact that DSI can recover the true underlying PDF, which
is a true benefit for fiber tractography approaches, DSI has some major drawbacks,
which lie mostly in the field of acquisition requirements. DSI requires long scan
times due to the number of required sampling directions, which are on the order of
N > 200. This renders impractical in clinical routine to date.

The Fourier relationship between the PDF and the signal relies on infinitely
short pulses. In practice, pulses are not infinetely short and have length close to
the diffusion time. Hence they deviate significantely from the basic assumption
of the method. This leads to an approximated PDF which is considerably blurred,
although strong maxima are not much affected. Because of these restrictions, the
duration of the gradient δ must be kept small in order to satisfy the narrow pulse
approximation. As a consequence, very large pulsed field gradients G are neces-
sary (500 ≤ b ≤ 20000s/mm2) for satisfying the Nyquist condition for diffusion
in nervous tissue [Tuc02]. Note, that it is still an engineering problem to design
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Figure 3.21: Expected diffusion PDF, i.e. 3D displacement distribution, in a single voxel.
(a) Single fiber case with cigar-shaped PDF whose maxima are aligned with
the axons, (b) isotropic case with no preferential direction of diffusion, (c)
two crossing fibers, intersecting at an angle of 90◦ and with a cross-shaped
PDF. (d) Two simplified visualization approaches of configuration in c) us-
ing either an isosurface at a certain radius r or the orientation distribution
function (ODF). Images adopted from [HJM+06, p.207, p.210].

maximal b-values and the question is how much will be achievable at all. Further-
more, generating high b-values create severe eddy current distortions and can even
induce harmful electric fields in the scanned subject.

Concerning the visualization of the PDF obtained by QSI, a huge amount of
data has to be stored and processed per voxel. This is computationally intensive, in
a way that it is almost impossible to depict all data points at a time. Consequently,
first attempts were made to visualize the diffusion PDF in a more efficient way,
i.e. as an isosurface for a chosen radius r, as it is shown in figure 3.21d. Another
approach is to compute the so called diffusion orientation distribution function
(dODF), which will be discussed in the following section. The dODF only takes
the angular information of the PDF into account and can be computed by simply
projecting the single PDF values onto the unit sphere, as shown in figure 3.23.

3.3 High Angular Resolution Diffusion Imaging (HARDI)

Intravoxel fiber crossings can be resolved using q-space imaging, but this requires
large pulsed field gradients and time-intensive sampling. To address this sampling
burden, reseachers have proposed an alternative approach based on sampling on
a spherical shell (or combination of shells) in diffusion wave vector space. The
spherical sampling approach is referred to as high angular resolution diffusion
imaging (HARDI). The efficiency gain of HARDI originates from the fact that
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Figure 3.22: Q-space sampling schemes (blue dots) for DSI and QBI acquisitions. (a) The
DSI sampling scheme is a spherically truncated Cartesian lattice. It consists
of N = 515 points on a 11×11×11 Cartesian lattice that lie within a sphere
of diameter 11. (b) The QBI sampling scheme on a sphere. The gray lattice is
shown to facilitate visualization of the sampling scheme’s geometry. Images
adopted from [Tuc02, Fig.6].

only a spherical shell at a certain radius is sampled in q-space as opposed to the
full three-dimensional Cartesian volume required by QSI, as illustrated in figure
3.22b and 3.23b. In spherical acquisitions, |q| and thus b are fixed so all wave
vectors are equidistant from the origin in q-space. In contrast, the DSI sampling
scheme typically samples the whole interior of a sphere in regular grid of samples.
The radial information of the diffusion PDF can be discarded if one is interested in
fiber directions, since we aim for a function whose local maxima are aligned with
the underlying fiber structure.

Another advantage of HARDI over DSI is, that medium gradient strengths
(b≥ 3000s/mm2) can be used, although stronger gradients give better approxima-
tions [Des08]. Due to a smaller b-value, the signal-to-noise ratio (SNR) is greatly
improved, leading to more reliable diffusion information in the dataset. All in all,
acquisition requirements are more manageable than those of DSI.

Based on HARDI, several approximations and reconstructions can be com-
puted, as sketched in figure 3.24. In the following, we will introduce some of the
concepts.

So far, various reconstruction approaches have been proposed for HARDI,
and those can be subsumed under the mixture model decomposition or model-
free approaches. Mixture modeling requires a model of the underlying diffusion
process. Model-free inversion has remained elusive until [Tuc02] proposed his
model-independent approach, which is based on the spherical tomographic inver-
sion called Funk-Radon transform. He called the resulting method q-ball imaging
(QBI), which is the approach pursued in this thesis. We will introduce several
state-of-the-art reconstruction schemes in the following subsections.

First we will show how to approximate any function on the sphere using spher-
ical harmonics (SH). By using the SH approximation, the captured discrete diffu-
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(a) (b)

Figure 3.23: (a) 2D illustration of estimating the dODF with DSI. First panel: the signal
S is sampled on a grid as a function of q (white spots). Second panel: FT
F of S provides samples of the PDF P on a grid of displacements x. Third
panel: the grid of PDF samples is interpolated and integrated along radial
lines. Last panel: diffusion ODF. (b) 2D illustration of spherical sampling
of the q-space, which is used in other HARDI reconstruction method such as
QBI. Images adopted from [JBB09, p.62].
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Figure 3.24: Overview on possible modeling techniques for HARDI. One can use the
spherical harmonics (SH) approximation to model the diffusion signal, the
apparent diffusion coefficient (ADC) or to recontruct the orientation distri-
bution function (ODF). Furthermore, the diffusion tensor can be computed.
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sion signal values can be reduced primarily to several SH coefficients. Further-
more, we will see that one can incorporate regularization to reduce the effect of
noise.

3.3.1 Spherical Harmonics

SH order l number of coefficients c
2 6
4 15
6 28
8 45

Table 3.4: Number of SH coeffi-
cients c for SH order l

order of tesselation T number of points p
1 12
2 42
3 162
4 642
5 2562

Table 3.5: Number of icosahedron
sphere points p for tesse-
lation order T

Any complex function on a unit sphere can be expressed as a linear combina-
tion of spherical harmonic functions. This is analogous to the Fourier transform in
image processing, where any image can be decomposed in a Fourier series, namely
in a sum of sine and cosine. Spherical harmonics (SH) Y m

l of order l and degree
m are the angular portion of Laplace’s equation in spherical coordinates. One can
define them explicitely as

Y m
l (θ,φ) =

√
2l +1

4π

(l−m)!
(l +m)!

Pm
l (cosθ)eimφ (3.17)

where they form an orthonormal set of functions and θ ∈ [0,π], φ ∈ [0,2π]. Pm
l is

the associated Legendre polynomial.
In the following, we will show exemplarily how to approximate the diffusion

signal with SH basis functions and how the SH basis function can be modified to
account for the specific properties of diffusion-weighted signal images.

Diffusion Signal Approximation by SH

As we have already pointed out, MR diffusion measurements are sensitive only to
the absolute value of the direction. Hence, the HARDI signal is inherintly sym-
metric. [DAFD07] designed a modified SH basis Y = {Y1, . . . ,YR} , which fulfills
the symmetry property, exploiting the fact that spherical harmonics of even order
are antipodally symmetric, while spherical harmonics of odd order are antipodally
anti-symmetric.

In order to restrict the basis to be symmetric, only spherical harmonics of even
degree are used (l = 0,2,4, . . . ,L) for modeling the signal. Spherical harmonics
of odd degree describe asymmetric components, which are not captured in the
diffusion process. If asymmetric SH coefficients have a respective weight, then
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Figure 3.25: The modified SH basis Y = {Y1, . . . ,Y15} for order l = 4 is depicted. l( j)
is the harmonic order for the jth coefficient. Image adopted from [Des08,
p.67].

it is assumed that they model artifacts e.g. induced by subject motion or eddy
currents and thus can be excluded from the analysis.

To impose the real-value constraint, [DAFD07] choose real and imaginary parts
of the SH depending on the degree m with m = −l, . . . ,0, . . . , l. A single index j
was defined in terms of l and m, such that j(l,m)= (l2+ l+2)/2+m. The modified
SH series of order l, has exactly R = (l +1)(l +2)/2 terms.

Yj =


√

2 ·Re(Y |m|l ) if m < 0
Y m

l if m = 0√
2 · (−1)m+1 · Im(Y m

l ) if m > 0

(3.18)

where Re(Y m
l ) and Im(Y m

l ) represent the real and imaginary parts of Y m
l , respec-

tively. The signal at each of the N gradient directions i can be approximated by

S(θi,φi) =
R

∑
j=1

c jYj(θi,φi) (3.19)

where c j denotes the SH coefficients corresponding to the Yj SH basis, which we
need to resolve. The number of coefficients depends on the chosen SH order and
they are listed in table 3.4.

Be S the N×1 vector of the input signal for every encoding gradient direction.
Further, C be the R×1 vector of the SH coefficients c j and B is the N×R matrix
containing the modified SH basis,
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B =


Y1(θ1,φ1) Y2(θ1,φ1) . . . YR(θ1,φ1)

...
...

. . .
...

Y1(θN ,φN) Y2(θN ,φN) . . . YR(θN ,φN)

 (3.20)

The set of equations can be written as an over-determined linear system S = BC.
Then, a least-square solution for the coefficients C can be used. This yields the
following equation

C = (BTB)−1BTS (3.21)

C is the ultimate vector containing the R×1 SH coefficients c j, and it reduces the
discrete input signal to just a few coefficients (e.g. for the SH order l = 4, C has
15 values). Each coefficient can be seen as a certain weight for each basis function
Yj and its influence on the final function. The modified SH basis functions (up to
order l = 4) are illustrated in figure 3.25.

If the signal is prone to noise, it is advisable to perform a regularization on
the data. Descouteaux [DAFD07] proposed to use the Laplace-Beltrami operator
which is a natural measure of smoothness for functions defined on the unit sphere.
Hess et al. [HMH+06] proposed to use a Tikhonov regularization method, which
is very similar to the Laplace-Beltrami smoothing. The solution is expressed in the
same form as equation (3.22), but L is replaced by the identity matrix I. We will
show the solution of [DAFD07] in the following. The generalized expression for
the desired SH series coefficient vector can be obtained by

C = (BTB+λL)−1BTS (3.22)

with the R×R smoothing matrix

L =


. . .

l( j)2(l( j)+1)2

. . .

 (3.23)

where l( j) is the order associated with the jth element of the SH basis, i.e. for
j = 1,2,3,4,5,6,7, ..., l( j) = 0,2,2,2,2,2,4, .... This is an extention of equation
(3.21). According to [DAFD07], higher order terms will only be included in the
model fit if they significantly improve the overall accuracy of the approximation.
This eliminates most of the high order terms due to noise while leaving those that
are necessary to describe the underlying function. One can now use a higher order
estimation without overmodeling the small perturbations because of noise in the
input diffusion MRI signal. However, obtaining this balance depends the selection
of a good value for parameter λ. Descoteaux [DAFD07] proposed smoothing pa-
rameters for voxels with one fiber as λ = 0.308, for two fibers λ = 0.006 and for
three fibers λ = 0.0155.



3.3. HIGH ANGULAR RESOLUTION DIFFUSION IMAGING (HARDI) 51

(a) (b) (c) (d) (e)

Figure 3.26: (a) Crossing of two fiber bundles with H2O diffusion along the course of
the fibers. Image adopted from [Pou99, p.126]. (b) Main fiber orientations
of a 90◦ crossing. (c), (d), (e) visualize different reconstruction approaches,
images adopted from [Des08, p.48, 54]: (c) planar diffusion tensor ellipsoid
from DTI, (d) ADC from HARDI, (e) dODF from HARDI (QBI)

Apparent Diffusion Coeffient Profile Approximation by SH

In the previous section 3.1.2, we focused on the computation of ADC and showed
how it can be derived from the diffusion tensor if one also imposes the Gaussian
assumption on the ADC. However, the ADC is able to reveal information about
intravoxel configurations of multiple directions using no modeling approach. To
avoid confusion with the Gaussian assumption, we will refer to the HARDI-based
ADC as ADC profile throughout this thesis.

From HARD signal measurements, we can obtain the ADC along each gra-
dient direction g for N samples on the sphere using equation 3.13. The spheri-
cal harmonics representation of the ADC profiles estimated from HARD data was
initiated by Frank [Fra02] and Alexander [ABA02] without assuming a Gaussian
diffusion. Beside this, [DAFD07] proposed his modified SH basis function, see
equation (3.18). The approximated ADC profile can be computed using equation
(3.22) utilizing the ADC profile as input vector.

Since diffusion is largest in the directions of least hindrance and smaller in
other directions, diffusion reveals information about the microstructure of the tissue
and its main orientations. In a single fiber case, the maximum of the apparent
diffusion coefficient profile corresponds to the main fiber orientation. The maxima
of the computed ADC profile do not agree with the underlying fiber population in
the multifiber case, as depicted in figure 3.26d. The reason for this is, that the ADC
measurement is the projection of spin displacement onto the diffusion gradient
axis. In the presence of two perpendicular fibers for example, the greatest diffusion
coefficient is at an angle midway between the fibers and not in the direction of either
of the fibers as demonstrated in phantoms [VDHH02] and in vivo [TRW+02].

The ADC profile will be of little help for fiber tractography, where the exact
orientation of the fiber in one voxel is of great interest. However, the ADC pro-
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file can be useful to identify the presence of multiple fiber compartments without
actually computing the orientations as such, which has been shown in [VDHH02].
Hence, the ADC profile can be used to define anisotropy measures and to conduct
classification based on those measures, as described in section 4.1.3.

3.3.2 Model-free reconstruction approaches

The spherical harmonics approximation is one basic concept using model-free
HARDI reconstruction approaches, which aim for restoring the underlying fiber
courses. Those methods in the following section reconstruct the orientation distri-
bution function (ODF) without placing modeling constraints on its form. They are
non-parametric because they do not rely solely on parametric models of the PDF.

Single and Multiple Shell q-ball Imaging (QBI)

Q-ball imaging on a single shell has been proposed by David Tuch [Tuc02, Tuc04]
and is a model-independent reconstruction method. QBI reconstructs the diffusion
ODF, Ψ, using the spherical tomographic inversion called Funk-Radon transform
(FRT). The FRT is the central component of q-ball imaging and allows for a more
intuitive interpretation of the reconstructed diffusion signal in contrast to the recon-
structed ADC profile. The steps of the q-ball reconstruction algorithm are depicted
in figure 3.27.

The three-dimensional PDF provides invaluable information on the tissue’s mi-
crostructure. For the purpose of mapping the orientational architecture of tissue,
the primary object of interest is the orientational information in the diffusion func-
tion. This can be described by the orientation distribution function (ODF). The
original definition of the diffusion ODF Ψ is specified as the radial projection of
the diffusion function [Tuc02, Tuc04],

Ψ(θ,φ) =
1
Z

∫
∞

0
P(r,θ,φ)dr (3.24)

where θ ∈ [0,π] is the inclination angle measured from a fixed zenith direction and
φ∈ [0,2π] the azimuth angle. Together with θ and φ, the radial distance r describes
a point in three-dimensional space in spherical coordinates. Z is a dimensionless
normalization constant, which ensures that the ODF is properly normalized to unit
mass. Even though the PDF is normalized, the ODF obtained by radial projection
is not guaranteed to be normalized since the ODF is a distribution on the radial
projections and not on the true sphere. To define the ODF over the proper sphere
would require an integral over solid angle elements, which was later proposed by
Aganj [ALS09, ALS+10]. We will give a more detailed review on this in section
3.4.

In general, the dODF is straightforward to understand its maxima are aligned
with the underlying fiber compartments in most cases. A comparison of the planar
DT and the q-ball dODF in a voxel with a 90◦ fiber crossing is given in figure 3.26.
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Figure 3.27: Steps of the q-ball algorithm. 1) Samples of signal S at fixed |q|, 2) interpo-
lation of S to approximate the continuous signal, 3) Funk-Radon transform,
which sums up the interpolated S around the equator, 4) resulting dODF, 5)
interpolation of the discrete dODF to approximate the continuous dODF. Im-
age adopted from [JBB09, p.63].

In this case, the dODF is able to resolve the intravoxel orientational architecture
of neural tissue. It is therefore of great use for fiber tractography approaches in
contrast to the ADC profile.

The approximation of the dODF introduces some blurring, which may reduce
angular resolution and precision of peak direction compared to DSI, but is better
applicable in clinical environments in terms of the acquisition procedure.

Single shell QBI has been extended to multiple shell HARDI data by [KWT07].
The idea is to use two HARDI acquisitions: one at a low b-value b = 700s/mm2

with only 70 gradient encoding directions and the other with a higher b-value of
3200s/mm2 and 262 directions. The first dataset has the advantage of having a
high SNR, while the second dataset exhibits a high angular contrast. The recon-
struction combines both benefits and can thus improve angular resolution of QBI.
This idea can be seen as a trade-off between a DSI acquisition and a single shell
QBI acquisition.

For all the previously discussed reasons, we will focus on QBI in this thesis.
We will give detail on this method in section 3.4 after introducing various recon-
struction approaches.

Diffusion Orientation Transform (DOT)

The diffusion orientation transform (DOT) proposed by [OSV+06] is a function
that maps the ADC profile to the diffusion PDF. Then, the ODF can be computed
by integrating the radial component of the PDF from equation (3.35). The Fourier
transform F can be done using the Rayleigh expansion of a plane wave in spher-
ical coordinates [OSV+06]. The benefit of this method is, that the DOT is based
on the exact PDF of equation (3.10), whereas the QBI solution is a smoothed ver-
sion of the diffusion ODF using the Funk-Radon transform approximation. On the
other hand, QBI does not make any assumption on the signal attenuation, whereas
[OSV+06] assumes, that the signal has a {moni,bi,tri}-exponential decay.
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3.3.3 Model-based reconstruction approaches

State-of-the-art model-based approaches assume a priori a certain structure of the
measured signal, e.g. fiber crossings are resolved by modeling distinct fiber popu-
lations separately. Assuming a model of the underlying diffusion that maps various
intravoxel structure correctly is very challenging. One must select the number of
compartments a priori and the methods are often sensitive to noise and to the num-
ber of measurements. Moreover, the parameters can often only be solved using
non-linear optimization. As a result, there are shortcomings regarding model se-
lection and numerical implementation, which may lead to an unsatisfying approx-
imation of the underlying diffusion profile.

Spherical Deconvolution

Figure 3.28: Principle of spherical deconvolution: the fODF convolved with the kernel R
results in the measured signal, S. [JBB09, p.64].

In classical spherical deconvolution (SD) methods, the measured HARDI sig-
nal S is expressed as the convolution on the unit sphere of the fiber response func-
tion R with the fiber distribution, as shown in figure 3.28. The deconvolution of
the signal with the response function gives an estimation of the true fiber distri-
bution or fiber orientation density (FOD). The original SD method was proposed
by Tournier et al. in 2004 [TCGC04]. They proposed a linear method which
uses spherical harmonics and rotational harmonics to parameterize the signal and
fiber response function, respectively. This method is improved in [Ale05] using
a nonlinear maximum entropy implementation of the SD. There is further work
of Tournier, concerning the constrained SD and superresolution CSD (super-CSD)
[TCC07] and the Tikhonov regularized SD by Sakaie and Lowe [SL07]. All these
methods are based on the spherical harmonics representation.

A slightly different approach was chosen by Descoteaux [Des08], who did not
use the captured diffusion signal attenuation values, but the estimated smooth orig-
inal q-ball diffusion ODF, Ψ, in order to perform deconvolution operations. The
dODF has the problem of dealing with smooth ODFs which have a large diffu-
sion part outside the principal directions and this could lead to erroneous results
when performing fiber tracking. Spherical deconvolution operations on the ODF
are therefore used to transform the q-ball diffusion ODF into a sharper ODF, also
referred to as fiber ODF (fODF).
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Figure 3.29: (a) Convolution between the dODF kernel and the true fODF can be inter-
preted as a smoothing operation. (b) Sketch of deconvolution sharpening.
The FRT of the HARDI signal on the sphere generates a smooth dODF,
which is transformed into a sharp fODF by deconvolution with the dODF
kernel of (a). Image adopted from [Des08, p.169].

Spherical deconvolution on the dODF involves deconvolving the dODF by the
diffusion ODF for a single fiber in order to obtain a sharpened fiber ODF, Ψsharp as
illustrated in figure 3.29. This approach is based on the assumption that the esti-
mated dODF is formed by the convolution between the single fiber dODF kernel,
R′ and the true fODF F . However, the relation between the measured dODF and the
underlying fiber distribution, the fODF, is still unknown to date. Various parame-
ters influence the relation between diffusion of water molecules and the underlying
fiber distribution, such as the physics of diffusion, the cell membrane permeability,
the axonal packing, the distribution of axonal diameters and the degree of myeli-
nation of the underlying fiber bundles. Thus, the interpretation of dODF and fODF
remains ambiguous in certain cases.

A drawback of deconvolution methods is that a fiber response function needs
to be assumed a priori. In [Ale05], the response function is a Gaussian function
whereas in [TCGC04, Des08], the response function is chosen to be a symmet-
ric diffusion tensor estimated from real datasets, e.g. by chosing the voxels with
the 300 highest anisotropy values determined by the fractional anisotropy measure
(equation (3.16)).

Multi-Gaussian Modeling

This method extends the conventional DTI apporach by assuming that several
Gaussian densities can approximate the diffusion PDF, which is illustrated in figure
3.30. Each voxel can potentially comprise n distinct populations of fibers and dif-
fusion molecules stay within only one population (i.e. no exchange between them).
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Figure 3.30: Example of a crossing fiber configuration, which can be separated into two
compartments. This is the basic idea of multi-Gaussian modelling. Image
adopted from [JBB09, p.59].

[TRW+02] proposed to use the HARDI signal as a finite mixture of n Gaussians in
order to obtain the diffusion PDF, which can be seen as the sum over the equation
(3.12) that has been introduced earlier

S(q, t)
S0

=
n

∑
i=1

aie−tqT Diq (3.25)

where each ai ∈ [0,1] is the volume fraction of the ith fiber population and ∑i ai = 1,
with Di as the corresponding DT. Unlike the simple DT model, the parameters of
the multi-tensor model cannot be expressed as a linear function of the measure-
ments so the model fitting requires non-linear optimization. Once fitted, the main
eigenvector of each Di provides a separate fiber orientation estimate.

[Tuc02] reports, that the solution can be quite unstable and considerably af-
fected by the number of measurements and the SNR. Additionally, if a region has a
single dominant fiber orientation, the multi-tensor model can give spurious results.
Some approaches aim to achieve a more stable numberical solution by introduc-
ing constraints on the DT such as symmetry of eigenvalues, a particular ratios of
eigenvalues λi or positive definiteness of the DT.

[TRW+02] used an iterative gradient descent for the reconstruction of the PDF
which is unstable and sensitive to the starting point. Typically, people manually set
the number of maximum fiber compartements to n = 2, which can lead to an over-
simplification in certain voxel with extraordinary complex configurations. How-
ever, for n > 1, there is a large number of parameters to estimate, which is one
serious cause of instability. For n = 2, the full tensor has 13 free parameters: the
six components of each DT and one for the volume fraction a1 and a2 (a2 = 1−a1).

For more information on the multi-Gaussian approach please refer to [JBB09].
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Ball and Stick Model

Behrens’ ball & stick mixture model [BWJ+03] is a similar approach to the multi-
Gaussian model. As the term implies, it assumes that water molecules in each
imaging voxel belong to one out of two different populations. An anisotropic
Gaussian distribution (the stick) models the restricted population within or close
to fiber structures and the isotropic Gaussian distribution (the ball) is used for a
free population that is not affected by fiber structure barriers. [BWJ+03] restricted
the anisotropic Gaussian distribitution to have only one non-zero eigenvalue, which
implies that particles are only allowed to move in one fiber direction. [HWA05] ex-
tended this method by using multiple restricted compartments to be able to recover
multiple fiber directions.

In reality, the ball & stick approach is questionable because of the chosen com-
partment models. Restricted diffusion does not always behave like a trivial stick
e.g. if a fiber exhibits a high curvature within a voxel, the bending can not be
modeled adequately.

Composite and hindered restricted model of diffusion (CHARMED)

[AFRB04] proposed another multi-Gaussian model with slightly more complex
compartment modeling. It assumes a highly restricted QSI non-Gaussian model
and a hindered compartment that is approximately a DTI Gaussian. It is thus a
mixture of restricted compartments and is able to recover multiple fiber compart-
ments.

Von Mises-Fisher (vMF) Mixture Model of the Diffusion ODF

Another model-based approach is to model the diffusion ODF with a mixture of
Von Mises-Fiber distributions [MVYM06b]. This representation enables to repre-
sent the diffusion ODF with only a few parameters instead of having to deal with
all spherical values. Although the computation of the parameter in this method is
non-linear, the formulation allows for using closed-form Riemannian distances be-
tween diffusion ODFs, and this can be beneficial in interpolation and segmentation
applications [MVYM06a].

3.4 Q-ball Imaging

In the following we elaborate the HARDI reconstruction scheme which is the basis
of our own implementation. It is used in various other current works and called
q-ball imaging (QBI).

The output of QBI is an approximate of the orientation distribution functions
(ODF). It uses the technique of a spherical tomographic inversion called Funk-
Radon transform (FRT).
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equator

pole

S(q)

u

Figure 3.31: Principle of Funk Radon transform. The
FRT for a given orientation u is equal to the
integral of S(q) along the equator of u.

The method’s simplicity and its capability to resolve intravoxel fiber orientation
have made it a popular method for fiber tracking and characterizing white matter
architecture. The FRT provides a model-free approach for estimating the diffusion
probability from the spherically sampled diffusion signal.

3.4.1 Funk-Radon transform

The FRT, G , is a transformation from the unit sphere to itself.

Ψ(u)≈ 1
Z

Gq′ [S(g)] (3.26)

where q′ is the radius of the sampling shell, S(g) is the sampled signal value along
direction g and Z is a normalization constant. If one is interested in sampling an
arbitrary value on the sphere at a given point u, one needs to determine a plane
through the origin with normal vector u and then compute the one-dimensional
integral over the intersection of that plane with the signal values. To put it another
way, in order to find the new value at an arbitrarily defined pole, one integrates
the spherical function over the corresponding equator or great circle, as depicted in
figure 3.31.

The FRT is a smoothed version of the true ODF and the higher the b-value, the
more precise is the FRT approximation to the exact ODF. The proof is not given
hhere, but [Des08, Appendix 7.7] and [Tuc02, Appendix A] provide a detailed
proof and introduce the Fourier analysis tools clarifying the relation between the
FRT and the true diffusion ODF.

3.4.2 Orientation Distribution Function

Although the three-dimensional probability densitiy function (PDF) of diffusion is
helpful in studying the tissue’s microstructure, the orientational distribution func-
tion (i.e. the probability of diffusion in a given direction) is the function of interest
for mapping the orientational structure of nerve tissue. Two ODF approaches have
been proposed, which are outlined in the following.
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Radially Projected ODF

The original diffusion ODF expression, Ψ(u), was proposed by [Tuc02] and can
be seen as radial projection of the diffusion PDF,

Ψ(u) =
1
Z

∫
∞

0
P(ru)dr (3.27)

with Z being a dimensionless normalization constant ensuring the ODF is properly
normalized to unit mass, since it is a probability density. Even though the PDF is
normalized, the ODF obtained by radial projection is not guaranteed to be normal-
ized. This is because the ODF is a distribution on the radial projections and not on
the true sphere.

The standard ODF expression from q-ball imaging uses linear radial projection,
neglecting the change in the volume element along each direction. Due to the radial
projection of the PDF, the quadratic growth of the volume element with respect
to its distance from the origin is not considered, as depicted in figure 3.32. This
results in spherical distributions that are different from the true ODFs and generally
distorts the ODF. It has created the need for artificial post-processesing such as
manual normalization and artificial sharpening (spherical deconvolution methods).
Using deconvolution schemes, negative values are introduced in the ODF profile,
which is not reasonable for a probability density function.

Constant Solid Angle ODF

Recently, there have been two similar approaches by Aganj [ALS09, ALS+10] and
Tristan-Vega [TVWAF09] in reducing the blurring by defining a new ODF, Φ, as
the true marginal probability of diffusion. Both approaches consider the solid angle
factor in the PDF,

P(ru)dΩ = P(ru)r2drdΩ (3.28)

with dΩ = sinθdθdφ being the infinitesimal solid angle element.
Using this PDF, the mathematically correct ODF definition can be derived,

which results in a dimensionless and normalized expression:

Φ(u)dΩ =
∫

∞

0
P(ru)r2drdΩ (3.29)

or simply:

Φ(u) =
∫

∞

0
P(ru)r2dr (3.30)

Φ(u)dΩ is denoted as the probability of diffusion in the direction u through the
solid angle dΩ, which is computed by integrating the displacement probabilities
P(ru) over all r while keeping u constant. This definition has also been used by
authors of DSI in [WHT+05] as a weighted radial summation, where P(ru) was
computed first and then integrated in order to calculate the ODF.
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Figure 3.32: Radial integration of the PDF to obtain the ODF as pursued with QBI. (a)
Integration in a cone of constant solid angle (i.e. considering the factor r2)
[ALS09] (b) integration by linear projection such as in the original QBI ap-
proach [Tuc02]. Image adopted from [ALS+10].

Figure 3.33: Exact, non-normalized dODF inferred
from the tensor model with λ =
[1.7,0.3,0.3]× 10−3mm2/s (a) of the
original dODF approach (b) of the
dODF proposed by Aganj. Image
adopted from [TVWAF09].

The original expression for ODF reconstruction in QBI is different in a sense
that the integral is not weighted by the important factor r2. This radial projection
gives an artifical weight to P(r), which is too large or too small for points close
to or far from the origin, respectively. A consequence of not including r2 is that
the computed ODF is not be normalized necessarily and an artificial normalization
factor is required.

From the standard Gaussian PDF assumption (equation (3.8)), one can derive
the exact dODFs, Ψ and Φ, by integration over the radial part of the diffusion
propagator. The exact dODFs are depicted in figure 3.33. Obviously, Φ(r) has a
sharper profile than Ψ(r). The blurring in the orientation information provided by
the ODF Ψ(r) is a source of uncertainty in the estimation of fiber directions: two
fiber bundles crossing at a acute angle would be more difficult to distinguish from
each other with the radially projected ODF, since the two local maxima of the ODF
could hinder each other.

However, all of the described techniques for estimating the ODF do not enforce
the estimated ODF to be non-negative. Though, this is a crucial requirement for the
estimated ODF to form a proper probability density function. If the diffusion MR
signal is corrupted by noise, this may cause negative values in the estimated ODF,
a situation which does not follow the underlying principle of diffusion. Constraint
spherical deconvolution approaches try to alleviate this problem. They reduce neg-
ative values, but do not completely eleminate them. For detailed information on
this refer to [TCC07]. Recently, Goh et al. [GLTV09] proposed an estimation
method that naturally constraints the estimated ODF to be a proper PDF and regu-
larizes this estimate using spatial information. Goh et al.’s method is based on the
ODF reconstruction scheme of [ALS+10].
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Maxima Extraction on the ODF

Despite the different ODF definitions, the overall aim of ODF reconstruction is the
same, namely to obtain a function whose maxima align with the underlying fiber
population(s). Extracting the main fiber orientations, which is of main interest in
tractography approaches, it is generally assumed that they are given by the local
maxima of the ODF, where the function exceeds a certain threshold, such as done
in [Des08]. More complex methods exist to extract the maxima such as spheri-
cal Newton’s method as used in Tournier [TCGC04], Powell’s method [JA03] or
sequential quadratic programming [SL07]. However, the increased computational
complexity of the latter approaches should be kept in mind.

3.4.3 Analytical Q-ball Imaging

After revising the theory of QBI and ODF approaches, we will have a closer look
at the actual QBI solutions.

The FRT involves the computation of signal values which lie between the sam-
pled points when integrating over the equator. It is thus necessary to specify a
basis function on the sphere, which allows for convenient resampling. The numer-
ical solution of Tuch [Tuc02, Tuc04] uses radial basis functions to approximate
the signal. Later work by Anderson [And05], Hess et al. [HMH+06] and De-
scoteaux et al. [DAFD07] use spherical harmonics in place of the radial basis
functions, which gives a compact representation of Ψ. This analytical version is
much faster than the numerical approach presented by Tuch and thus has found
vast application. In the following, we outline the analytical solution of [DAFD07],
which is achieved by modeling the raw high angular resolution diffusion imaging
signal with a spherical harmonics basis which incorporates a regularization term
based on the Laplace-Beltrami operator defined on the unit sphere. This leads to a
mathematical simplification of the Funk-Radon transform which approximates the
ODF. Note, that [DAFD07] relies on the linear radially projected dODF definition
of Tuch. The constant solid angle dODF [ALS+10] [DAFD07] relies on almost the
same numerical solution with slight modifications (cf. [ALS+10]).

Funk-Radon Transform Using Spherical Harmonics

For the analytical solution, the signal (S(b)/S0) is described in a SH series with
coefficients using the regularized solution of equation (3.22).

The FRT is incorporated by using Legendre polynomials,

G [S/S0](u) =
1
S0

R

∑
j=1

c j ·2πPl( j)(0)Yj(u) (3.31)
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Figure 3.34: Icosahedron of different orders T . From left to right T = 2 (42, 80), T = 3
(162, 320), T = 4 (642, 1280), T = 5 (2562, 5120) number of vertices and
faces.

with Pl(0) representing the Legendre polynomial of degree l evaluated at 0,

Pl(0) =

0 if l odd

(−1)l/2 1 ·3 ·5 · · · (l−1)
2 ·4 ·6 · · · l

if l even
(3.32)

The middle part of equation (3.31) can be rewritten in a simple diagonal linear
transformation, using the R×R matrix P

P =


. . .

2πPl( j)(0)
S0

. . .

 (3.33)

yielding the final approximation of the coefficients,

C′ = P(BTB+λL)−1BTS (3.34)

which simply extends the inital equation (3.21) and the equation incorporating the
regularization, (3.22), by the FRT matrix P.

ODF Estimation Using Spherical Harmonics

The ODF is a function on the unit sphere describing the probability for a particle to
diffuse into any given solid angle averaged over the respective voxel. The estimated
ODF Ψ and can be recovered by using the matrix representation Ψ = BC′ or by
computing

Ψ(θ,φ) =
R

∑
j=1

c′jYj(θ,φ) (3.35)

for any (θ,φ) independent of the discrete measurement, e.g. determined by the
points of an icosahedron.

An icosahedron is a geometrical object with equidistant neighboring points. At
tesselation order T = 1, it has 20 triangles, 12 vertices and 30 edges. The triangle
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subdivision of the icosahedron increases the number of triangles by a factor of 4.
At each subdivision, the vertices are projected onto the sphere. At the subsequent
level of refinement, we have (42, 80), (162, 320), (642, 1280), (2562, 5120) vertices
and faces as shown in figure 3.34 and table 3.5.

Note that basically any function can be approximated using equation (3.35). It
solely depends on the data represented by the SH coefficients c j , e.g. they can also
model the ADC profil, see figure 3.24.

Fiber ODF Estimation

We already introduced the concepts of spherical deconvolution in section 3.3.3.
In this section, we will revise the sharpening operation on dODF, which was also
proposed by Descoteaux [Des08]. This operation takes the spherical inversed SH
approximation of the diffusion signal and sharpens the coefficients before the actual
ODF is computed (cf. figure 3.24).

This SD method seeks to reduce the large diffusive part outside the ODF max-
ima. Therefore, a single fiber diffusion ODF kernel R′ must be created from each
dataset individually. The kernel is approximated by an axially symmetric tensor
model for a single fiber with a highly prolate profile, e.g. the eigenvalue distribu-
tion [λ1,λ2,λ2] is chosen ensuring λ1� λ2. Using an analytical relation between
the diffusion tensor and the diffusion ODF, the diffusion ODF kernel R′ is obtained
by

R′(t) =
1
Z′

1√
(λ2/λ1−1)t2 +1

(3.36)

where Z′ = 8πb
√

λ2
2λ1 for axially symmetric tensor models. Z′ is a normalization

constant ensuring that the integral over all directions is equal to one.
The SH coefficients c′j computed for the dODF reconstruction are used to com-

pute the sharp SH coefficients f ,

f j =
4b
√

λ2λ1

A′l( j)(1−λ2/λ1)
c′j (3.37)

and A′l( j)(α) are given analytically. Therefore, the final sharp fiber ODF expression
for any direction u is computed as follows

Ψsharp(u) =
R

∑
j=1

f jYj(u) (3.38)

Details can be found in [Des08].
According to the experimental results carried out in [Des08], all SD methods

show a striking angular resolution gain (≈ 15◦) over the original q-ball dODF. In
the two-fiber case, the SD methods are able to discriminate each compartments at
a separation angle of 45 ◦, whereas the original dODF is limited to the separation
angle of 60◦.
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Diffusion MRI modality Gradient strength (s/mm2) Number of measurements N
Diffusion Weighted Imaging (DWI) b≤ 1000 N = 1
Apparent Diffusion Coefficient (ADC) b≤ 1000 2≤ N ≤ 4
Diffusion Tensor Imaging (DTI) b≤ 1000 N ≥ 7
HARDI reconstruction techniques b≥ 1000, (b≥ 3000 desirable) N ≥ 60
Diffusion Spectrum Imaging (DSI) b > 1000 N ≥ 200

Table 3.6: Different diffusion MRI modalities are listed with their corresponding mea-
surement parameters. The acquisition time depends mainly on N and values
increase top-down in the table. Table adopted from [Des08, p.51].

3.5 Summary

In the beginning of this chapter, we discussed the fundamentals of both MRI and
the imaging process. We especially focussed on relaxation-weighting and how the
time constants T1 and T2 can be used to determine the image contrast. Furthermore,
the echo time (TE) and the repetition time (TR) have been explained in terms of
MR sequence design. Then, we introduced the basic priciples of diffusion and
how MRI can exploit this physical phaenomenon. This lead to the development of
diffusion-weighted imaging. The diffusivity along a pre-defined direction can be
captured by including diffusion-encoding gradients in a MR sequence. From this
modality, one seeks to obtain an exact approximation of the underlying diffusion
function, also called diffusion propagator or diffusion PDF. Considering this, the
method of choice is DSI since it gives the most exact approximation. However,
DSI has severe limitations concerning the signal acquistion. DSI lacks practical
use for in-vivo data acquisitions, since high b-value and long acquisition time are
necessary.

Simpler and clinically more feasible modalities have been introduced such as
diffusion tensor imaging (DTI), which only takes several minutes to be carried out.
Contrariwise, the diffusion tensor model has drawbacks because of the Gaussian
PDF assumption and is not able to reflect multiple maxima. Efforts were made
to overcome these limitations and to find a modality that gives a good tradeoff
between feasible image acquisition conditions and correct reconstruction, such as
HARDI. Table 3.6 summarizes the acquisition requirements for the different dif-
fusion imaging modalities introduced in this chapter. Generally, HARDI needs
longer scan times than DTI, but on the other hand, it provides more possibilities to
extract useful information from the obtained data. Several model-based and model-
free HARDI reconstruction schemes have been proposed, including q-ball imaging
(QBI).

For the purpose of mapping the orientational architecture of tissue, the primary
object of interest is the orientational information in the diffusion function. This can
be described by the orientation distribution function (ODF). The model-free QBI
approach reconstructs the ODF, which potentially represents the underlying neural
architecture. We have introduced the linear projection ODF and the constant solid
angle ODF. The first one was initially proposed by Tuch and is a smooth ODF
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representative, which demands for artificial resharping (spherical deconvolution).
The latter one is the mathematically correct definition to describe the orientational
portion of the PDF and is intrinsically normalized.

Eventually, we discussed the analytical solution proposed by Descoteaux, which
is up to 15 times faster than common numerical solutions. The basic concepts of
this approach can be applied to the original dODF and the dODF CSA solution.

Accurate and reliable processing and estimation of ODFs is very important.
This holds true in particular for deterministic tractography algorithms, where deci-
sions during tracking are typically based on the local maxima of the ODF. More-
over, for voxel-based statistics and diffusion-based integrity measures, the reliable
output of reconstruction schemes is also a major prerequisite.

In the next chapter, we will introduce state-of-the-art anisotropy indices and
shape descriptors developed for various reconstruction schemes, demonstrating a
way to classify diffusion data.
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Chapter 4

Classification on diffusion MRI

In the previous chapter, we discussed different reconstruction methods which can
be used in combination with MRI diffusion data.

Depending on the chosen reconstruction technique, several scalar indices or
measures can be defined providing further information about the displacement dis-
tribution in a voxel. Furthermore, such measures help to identify local changes
(e.g. due to pathologies) of diffusion. These measures can be divided into two
categories. The first category comprises indices that are shape descriptors of the
result of reconstruction and the second category contains indices which describe
the degree of anisotropy.

Generally speaking, it is beneficial to know whether the diffusion in a voxel
is highly anisotropic or merely isotropic for example. In particular it aids in in-
terpreting the data quickly, e.g. one can estimate, whether the voxel encapsu-
lates white matter pathways or not. Classification on those indices is usually con-
ducted by applying different thresholds. This is performed on a voxel-wise basis,
where each voxel is considered independently from its neighbors. A common ap-
proach is to classify into three different categories, such as isotropic diffusion (zero
fibers), Gaussian-anisotropic diffusion (one fiber bundle) and non-Gaussian diffu-
sion (multiple fiber populations). However, in some cases interpretation becomes
amibiguous since there are additional factors that affect the outcome of reconstruc-
tion besides the number of fiber populations. Factors affecting the diffusion pattern
within a voxel include the densitiy of fibers, the degree of myelination, the average
fiber diameter and the directional homogeneity of the fiber bundles in the voxel. In
order to account for this, more global classification and regularization approaches
have been proposed, which aim to include information from the neighborhood in
the classification process. Neighborhood information is also utilized in spatial reg-
ularization approaches, which do not classify the data itself, but they account for
spatial information during the reconstruction process. Then, the actual outcome
of the conducted reconstruction is enhanced by values taken from adjacent voxels.
Another approach is to infer neighborhood information after the voxel-based re-
construction to disambiguate more complex configurations. We will introduce all

67
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of these concepts in the following.
The ground truth of real human brain diffusion-weighted data is not known,

since the fiber courses are object of intersubject variability. Especially in very het-
erogenous areas, analysis and interpretation of the outcome or reconstruction is
challenging. In terms of voxel-based classification, the result of manual threshold
adjustments can be only evaluated by visual inspection. Even if the results are
prone to errors, classification results are broadly used. For example, it is utilized
in tractography approaches for determination of voxels which meet the stopping
criterium. They are also used to distinguish voxels comprising a single fiber popu-
lation from multiple fiber populations. In turn this aids the tractography algorithm
to analyze the outcome of local reconstruction techniques.

4.1 Voxel-based Classification Indices

A large number of measures have been defined for DWI and HARDI in the last
decades using the plain diffusion signal or the ADC, the diffusion tensor model,
SH coefficients as well as the ODF. We will review the most popular ones in the
following. One has to keep in mind that the measures have been tested on data ac-
quired using different MRI sequences with various voxel sizes, number of gradients
or varying SNR. Furthermore, the reconstruction schemes can be parametrized in
various ways. Thus, be careful when comparing anisotropy indices obtained from
studies with different imaging parameters or reconstruction parameters.

4.1.1 Measures Using the Diffusion-Weighted Signal and ADC

In the early days of DWI, diffusion anisotropy in tissues was measured from DWI
using several different scalar indices. Moseley et al. [MCK] characterized dif-
fusion anisotropy in a voxel by the ratio of differences and sums of DWIs with
diffusion encoding gradients applied in two perpendicular directions, e.g. gx and
gy:

S(gx)−S(gy)

S(gx)+S(gy)
(4.1)

Douek et al. [DTP+91] characterized diffusion anisotropy in a voxel by the
ratio of two apparent diffusion constants again measured with diffusion sensitizing
gradients applied in two perpendicular directions, e.g. gx and gy:

ADC(gx)

ADC(gy)
(4.2)

This ratio gains maximum if both gx is perpendicular and gy parallel to the local
fiber direction.

However, the strong disadvantages which early anisotropy measures share is
that they depend upon the direction of the applied diffusion gradients. They are
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not invariant, which means that their values differ, for example, if the imaging
sample is rotated within the magnetic field. These measures inherently introduce a
directional artefact to the measurement of anisotropy and are therefore replaced by
other anisotropy measures defined on the diffusion tensor.

4.1.2 Measures Using the Diffusion Tensor

As already shown in section 3.1.3 several rotationally invariant and fast to calculate
scalar quantities (trace, mean diffusivity, fractional anisotropy) exist. They can be
derived from the eigenvalue decomposition of the diffusion tensor.

While anisotropy indices generally describe the degree of anisotropy by the
deviation from the spherical case, DT shape criteria seek to characterize the ge-
ometry of the tensor. Referring to the shape of the tensor itself (prolate, planar or
spherical), neither the trace nor anisotropy indices will indicate which profile the
tensor ellipsoid takes up. Two popular approaches have been suggested.

• The third moment, or skewness of the three eigenvalues [Bas97], i.e.

S =
∑

3
i=1(λi− λ̄)3

3
(4.3)

For prolate tensors, the skewness is positive, while it is negative for pla-
nar tensors. One has to be careful here taking higher order moments of the
eigenvalues, because this increases the sensitivity to noise in the measure
itself.

• Westin [WPG+97, WMM+02] proposed an alternative and more popular
approach with three indices, which can be used for classification of the dif-
fusion tensor according to its geometrical shape. The indices (also refered
to as Westin measures) describe the ellipsoid’s sphericity Cs, linearity Cl and
planarity Cp. They are defined as:

Cs =
λ3

λ̄
Cl =

(λ1−λ2)

3λ̄
Cp =

2(λ2−λ3)

3λ̄
(4.4)

There are several choices of normalization factors, e.g. instead of the mean
diffusivity λ̄ one can also use the maximum diffusity, λ1, the trace of the ten-

sor, λ1 +λ2 +λ3, or the norm of the tensor,
√

λ2
1 +λ2

2 +λ2
3. Since the linear,

planar and spherical component sum up to one, Cl +Cp+Cs = 1, they can be
plotted on a barycentric coordinate system, as suggested by [AHK+00] and
[PBPG+10] and illustrated in figure 4.1. They are also suited for 2D color
map visualization with [R G B] = [ ClCpCs], see figure 4.2c.

Especially, in the context of characterizing the degree of anisotropy, apart from
fractional anisotropy, some other indices have been proposed, such as
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Criterion Equation Interpretation
Trace [Bas95] trace(D) = ∑

3
i=1 λi

Mean diffusivity (MD)
[Bas95]

λ̄ =
∑

3
i=1 λi

3
low MD: brain tissue
high MD: CSF

Longitudinal diffusiv-
ity (λ||) [Bas95]

λ|| = λ1 axial diffusivity along
main fiber direction

Transverse diffusivity
(λ⊥) [Bas95]

λ⊥ =
λ2 +λ3

2
radial or perpendicular
diffusivity

Ratio of eigenvalue
[BML94b]

r1 =
λ1

λ2
, r2 =

λ1

λ3
axial diffusivity devided
by diffusivity in trans-
verse directions

Eccentricity [Bas95] ε =

√
λ2−λ3√

λ2
ratio of radial diffusivity

Fractional anisotropy
(FA) [BP96]

FA =

√
3∑

3
i=1(λi− λ̄)2

2(λ2
1 +λ2

2 +λ2
3)

low FA: GM, CSF
high FA: WM

Relative anisotropy
(RA) [BP96]

RA =

√
1
3

∑
3
i=1(λi− λ̄)2

λ̄
low RA: GM, CSF
high RA: WM

Volume ratio (VR)
[PB96]

VR =
λ1λ2λ3(

λ1 +λ2 +λ3

3

)3 = 27
|D|

trace(D)3 low VR: WM
high VR: GM, CSF

Skewness (third mo-
ment) [Bas97]

S =
∑

3
i=1(λi− λ̄)3

3
S < 0: planar tensor
S > 0: prolate tensor

Sphericity [WPG+97,
WMM+02]

Cs =
λ3

λ̄
high Cs: GM, CSF (spher-
ical tensor)

Linearity [WPG+97,
WMM+02]

Cl =
λ1−λ2

3λ̄
high Cl: WM (prolate ten-
sor)

Planarity [WPG+97,
WMM+02]

Cp =
2(λ2−λ3)

3λ̄
high Cp: WM (planar ten-
sor)

Table 4.1: Existing criteria defined on the diffusion tensor eigenvalues.
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• The compositional Kullback-Leibler anisotropy (KLA) [PBPG+10], which
is similar to the Kullback-Leibler divergence, is said to be able to distinguish
white matter and gray matter better than the conventional FA measure. The
FA values which come from the isotropic case favor linear anisotropy, while
the KLA values favor linear and planar diffusion, which are both settings for
diffusion occuring in white matter.

KLA =

√√√√√3
2

√√√√ln

((
1
3

3

∑
i=1

λi

λ̂

)(
1
3

3

∑
j=1

λ̂

λ j

))
(4.5)

Apparently, the term in the first brackets becomes one for any eigenvalue
distribution, so we can simplify the formula to

KLA =

√√√√√3
2

√√√√ln

(
1
3

3

∑
j=1

λ̂

λ j

)
(4.6)

.

• The volume ratio [PB96] is the volume of an ellipsoid whose semimajor axes
(i.e. one half of the major axes) are the three eigenvalues of the diffusion ten-
sor D divided by the volume of a sphere whose radius is the mean diffusivity
(MD). The values of volume ratio range between zero and one, where zero
indicates the highest anisotropy and one represents complete isotropy.

VR =
λ1λ2λ3(

λ1 +λ2 +λ3

3

)3 = 27
|D|

Trace(D)3 (4.7)

• [WMM+02] proposed an anisotropy measure called component anisotropic
index Ca that can be defined from Cs,Cl,Cp. Ca shows very similar behaviour
like the FA and RA measure depending on the applied normalization of the
indices. This measure describes the deviation from the spherical case, e.g.

Ca = 1−Cs =Cl +Cp (4.8)

and is the sum of the linear und planar measure at the same time.

Table 4.1 gives a summary of common measures defined on the diffusion ten-
sor. Figure 4.2 illustrates some criteria for shape and anisotropy mentioned before.
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Figure 4.1: (a) Westin measures linearity Cl , planarity Cp, sphericity Cs plotted as
barycentric triangle with the heighest weights in the corner of the triangle
and lowest at the respective opposite edge. (b) Intensity plot of the fractional
anisotropy (FA), relative anisotropy (RA), component anisotropic index (CA)
and compositional Kullback-Leibler anisotropy (KLA) in barycentric coordi-
nates. Brightest voxels correspond to high values of the index and dark ones
to low values. The isocontours correspond to anisotropy levels of 0.25, 0.5,
0.75. Image adopted from [PBPG+10].

4.1.3 Measures Using the SH Approximation of the ADC profile

Any complex function on a unit sphere can be expressed as a linear combination of
spherical harmonics (SH) functions. In section 3.4.3 we outlined the modified SH
basis function. In figure 3.24, we illustrated that one can use these basis functions
to approximate the ADC profile as well. This can be carried out by using (3.22)
and taking the individual ADC values as input instead of the diffusion signal values.
Each SH coefficient c j can be interpreted as a certain weight for each basis function
Yj and its influence on the eventually approximated function. Figure 3.25 illustrates
the spherical harmonics basic shapes. The needed function to be approximated can
be seen as a combination of these shapes. In general, it is assumed that if the
coefficients of order l = 2 have a high impact in comparison to the higher order
coefficients then a voxel comprises Gaussian-anisotropic diffusion. If higher order
coefficients l ≥ 4 are large, it is assumed that the voxel contains multiple fiber
population or a even more complex distribution. This fact is reflected in the design
of indices defined on the ADC SH coefficients, taking the order l into account.

Once more, recall that the measures were tested on different SH basis functions
with their respective complex or real coefficients in the original works. We will list
the most popular indices in the following.

Frank [Fra02] proposed the fractional multi-fiber index (FMI). FMI is the frac-
tion of the sum of squared high order (l ≥ 4) coefficients in the numerator over
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Figure 4.2: (a) Axial maps of diffusion tensor metrics: fractional anisotropy (FA), mean
diffusivity (MD), longitudinal (λ||) and transverse (λ⊥) diffusivity. (b) Westin
measures, showing the geometric decomposition of the diffusion tensor (yel-
low) into barycentric space. (c) (i) Combined Cl , Cp, Cs color maps. (ii) Mea-
sure of Eigenvalue skewness with and without FA modulation. Image adopted
from [Jon10, p.358].
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order-2 coefficients in the denominator. It is given by

FMI =
∑{ j:l≥4} |c j|2

∑{ j:l=2} |c j|2
(4.9)

In [Fra02], they used the coefficients |c j| to characterize the diffusion anisotropy
in each voxel. Chen et al. [CGZ+04b] considered this approach insufficient for dis-
criminating isotropic diffusion (R0), anisotropic-Gaussian diffusion (R2) and non-
Gaussian diffusion within a voxel. Hence, they proposed to combine the informa-
tion gained from |c j| with the variances of the ADC profile in order to characterize
the diffusion anisotropy.

The algorithm consists of three steps:

1. If R0 is large or the variance of the ADC profile var(ADC) is small, the
diffusion in this voxel is classified as isotropic. R0 is defined as

R0 =
|c0|

∑{∀ j} |c j|
(4.10)

2. For the remaining voxels, if

R2 =
∑{ j:l=2} |c j|
∑{∀ j} |c j|

(4.11)

is large, the diffusion at such voxels is characterized as Gaussian-anisotropic.

3. For each uncharacterized voxel that does not belong to R0 and R2, the number
of local maxima Nmax is computed. If there is only one local maximum
present, this voxel is classified as containing a single fiber population. For
the other voxels the following weights are computed:

Wi =
ADC(θi,φi)−ADCmin

∑
Nmax
i=1 ADC(θi,φi)−NmaxADCmin

(4.12)

Here (θi,φi), i= 1, . . . ,Nmax are the directions the ADC attains the local max-
ima in. If one of the weights is significant, it is assumed that the voxel con-
tains Gaussian-anisotropic diffusion. If two weights are similar and both
are relatively close to the third one, it is considered as comprising two fiber
bundles. And eventually if all three weights are similar, it is classified as
isotropic diffusion.

Keep in mind that this approach only does classification of categories of isotropic
diffusion, a single fiber population and two fiber distributions, which means that
the maximum number of fiber populations per voxel is limited to two. Another
drawback of this method is that several thresholds have to be set manually, e.g.
[CGZ+04b] used histograms to determine the thresholds. In his experiments, R0 >
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0.856 or var(ADC) < 19.65 performed best to classify the diffusion as isotropic.
For the remaining voxels he set R2 > 0.75 to consider the diffusion as anisotropic-
Gaussian.

An additional category for multifiber voxels was proposed by Descoteaux [DAFD06].
He generalized the approach of [CGZ+04b] by skipping step three and introducing
a multi-fiber class Rmulti, i.e.

Rmulti =
∑{ j:l≥4} |c j|
∑{∀ j} |c j|

(4.13)

In his work, the voxel is determined as isotropic if R0 is large; if not, large Rmulti
is assigned to a multi-fiber category and the remaining voxels are considered as
containing a single fiber bundle.

4.1.4 Measures Using the ODF

All measures using the ODF do inherently depend on the chosen ODF approach. If
the ODF is not intrinsically normalized, it is crucial to use a correct normalization
scheme before computing the measure.

Tuch [Tuc04] introduced the generalized fractional anisotropy (GFA) in QBI
as an analog for the FA in DTI, where the FA is computed from the eigenvalues of
the DT. Note, that the FA is independent of the magnitude of eigenvalues but only
takes the variation around the mean eigenvalue into account. In a similar fashion,
the GFA is a measure of variance of the ODF, Ψ, around its mean. It can be defined
as

GFA =
std(Ψ)

rms(Ψ)
=

√
N ∑

N
i=1(Ψ(ui)−〈Ψ〉)2

(N−1)∑
N
i=1 Ψ(ui)2

(4.14)

with

〈Ψ〉= 1
N

n

∑
i=1

Ψ(ui) (4.15)

as the mean of the dODF. The terms std and rms stand for standard deviation and
root mean square. The GFA metric is normalized to the range [0,1]. Figure 4.4a)
shows an approach to classify voxels using the GFA (here, the measure is mapped
on reconstructed fibers). In this example, the GFA exhibits poor discrimination
capability in separating single fibers from more complex fiber distributions.

Furthermore, [Tuc04] proposed the normalized entropy (NE) on diffusion ODFs,
which is defined as

NE =− N
logN

〈logΨ〉 (4.16)

[JBB09] proposed to use higher-order moments. In general, the central mo-
ment of order l = 2 is similar to the variance. Thus, the following general definition
of the moments is similar to the GFA for order l = 2 ,
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Figure 4.3: Pipeline for computing the ISMI. Image adopted from [RDMM12].

Ml =

[
N ∑

N
i=1(Ψ(ui)−〈Ψ〉)l

(N−1)∑
n
i=1 Ψ(ui)l

]1/l

(4.17)

M3 can be seen as the skewness and M4 as the kurtosis. Higher-order moments
may reflect features of the fiber configuration that the plain GFA is insensitive
to. Interestingly no detailed exploration of this idea can be found in the current
literature tough.

Prčkovska [Prc10a] proposed another measure, number of maximum (NM),
which counts the number of ODF directions above a certain threshold in the nor-
malized ODFs.

Röttger et al. [RDMM12] introduced the isotropic, single and multiple fiber
classification index (ISMI) for HARDI, based on characteristics of the normalized
ODF. The computation of ISMI comprises three major steps.

1. Classification of voxels in white or gray matter, where a fiber mask is defined
as

mask = 1− ∑
N
i=1 Ψ(ui)

NΨmax
(4.18)

where Ψmax is the maximum radius of the local ODF and N the number of
directions of the sampled dODF resulting from the icosahedron tesselation
order. The respective direction is given by the vector ui.

2. Classification of voxels into single or multiple fiber populations by comput-
ing the number of local maxima of the normalized dODF above a certain
threshold (e.g. ≈ 0.5).

3. Combining both classification results in order to form the ISMI, which fi-
nally differentiates between isotropic, single and multiple fiber configura-
tions, as shown in figure 4.3.
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(a) (b)

Figure 4.4: Comparison between GFA and ISMI. (a) Thresholded GFA measure mapped
on the streamtube rendering of reconstructed fibers. Red areas show regions
of low anisotropy, while yellow regions are highly anisotropic. (b) The ISMI
classification shows a better distinction of voxels belonging either to isotropic
diffusion (white color), single fiber (yellow) or multiple fiber distributions
(red). [RDMM12]

.

In figure 4.4b), ISMI was carried out on a phantom dataset and the classification
power was compared to the thresholded GFA measure. As can be seen from this
figure, the ISMI is capable to distinguish between one and multiple fiber bundle
cases.

4.2 Global Classification and Spatial Regularization Ap-
proaches

Global classification and spatial regularization approaches have been developed to
fascilitate a better ODF analysis and reconstruction in complex areas. It is neces-
sary to carry out such methods in cases, when the shape of the ODF is ambiguous
due to complex subvoxel fiber configurations. Often, ODF peaks do not corre-
spond with the underlying fiber configurations, as depicted in figure 4.5a. Fiber
crossing configurations typically present a multi-peak ODF, as opposed to a fan-
ning or bending configuration that often present a single, broad peak. In such
cases, traditional fiber tracking algorithms are confound because are only capable
of pursuing the main peak instead of performing fanning or bending.

So far, several works have been published in the field of spatial regularization,
which is a concept that takes already during the reconstruction process neighbor-
hood information into account. Global classification is an approach that considers
neighborhood information after reconstruction, but only few works have been pub-
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(a) (b)

Figure 4.5: (a) Schematic illustration of subvoxel fiber configurations that cause ambigu-
ous fODF shapes. Here, a single curving fiber tract (top row) and a fanning
fiber tract (bottom row) yield a similar ODF with a single broad peak. (b)
Schematic illustration of the co-helical triplets inferred via the 3D curve algo-
rithm. On the left hand side, fanning with a common maximum on the merging
side is depicted. On the right hand side, only one set of co-helical triplets of
ODF maxima is shown, and thus only one curve is inferred.

lished in this field to date.

4.2.1 Global Classification

Global classification, where labeling of subvoxel fiber bundle configuration is de-
rived from the neighborhood, has been done by Savadjiev et al. [SCD+08]. Ac-
cording to [SCD+08], ambiguous fiber ODFs can result from the following three
possible configurations and they try to differentiate between these configurations,

• (1) single fiber bundles - these may exhibit curvature and torsion,

• (2) fanning fiber tracts - where a single fiber bundle fans into multiple direc-
tions,

• (3) crossing fiber tracts - where two or more possibly curving fiber tracts
cross within a voxel.

Savadjiev et al. [SCPS06] proposed a 3D curve inference method, which is
a differential geometric framework for the estimation of trace, tangent, curvature
and torsion fields of 3D space curves from orientation data defined at locations on
a discrete 3D grid. In case of high angular resolution data, the orientation data
is given in form of the fiber ODF. Furthermore, [SCPS06] introduces a notion of
co-helicity, which relates individual orientations defined at distinct voxels via ge-
ometrical constraint. Computations include how much support a given orientation
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Figure 4.6: Label result of the 3D curve inferrence algorithm [SCD+08] on a coronal ROI.
Inferred curves at each voxel are overlaid on the ODF. Crossings are marked
in blue, single curves in red and fans in green.

receives from co-helical configurations of neighboring orientations. This local sup-
port function is then used in a more global context which is then maximized. This
has the effect of regularizing or respharpening the ODF shapes.

In a subsequent step, this curve inference method is extended to distinguish
between the cases of curving and fanning fiber bundles using differential geometric
estimates in a local neighborhood. To accomplishing this, a model which links fiber
tangents (fiber ODF) to the underlying fiber curves, is developed. The number and
the configuration of helices passing through a voxel are used to label the voxel as if
belonging to a fan, cross or single-fiber tract configuration ( see figure 4.5b). The
labeling procedure uses both, local ODF shape information and a geometric model
inferred from the neighborhood of voxels.

One result of this approach is shown in figure 4.6 depicting a crossing region of
corpus callosum and corticospinal tract. These results look promising and demon-
strate the necessity of further processing the reconstructed ODF before a tracking
algorithm is put into action.

4.2.2 Spatial Regularization

Current reconstruction methods such as DTI, HARDI, QBI, DSI fundamentally
perform reconstruction on a voxel-by-voxel level, effectively disregarding the nat-
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ural coherence of the data at different points in space. Existing methods have ei-
ther focused on developing new models for single voxel ODFs using various basis
functions, or on statistically optimal estimation of model parameters under con-
straints on single voxel ODFs. Regularization such as Laplace-Beltrami operators
[DAFD07] or Tikhonov regularization [HMH+06] has previously been performed
for smoothing or denoising ODF as a post-processing step, but not as integral part
of the ODF reconstruction process itself.

Spatial regularization approaches impose spatial smoothness constraints during
reconstruction. We will outline some approaches in the following. Q-ball recon-
struction incorporating spatial regularization is said to result in less noisier ODFs
and preserving discontinuities between different regions at the same time.

ODF with Probability Density Constraints and Spatial Regularity

[GLTV09] proposed an estimation method that naturally constraints the estimated
ODF to be a proper PDF and regularizes this estimate using spatial information
at the same time. The spherical harmonics representation is used to formulate the
ODF estimation problem as a convex optimization problem so that a coordinate
descent method is proposed. The optimization problem is defined for three pa-
rameters to be set, i.e. the nonnegative regularization factor, the spatial radius r,
defining the spherical neighborhood for each voxel (e.g. choosing the 6 nearest
voxels or those that lie within a certain distance) and wi j as nonnegative weights,
which measure the similarity of two voxels xi and x j. To this end, a Gaussian kernel
is used to construct the weights.

Fiber Continuity

Reisert [RK11] formulates the general principle of fiber continuity (FC). It is based
on the observation that fibrous structure of imaged objects puts certain constraints
on the measured data. These constraints can be included as a prior assumption
during the estimation of the orientation distribution function. The constraints are
based on the assumption, that neuronal fibers are typically smooth curves, which
are locally straight. If a fiber pass through a volume element x with direction d,
then, under the assumption of fiber continuity, the same fiber must also pass vol-
ume element x+αd. The fiber continuity assumption is closely related to the low-
curvature assumption which most of the known fiber tracking algorithms follow.
For example in tractography it is typically assumed that the reconstructed fibers
do not show too much bending. [RK11] obtains spatial regularity by regarding an
adaptive elongated neighborhood depending on the actual gradient direction. This
is different compared to the previous mentioned approach of [GLTV09], where a
spherical neighborhood is assumed. In [RK11], the ODF field is spatially smoothed
with an anisotropic kernel which u parametrized using the current orientation. The
limitations of this approach were found in configurations where a single fiber bun-
dle bends sharply. In such cases, the ODFs show a widening of the distributions
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due to the performed regularization. Thus, whenever the FC assumption is not
perfectly met the fiber continuity approach has to be used with care.

Bayesian Spatial HARDI

Raj [RHM11] proposed a Bayesian spatial regularization approach. This method
uses QBI reconstruction including a priori knowledge about the smoothly varying
orientation structure of white matter tracts in 3D space. These constraints are incor-
porated in the reconstruction. [RHM11] termed their approach as spatial HARDI.
The motivation for their approach is that the angular variability of the diffusion
function in HARDI is expected to be spatially coherent within any given white
matter tract. In other words, the orientation and anisotropy of any single fiber popu-
lation is expected to change smoothly from one voxel to the next, particularly along
the dominant fiber orientation. This is the same assumption that the idea of fiber
continuity approach undertakes. Note, that these assumptions can not be satisfied
at the boundaries between tracts and interfaces with gray matter tissue and CSF
spaces. [RHM11] specifies the spatial constraints in terms of a prior probability
distribution, which is then incorporated in a Bayesian reconstruction formulation.
This formulation could be reduced to a cost minimization problem using an itera-
tive algorithm based on successive least square quadratic descent (LSQR). In this
iterative algorithm, spatial weight functions are used. The weights are large when
neighboring ODFs are similar in shape, and vice versa. According to [RHM11],
the Bayesian Spatial HARDI approach takes about 3-5 times longer than general
QBI computation.

The main findings are, that this spatial regularization method improves noise
tolerance and fiber orientation accuracy compared to conventional reconstruction
methods. It overcomes the noise problem without leading to ODF blurring. So, it
does not indiscriminately blur ODFs across neighboring voxels.

4.3 Summary

We have discussed a variety of different approaches in this chapter, which can be
applied during or after reconstruction.

Voxel-based classification is a common approach that includes computations
of different metrics which are then thresholded into different categories. We have
presented different metrics as well as classification schemes which use the diffusion
tensor’s eigenvalues, the spherical harmonics coefficients or the tesselated ODF
values. In all cases, the parameterizing of the reconstruction method, such as the
selection of an appropriate SH order l play a significant role. Another factor which
should be considered is the computational complexity. It depends on the number
of values which need to be processed per voxel. These are small for the diffusion
tensor (three eigenvalues) or for the SH coefficients. The complexity increases
when chosing the ODF with a high tesselation order as basis of the metric.
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Current classification schemes mainly differentiate between three categories,
such as isotropic diffusion (no fiber bundles), anisotropic-Gaussian diffusion (sin-
gle fiber bundle) and non-Gaussian diffusion (multiple fiber bundle). In order to
handle complex fiber configurations during tractography adequately, it is desirable
to have a more specific subdivision. We will pursue this idea in our methods section
in section 6.

Another concept we have introduced is to include neighborhood information
during the classification process or already during the reconstruction. Referring
to the latter, we have outlined some spatial regularization approaches. According
to the respective authors, imposition of the spatial prior removed spurious ODF
peaks without degradation of ODF profiles. Another advantage of including in-
formation from adjacent voxels is that asymmetric configurations can be detected.
The local ODF underlies a symmetry constraint and is hence not able to recover
such configurations correctly. Besides using neighborhood information in the re-
construction process, it is also interesting to use it during classification, as it was
initally addressed by [SCPS06]. We also follow this idea (see section 8.1).

In the next chapter, we will investigate different fiber tractography approaches,
which often combine the output of local reconstruction and voxel-based classifica-
tion.



Chapter 5

Tractography on diffusion MRI

So far, we have presented different state-of-the-art local reconstruction methods
being able to deal with multiple fiber compartments. In the next step the task is
to integrate this local voxel-based information to obtain more global information
about white matter geometry.

Tractography, also known as fiber tracking or fiber tracing, is the only method
to infer information on the connectivity of different brain regions in vivo and non-
invasively for an individual subject. It is also needed for understanding functional
coupling between cortical regions of the brain. In the past, connectivity informa-
tion could be only obtained by post-mortem dissection.

Surgeons are ultimately interested in the reconstructed fiber pathways and not
necessarily in the outcomes of reconstruction methods from DTI or HARDI. The
connectivity information can assist them in neurosurgical planning or characteriza-
tion of neuro-degenerative diseases such as multiple sclerosis, Alzheimer’s disease
and in many other medical applications [MVZ02]. When regarding the results of
tractography, these methods are based on diffusion imaging data that is difficult
to interpret and error prone by itself. Furthermore, additional errors are included
when reconstructing fibers, e.g. due to the integration process used in deterministic
tracking.

In current literature, two major types of tractography algorithms are differenti-
ated. Deterministic algorithms integrate along the direction of greatest diffusivity
but do not take into account the uncertainty of the fiber direction. Probabilistic
approaches generate all possible pathways and assign probabilities to them.

We will give a brief overview on existing approaches below. Since fiber track-
ing is not the core of this thesis, we would like to refer the reader to [JBB09], where
an extensive review of various tractography approaches is given.

5.1 Local Deterministic Tractography

The very first fiber tracking approaches were based on DTI and streamline tracing.
These methods are very simple and fast to implement and thus are deployed in
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Figure 5.1: (a) Geometrical representation of a streamline. The streamline location is
parameterized as a vector r which is a function of length along the streamline s.
The tangent to the streamline t(s) is the estimate of local fiber orientation. (b)
Streamlines can be propagated through a voxel with linear interpolation (left)
or according to their nearest neighbors as in FACT (right). Image adopted
from [JBB09, p.335]

various works to date. They provide an easy way to compare the performance of
different reconstruction schemes. A good discussion of DT-based algorithms can
be found in [MVZ02].

5.1.1 Streamline Tractography

A streamline is a line whose tangent is always parallel to a vector field. In DTI, a
vector field is defined by the first eigenvector e1 of each voxel’s diffusion tensor.
The equation describing the curve derives from the fact that the tangent t to the
streamline must be parallel to the fiber orientation. Then, the path is constructed by
voxelwise integrating the eigenvectors, starting at a voxel and following the local
vector information on a step-by-step basis. The starting point is usually denoted as
seed voxel or seed point.

Mathematically, a streamline can be represented as a 3D space-curve, as de-
scribed by Basser et al. [BPP+00] and depicted in figure 5.1. The location of the
streamline r is a function of the arc length s (the distance along the streamline from
the start). In order to trace fiber trajectories through a vector field, the tangent t(s)
to the streamline is taken as the local estimate of fiber orientation. The following
differential equation describing the evolution of a streamline through a vector field
is therefore

dr(s)
ds

= t(s) (5.1)

with t(s) = e1(r(s)), where r(s) is the location on the streamline.
In the field of deterministic approaches, it a quite common problem that inte-

gration errors are introduced in the tractography process. This means, that any er-
rors of the streamline calculation will be compounded as the streamline continues.
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Figure 5.2: Tractography approach of FACT algorithm. Long arrows indicate the under-
lying fiber distribution, short arrows are the eigenvectors e1 in each voxel. The
seedvoxel is marked with a ? and tracing continues along gray marked voxels.
The last image depicts a typical configuration of a stopping condition, because
the orientations are very heterogeneous. Image adopted from [MCCVZ99].

As shown in equation (5.1), the exact fiber orientation is needed at each position
s. The diffusion data, however, is only available on a discrete voxel grid providing
only a single fiber orientation per imaging voxel. Assuming that fiber orientations
contain contributions from all neighboring voxels the data can be interpolated to
gain continuous fiber orientations within a voxel, as shown in figure 5.1.

The left-hand side of equation (5.1) demands for infinitesimally small steps
along the streamline. Thus, the question arises how to discretize dr(s)/d(s). A
common method is to transform it into the finite difference r(s+ h)− r(s)/h i.e.
approximating a continuous derivative by a difference along a small step size h.
The value of e1(r(s)) may be assumed constant during that step size (Euler method)
or more precisely, variations between r(s) and r(s+h) may be taken into account
(Runge-Kutta). Note, that integration errors generally dimish with decreasing step
size.

A streamline reconstructed from diffusion data usually stops as soon as it
reaches a point which is not located in white matter, e.g. when entering regions
with a low FA value such as gray matter or CSF. The termination criteria is a im-
portant part of tractography, since it can prevent the algorithm from tracing false
positive tracts. Another heuristic to stop a streamline is a high angle between two
successive steps. White matter fibers usually do not bend through high angles on
the scale of a voxel. If such a high angle is encountered, it is most probable due
to errors made in previous integration steps or due to errors made throughout the
reconstruction process.

The fiber assignment by continuous tracking (FACT) algorithm was one of
the first tractography algorithms presented by Mori et al. [MCCVZ99]. A fiber
trajectory is traced continuously to the next voxel’s border entering the new voxel
at the same position where the old one was left. No interpolation is applied on
the discrete vector field. The streamline continues as long as the sum of inner
products of adjacent vectors is above a certain threshold so that high confidence
in the fiber orientation exists. At the point when the orientation of adjacent vector
directions become random, the streamline is terminated. The step size applied in
this algorithm varies depending on the distance to the next voxel border.

Note, that there exist a couple of other tracking approaches on DTI data, such
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as streamlines least square filter [ZB02], which incorporates local regularization
based on a least squares filter, or streamlines with b-spline [BPP+00], where a
continuous tensor field is generated using tensor interpolation. However, all these
methods are able to reconstruct major pathways of the brain with only one domi-
nant fiber direction. In areas of crossings, no reliable directional information can
be determined and tracing has to stop in such cases. Fiber branchings can be only
detected when fiber tracing is started from each voxel in the brain and when the
tract is reconstructed from the splitting side towards the direction of the merging
side and not vice versa. However, note that this branch-detection method demands
high run times. [Des08] showed, that between one third and two thirds of white

matter voxels with FA ≥ 0.1 in human brain datasets contain evidence for multiple
fiber configurations. These are the locations where we know that the DT model is
unreliable and the DT profile becomes planar or even spherical. Thus, DT stream-
line algorithms might follow false tracts or stop prematurely.

5.1.2 Tensorline Tracing (TEND)

Tensorline tracing, as the name implies, does not only take the first eigenvector
of the diffusion tensor, but the entire diffusion tensor for integration procedures
[WKL99]. This extension can be attributed to the fact, that streamline tractography
only works well if the tensor is prolate, i.e. if the first eigenvector is well defined,
tracing continues correctly along the indicated path. In other tensor shapes, such
as planar or spherical tensors, tracing had to be terminated. This means that as
soon as a fiber crossing region is reached, the streamline algorithms are not able to
propagate through those regions. As a consequence, major integration errors would
be made due to the poorly defined principle diffusion direction or the tracking
would stop due to low anisotropy values.

Methods using the full diffusion tensor are called tensor tracing, tensor de-
flection (TEND). Here, the fiber trajectory is also termed tensorline. The fiber
propagation direction is calculated using the degree of anisotropy for deflection of
the current fiber direction in the direction of the first eigenvector. In voxels with
high anisotropy, the deflection is strong, whereas spherical tensors are passed with-
out changing the direction of the fiber path. This latter rule is a risky assumption,
since pathways often are reconstructed within isotropic voxels actually being not
existent. Another limitation is, that pathways which exhibit a higher curvature are
underestimated [WKL99].

5.1.3 Tractography on HARDI

Deterministic fiber tracking approaches on HARDI can be seen as an enhancement
of DTI streamline techniques. Though, the difference does not lie in the integration
process itself, since Euler or Runge-Kutta integration are used as well. The main
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Figure 5.3: Comparison of DSI (left) and DTI (right) tractography results. DSI was able
to reconstruct fiber crossing successfully, while DTI only identified a single
fiber population. Image adopted from [WWS+08].

range of improvement is constituted in the ability of HARDI to resolve multiple
fiber populations, e.g. because the orientation distribution function presents mul-
tiple peaks. Hence, existing DT-based tractography algorithms are generalized to
HARDI to better deal with fiber crossings in general. After HARDI reconstruction,
the diffusion function often has several hundreds of samples uniformly distributed
over the sphere. This raises the question which direction ultimately to choose for
fiber tracking? This question left room for the development of various algorithms
that we want to present in the following.

Usually, tractography algorithms on HARDI are very similar, but individual ad-
justments have been made depending on the reconstruction scheme in use, which
we introduced earlier in this thesis (see section 3.2 and 3.3). Note, that the perfor-
mance of the reconstruction scheme in e.g. recovering multiple fiber population in
a voxel does has a direct influence on the performance of the respective tractogra-
phy algorithm. This fact has to be considered when analyzing tracking results.

DSI Local Maxima The most intuitive method was proposed by Wedeen et al.
[WWS+08] based on diffusion spectrum imaging. It can be applied on any re-
construction technique that computes the ODF. The local maxima of the ODF are
estimated, defined as a vector Uj, so that Ψ(ui)<Ψ(Uj) holds true for every vector
ui adjacent to Uj. After reconstruction and computation of maxima, fiber tracing
is initiated from every voxel inside white matter, bi-directionally following each
local maximum vector Uj. When reaching a new voxel, the local maximum vector
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which forms the least curvature with the previous one, is selected as new direc-
tion. Euler integration is used to determine the next tracing point. The tracing is
aborted when white matter is left or when the curvature inside a voxel is above a
certain threshold. The results of this technique are very promising, due to the good
performance of DSI reconstruction, as shown in figure 5.3.

QBI Split Descoteaux et al. [DAFD07] proposed a tracking algorithm on fiber
ODF, which is the result of a spherical deconvolution operation performed on dif-
fusion ODFs. Before the application of the tracking algorithm, the fODF was
normalized to the range [0,1], which is neccesary because of the deconvolution op-
eration, which introduces negative values in the fODf. From the normalized fODF
local maxima above 0.5 were selected in order to exclude small maxima that might
occur due to noise. In case of a voxel with multiple maxima, tracing was split and
continued along all maxima directions. Diffusion tensors are calculated at sub-
voxel precision to obtain a FA value, which is then used as a stopping condition,
since low FA values determine non-WM tissue. The algorithm is also stopped if
the curvature of the path in a voxel is above 75◦.

QBI Solid Angle This tractography algorithm [FDG+11] uses the constant solid
angle QBI approach proposed by [GLTV09, ALS09] and reviewed earlier in this
thesis in section 3.4.2. After finding any local maxima, those are eliminated that are
within 45◦ of a greater maximum. Tracing follows maxima directions within 20◦

of the incoming vector or within 60◦ of the incoming vector if they have at least a
magnitude of 85% of the maximum ODF value. In case this filtering eliminated all
possible outgoing directions, tracing continues along the incoming direction vector
if the corresponding ODF value was at least 70% of the maximum ODf value.
Several fiber pathways are generated per voxel and representative fiber pathways
are selected along voxels which were intersected by the most fibers.

Multiple FACT The multiple FACT algorithm is an extension of the conven-
tional DTI FACT method and is capable of tracking multiple directions per voxel
[CCC+08]. A streamline is continued to the edge of an adjacent voxel, but unlike
FACT, multiple FACT trackts every direction which is indicated by a local maxi-
mum direction being above a user-defined threshold but below a curvature thresh-
old. Thus, low maximum values leads to a loss of directionality in diffusion and
thus it is indicated that the border of white matter is reached. Multiple FACT can
generate implausible directions and hence multiple ROIs should be used to retain
only fibers passing through all ROIs.

Distance-based deterministic tractography A more complex deterministic trac-
tography algorithm on HARD data was proposed by [RSM11], using the dODF of
Descoteaux [Des08]. This algorithm extends the conventional streamline algorithm
by taking the distance to the white matter border into account at each voxel. This
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aims to maintain the initial distance of the seed point to the white matter boundary
through the whole tracking. Furthermore, an anisotropy measure is thresholded
and used as indicator for zero, one and multiple fiber populations in order to as-
sist tracing through challenging regions. The algorithm furthermore incoporates an
evaluation of the inital tracing direction and it can guide fibers back to white matter,
in cases when they wrongly propagated into isotropic regions. The algorithm was
tested in the centrum semiovale of a human data set providing promising results.

HARDI Euler PDD The Euler PDD on HARDI is an extension of the conven-
tional DTI Euler PDD. It was used in [Sei10]. In contrast to conventional DTI
approaches the algorithm integrates an anisotropy measure which is thresholded as
indicator for zero, one and multiple fiber populations. Two additional thresholds
are chosen which restrict the maximum curvature a fiber can undergo. Futhermore,
it distinguishes voxels with a single fiber bundle from two fiber populations in
terms of determination of the next tracing direction. The current trajectory direc-
tion is only interpolated with the new direction in voxels with a single fiber pop-
ulation. If the curvature is too high, the fiber propagates along the old direction,
disregarding the underlying diffusion profiles.

Existing deterministic HARDI-based techniques mostly show that tracking is
improved where the DT model fits the data poorly. Even so, deterministic algo-
rithms suffer from instabilities in general, such as choice of initialization and sen-
sitivity to the estimated principal direction(s). To overcome limitations of deter-
ministic tractography, probabilistic tractography has been proposed.

5.2 Local Probabilistic Tractography

As already mentioned, the data and modeling schemes trajectory relies on are sub-
ject to different errors, which are propagated through the tractography process.
This may lead to erroneous statements about white matter connectivity.

Probabilistic tractography techniques use the full spherical function and do not
only rely on the principal direction or maximum(a) extraction in contrast to deter-
ministic approaches. This gives negative implications when the spherical function
profiles are smooth and have significant isotropic parts. In this case, tractography
produces diffusive tracking results which leak into unexpected regions of white
matter. In order to avoid diffusive tracking and leaking in ODF-based tracking
methods, one needs to use sharp profiles such as the fiber ODF to obtain more
complete and accurate tracts.

The output of probabilistic algorithms is usually designed to give a connectivity
index measuring how probable two voxels are connected to one another. They usu-
ally deal with partial volume averaging effects and noise uncertainty in underlying
fiber direction.
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Generally, tracing is not stopped in uncertain region, but continued in the most
plausible. Thus, instead of just stopping trajectory in regions where errors are
likely, a full representation of the uncertainty associated to the path is the output
of these algorithms. One can interpret the resulting uncertainty map as the per-
cent of confidence, that the path of least hindrance to diffusion from seedpoint
A passes also through region B. Thus, probabilistic tractography techniques are
able to track through regions of high uncertainty, where deterministic techniques
would be forced to stop. In that way, probabilistic approaches are often capable
to reconstruct complicated brain structures by simply sampling a large amount of
streamlines. Many implausible and nonexistent trajectories are generated, but by
taking uncertainty information into account, the most relevant and most probable
tracts can be filtered afterwards. However, because of the generation of sometimes
more than 1000 streamlines, the computational complexity is significant higher in
comparison to deterministic approaches.

For a more detailed review on probabilistic tractography see [JBB09].
Generally speaking, probabilistic tracing algorithms offer a wider variety of

possibilities to design tracing algorithm than deterministic approaches do. There
are various options how to represent uncertainty and also many possibilities the
theory of probabilities offers in order to combine and to know how to select and
score the generated sample pathways. Example algorithms for DTI and HARDI
are DTI bootstrap [LA05], HARDI Bayesian approach [BBJ+07], HARDI Monte-
Carlo particles [PPC+05] or HARDI random walk particles [DDKA09].

5.3 Summary

In principle, tractography must be considered in combination with the reconstructed
data, since it depends directly on the quality of this kind of data.

If the local reconstruction scheme has severe limitations, the subsequent trac-
tography can hardly compensate the errors introduced earlier in the process. Hence,
a reliable reconstruction is pivotal to facilitate tractography.

We have shown two basic tractography methods, which are the deterministic
and probabilistic approach. Probabilistic approaches are often more precise than
the outcome of deterministic methods, but they have significantly higher compu-
tational complexity. Most of the deterministic approaches have similar built-in
criteria, such as stopping criteria or the curvature limiations. Futhermore, some
of the algorithms integrate voxel-based classification results, which is a promising
method to fascilitate the analysis of the diffusion in the current voxel.

Most of the methods using HARDI have mainly focused on fiber bundles with
crossing configurations. [SCH+07] made the first attempts to detect and trace fan-
ning configurations. There has not been much research yet covering complex fi-
brous architectures, such as fiber bundles demonstrating a high curvature. This
applies also to research on branching or fanning configurations. [DAFD07] devel-
oped a first splitting algorithm (QBI split), which potentially accounts for branch-
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ing and fanning fiber populations. Note, that the algorithm handles each voxel with
multiple maxima as a splitting voxel. Thus, splittings cannot be missed, but they
are also executed when there is no actual branching or fanning, leading to false
connected fiber tracts (stepping into other fiber bundles). This example indicates
various drawbacks one must consider when designing a tractography algorithm.
Questions arise such as, whether the trajectory should be frequently splittet to re-
cover as much fiber structures as possible. This means further post-processing on
the reconstructed tracts such as fiber clustering in order to arrange the trajectories
in bundles and to eleminate false connections. Or, should the tracking have a built-
in scheme to differentiate the different sub-voxel crossing possibilities and decide
whether or not a tract should be split in the tracking process? We will consider
those facts in chapter 8 on global classification and tractography.

<
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Part III

Methods and Practical
Applications
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Chapter 6

Voxel-based Classification

The objective of this chapter is to infer microstructural information on tissues from
diffusion-weighted images and to classify these into different categories. The mi-
crostructural information can be derived from anisotropy characteristics, which de-
scribe the properties of the diffusion in terms of anisotropy in the respective voxel
with a single scalar value.

As we have already seen, diffusion can be isotropic or anisotropic, depending
on the medium the water molecules diffuse in and whether they are thereby hin-
dered or not. In the past decades, many publications dealt with the definition of
measures, criteria or indices of anisotropy which should help in assigning imag-
ing voxels into different categories, as we have shown in our literature section in
chapter 4.

In voxel-based classification procedures, the inference of exact orientations of
the main diffusion direction(s) is not an issue. It is rather of particular importance
to find characteristics for the diffusion function in the voxel as a whole. In contrast
to that, global classification approaches incorporate neighborhood information in
the classification procedure, where in turn an exact estimation of the main diffusion
directions is pivotal. We will deal with global classification procedures in a later
chapter. In the following we want to give a brief overview, why it is beneficial to
perform voxel-based classification on diffusion-weighted images and in what field
of applications those additional information are used in.

6.1 Motivation

Despite some drawbacks, DTI has particular advantages, which makes it attractive
for clinical applications. Not more than 7 diffusion encoding gradients are required
for the reconstruction of the diffusion tensor and therefore fast acquisition schemes
can be applied. The total acquisition time is in the range of 3 to 5min, which
makes it applicable for everyday usage in hospitals. The diffusion tensor itself can
be calculated fast in comparison to some HARDI reconstruction techniques and
simple visualization techniques can be applied. This enables user interaction and
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detailed exploration of the data. In section 3.1.3 we provided an extensive report on
the limitation of the diffusion tensor modeling in areas of complex fiber structures
and we explained also why it is beneficial to use HARDI-based techniques. Current
research assumes that between one third to two thirds of imaging voxels in the
human brain white matter contain multiple fiber bundle crossings [BBJ+07], so
why not to use HARDI-based techniques at all?

HARDI reconstruction techniques are unattractive in clinical surroundings be-
cause of the significantly longer acquisition and computation times. HARDI is
characterized by the lack of options for interactive exploration and visualization
due to the computational heavy calculations. Thus it is not feasible to interactively
change and apply different parameters when searching for the optimal settings for
reconstruction or visualization.

A pre-classification of the diffusion data enables filtering of the voxels where
no complex reconstruction is needed, such as in isotropic areas of gray matter
and the ventricles. In voxels containing only a single fiber (anisotropic-Gaussian
diffusion regions) it is sufficient to use the diffusion tensor model, whose main
orientation vector gives the correct orientation of the single fiber. High-order mod-
eling is generally justified in heterogeneous white matter areas, such as crossings or
branchings of several fibers (non-Gaussian diffusion regions) because they provide
more accurate local intra-voxel information.

This motivates classification in categories such as isotropic diffusion, single
fiber and multiple intravoxel fiber distributions in a fast, and above all, reliable
way. The pre-labeling of data would therefore contribute to reducing the computa-
tional time and memory consumption in post-processing and visualization. More
complex models should only be computed where it is reasonable and where the
correct orientation of the underlying fiber distribution is wanted, e.g. for further
post-processing like fiber tracking. In terms of visualization, differentiating be-
tween complex and less complex regions would be advantageous, since a hybrid
visualization approach can be pursuit. For instance, diffusion tensor ellipsoids can
be fused with glyphs from q-ball imaging to a combined visualization. Thus, it be-
comes easier to manipulate and interact with the rendered data, and HARDI might
become more attractive for clinical applications. An example of an hybrid visual-
ization approach is given in figure 6.1.

It is important to point out that the employed classification has to be very reli-
able, otherwise the reconstruction method might underestimate the data, e.g. when
a fiber crossing is detected even though the voxel contains only a single fiber. In
such a case, errors are introduced in the data modeling, which cannot be corrected
in a later stage.

Another benefit of pre-labeling individual voxels is, that the results of classifi-
cation can be incorporated into a fiber tractography algorithm as sort of background
knowledge and thereby potentially improving the performance and outcome of the
algorithm. Deterministic tractography algorithms based on HARDI suffer from
interpretation errors of the ODF in very heterogeneous areas. An additional label
could support in correct evaluations of those complex diffusion functions. How-
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Figure 6.1: Example of a classification by the generalized anisotropy measure derived
from the ADC profile. Voxels labeled as non-Gaussian are reconstructed by
the constrained spherical deconvolution technique of order eight, while all
voxels in the anisotropic-Gaussian region are approximated by second order
ODFs. Image adopted from [Prc10a].

no. of fiber bundles    fiber configuration    tissue type      diffusion profile
 0       -        cerebrospinal fluid (CSF), isotropic

              gray matter (GM) 

 1     straight       white matter (WM)   anisotropic-Gaussian

 1-n     bending, crossing,     white matter (WM)   non-Gaussian

      fanning, branching

            (more complex) 

Figure 6.2: Categorization of diffusion profiles.

ever, classification has become an integral part of tractography, since its output
mask often determines the stopping criteria. For instance, the fractional anisotropy
measure is thresholded to determine isotropic voxels where propagation is forced
to stop.

Finally, voxel-based classification can be used in global classification, as we
will show in section 8.

6.2 General Approach

In general, our goal is to classify each captured diffusion signal into one of the
following categories,

• isotropic diffusion (no fibers, gray matter, CSF),

• highly anisotropic-Gaussian diffusion (one single relatively straight fiber),

• non-Gaussian diffusion (more complex fiber distribution e.g. crossing of
two or three fibers; bending, branching of a single fiber),



98 CHAPTER 6. VOXEL-BASED CLASSIFICATION

This was similarly proposed by [ABA02] and [Prc10b].
Our objective is to use features which can either be derived from the plain

diffusion-weighted signal values, the ADC profile or from computationally less
intensive reconstruction techniques such as the diffusion tensor. So far, there has
been done only little research whether it is possible to deduce specific diffusion
characteristics already from the diffusion signal values. Note that this does neither
require additional modeling nor parametrizing of the model.

Furthermore, the signal can be approximated using the diffusion tensor model
and several scalar quantities can be derived from the eigenvalues of the diffusion
tensor. Despite the fact that the tensor does not reflect the underlying fiber distri-
bution in voxels with multiple fiber populations in a correct way, the eigenvalues
can give valuable information about the diffusion profile in the voxel and the intra-
voxel configuration. E.g. they tell whether a single fiber with a dominant orienta-
tion is present or whether the diffusion is isotropic. These tensors are calculated
fast and therefore an appropriate base for performing classification on.

Another concept is to calculate the orientation distribution function, where the
maxima are supposed to correspond to the underlying diffusion profile. It is there-
fore important to further investigate the shape of ODFs in complex white matter
architecture. We will pursue this method in section 7.1. In terms of voxel-based
classification, there is likely little benefit in using the ODF as basis for classifica-
tion, since it is a high-level computational intensive reconstruction scheme. Here,
the ODF would require calculations for all voxels in the dataset, even in redundant
areas. This would add up to a significant computational overhead in contrast to the
more efficient hybrid approach we mentioned in the previous section.

In this chapter, we will report on extracting features from low-level data for
the purpose of high-throughput voxel classification. Subsequently, each measure
is thresholded in order to assign each voxel to one of the classes. We will evaluate
the extracted criteria with respect to their discrimination capablity into our three
proposed classes, using the three datasets described in appendix A.

6.2.1 Inital Processing of Datasets

In the following, we will briefly describe the general preprocessing of the data out-
lined in appendix A, which is used throughout this thesis. Individual adjustments
are listed in the respective paragraphs of the experimentation descriptions.

Synthetic Data In order to investigate diffusion properties in different fiber con-
figurations, we generated synthetic data using the multi-tensor model with the fol-
lowing fixed parameters: signal-to-noise ratio (SNR) was 35 and the number of
gradients was 60, uniformly distributed over the sphere. The B0 value is assumed
to be equal to one for each voxel. We simulated isotropic and anisotropic Gaus-
sian voxels as well as two and three fiber crossings under different angles. The
exact configuration is described in the respective paragraphs. Note, that no actual
classification is performed on the synthetic data. We rather want to investigate the
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behaviour of the measures in voxels with explicitly chosen intra-voxel configura-
tions. This can be achieved because the ground truth is known.

Fiber Phantom Dataset Fiber phantoms are advantagous because the trace of
the fibers has ground truth. We used the Fiber Cup phantom described in appendix
A.0.5. The generated configurations of the phantom lie in a horizontal plane and
include fiber bendings, splittings and crossings. Especially this phantom has been
used to compare the performance of different tractography approaches in other
works.

We analyzed the dataset and it turned out that the fractional anisotropy values
are generally very low. The phantom was filled with water and we speculate that
partial volume effects in voxels that are supposed to comprise diffusion solely at-
tributed to the displacement of molecules within fibers. It is very likely that the
voxels have a huge fraction of diffusion outside the artificial fibers, which is rather
isotropic and less restricted. Due to the averaging of both compartments, the diffu-
sion inside and outside the fiber, the diffusion becomes more isotropic than in real
white matter pathways.

This biases classification results in advantage of the isotropic category and pre-
vents us from doing a qualitative analyis on the phantom in terms of precision and
recall. Furthermore, it is difficult to estimate how other non-fiber voxels on the
phantom should be interpreted, e.g. do their properties map any properties of brain
tissue? Undoubtly, phantom datasets are good for testing and evaluating tractogra-
phy algorithms on data, but it is questionable whether acrylic fibers can reflect the
brain tissue properties in a reliable way.

For these reasons, we did not conduct classification on this dataset, but we
utilized it in order to visualize the signal and ADC profile for characterizing their
properties. From both available phantom datasets, we used the one with a voxel
size of 3×3×3mm3 for our analysis. The two repetitions were averaged to obtain
a less noisy dataset with more reliable diffusion information.

Real Human Brain Dataset A human brain dataset acquired on a 7T Siemens
MR scanner has been made available to us by the Leibniz Institute of Neurobiology,
Magdeburg, Germany. It has a high resolution with isotropic voxelsize of 1.2mm
(see appendix A.0.6 for dataset descriptions).

In practise, classification on real human brain data is a much more difficult task
than the synthetic data experiments where the generated noisy signal is more homo-
geneous. Due to noise and partial volume effects there is a huge overlap between
distinctive diffusion properties. For these reasons, sensible threshold selection be-
comes much more challenging. In order to evaluate classification on a human brain
real dataset, one has to manually select regions with specific configurations which
are known to a certain degree. The exact ground truth cannot be achieved due to
intersubject variability.
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6.3 Diffusion Signal Values and ADC Profile

When acquiring diffusion-weighted MR sequences, one image without diffusion-
weighted b= 0 s/mm2 is obtained as well as N images (N≥ 6) with b≥ 1000 s/mm2

long gradient direction gi, i= 1 . . .N. In HARDI acquisitions, many more diffusion
encoded directions have to be applied and N ≥ 60.

All N signal values within a voxel are weighted by the same relaxation factors
T1,T2 and ρ. Deviding the signal by B0 eliminates the effects of relaxation. How-
ever, the B0 value contains valuable information about tissue contrasts and can be
included therefore in classification schemes.

In this section, we will particularly investigate three different diffusion descrip-
tors. First, we will explore the acquired N diffusion-relaxation-weighted signal
values. Then, we will investigate the diffusion-weighted signal values which have
been divided by the B0 value. In the following we refer to both as diffusion sig-
nal. Beside this the apparent diffusion coefficients for each of the N directions are
analyzed in detail (in the following referred to as ADC profile).

Before evaluating the criteria defined on the diffusion signal and the ADC pro-
file, we will have a look on the shape of the diffusion signal value S(gi) as well as
the ADC profile D(gi) along gradient direction gi, i = 1 . . .N itself. We will ex-
plain the relation between the nature of diffusion in nervous tissue and the imaging
process which employs specific gradient directions. The diffusion weighted signal
value obtained and captured by the MR scanner is highest in perpendicular direc-
tion to the actual fiber orientation (in the single fiber case). More explicit: During
capturing a diffusion MRI sequence we measure the imperfect refocussing of the
molecules between the application of two dephase-rephase gradients and relate this
quantity to the diffusion process. Generally, the underlying diffusion within fiber
bundles is high in the direction of the fibers and small perpendicular to it, be-
cause the diffusion process is hindered by cell membranes and myelin. However,
a small signal is captured in the direction of the main fiber oriention, because the
signal loss is highest in that direction. There is great chance for water molecules
to move around, which leads to a higher diffusion rate and hence to an imperfect
refocussing of the molecules. Vice versa, in the direction perpendicular to the fiber
orientation the diffusion rate is small and a more perfect refocussing of the water
molecules will appear. This leads to a smaller signal loss in turn and hence the
captured signal is much higher than the signal captured along the orientation of the
fiber bundle. For a detailed description on diffusion MRI acquisition please refer
to section 3.1.2.

The diffusion process in the single fiber case can be explained very easily. At
the same time, several questions arise: How does the diffusion signal look like
in multi-fiber cases, e.g. in a crossing of two fiber bundles at an acute or obtuse
angle? In order to answer the question, we will to investigate the diffusion signal
obtained from different fiber configurations. Then, taking a step ahead, the ques-
tion is whether we can directly derive certain measures from the diffusion signal
which might help us in classifying the signal into our three predefined categories.
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This can save additional modeling of the data in order to perform classification.
The computational complexity and time can be reduced significantly compared to
metrics which require a complex reconstruction such as QBI to be carried out be-
forehand.

In our introductory chapter 3.1.2 Basic Principles of Diffusion we reviewed
on the diffusion coefficient as defined in physics. Using MRI, we cannot estimate
the true diffusion coefficient, unless the imaging object is pure water. If the imag-
ing object is the human brain, diffusion will be restricted by the various micro-
structural architectures of the tissue. The diffusion coefficient is then called the
apparent diffusion coefficient (ADC). One can compute the ADC profile from the
diffusion signal values as shown in equation (3.13) for each gradient direction gi,
i = 1 . . .N. This equation is derived from the Stejskal-Tanner equation assuming
the diffusion PDF to be Gaussian and contains a natural logarithm. By applying
the natural logarithm on the signal values, the low signal values in the direction
of the fiber orientation are transformed to high values. Vice versa, high diffusion
signal values along the perpendicular direction of the main fiber orientation will
be transformed to small values. For this reason, the ADC profile’s main direction
aligns with the main fiber direction in the single fiber case. If the voxel contains
two fiber populations, the ADC profile does not align with the underlying diffusion
profile. Instead, the main peaks lie in the interspace between the two fibers as de-
picted in figure 3.26d) in case of a 90◦ crossing. Similarly to the investigations on
the diffusion signal, we explore the ADC profile for different fiber configurations
and derive suitable measures from it.

6.3.1 Visualization Schemes for Diffusion Signal and ADC Profile

We propose visualization schemes that can be used for both, the diffusion signal
and the ADC profile. The visualization helps us to infer first characteristics from
the distribution of the values. Either the normalized values are mapped to the
length of the gradient vector and direction-based colorcoding as typical for glyph
rendering is applied, or we render a sphere and illustrate the normalized values
as a heat map on the surface of the icosahedron. The first approach can be seen
as a shape deformation of a sphere, while the second approach is based on color-
coding (the value range is mapped to the heat color map). Figure 6.3 holds a
comparison of both visualization methods. The heat map visualization technique
has some advantages, namely that the values along the view direction can be better
estimated visually, since the depth and therefore the actual value can be read from
the indicated respective color.

Normalization of the provided values in [0,1] becomes necessary as soon as the
values are visualized. In this thesis, we used two normalization schemes,

• normalization by global maximum, divides each value by the maximum value
in the respective image volume,

• normalization by local maximum, divides each value by the maximum value
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Figure 6.3: Two approaches for visualization of the diffusion signal values and the ADC
profile. ∗Value along the view direction cannot be interpreted due to the 3D
projection on the 2D image plane.

in the respective voxel.

6.3.2 Introduction of Diffusion Signal and ADC Profile Criteria

We propose a series of criteria, which can be computed on the raw diffusion signal
values S(gi) as well as on the ADC profile D(gi) from HARD datasets. Since our
HARD dataset has samples equally distributed over the whole sphere, our derived
criteria are not directional variant as those indices defined in section 4.1, where
only two diffusion synthesized gradients were applied.

In order to compute the measures, only the acquistion points and values without
approximating a function of these sample points are used. Metrics on the diffusion
signal values or ADC profile values rather describe the relation of signal values in
different tissues and in relation to anisotropy.

Measures of anisotropy are often defined as deviation from the spherical shape.
The variance has been used in the definition of e.g. fractional anisotropy, which
takes the normalized variance of the eigenvalues around the mean into account and
in the definition of the generalized fractional anisotropy of the ODF.

In probability theory and statistics, the variance is a measure of how much a
set of numbers is spread out and how much the numbers deviate from the mean. In
particular, the variance is one of the moments of a distribution. We therefore define
the variance and normalized central moments as well as other measures on the
signal value and ADC profile. They are listed in table 6.1. The mean, variance and
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normalized central moments are straightforward. Further remarks should be made
on the high directions (HD) and the number of high directions (NHD) metrics.
The HD criterion sums up and counts all values greater than the mean. If no value
above the threshold is found HD is equal to zero. The NHD metric counts all signal
values greater than a specific threshold t ∈ [0,1].

Criteria Definition

Mean 〈X〉= 1
N

∑
N
i=1 X(gi)

Variance V =
1

N−1
∑

N
i=1(X(gi)−〈X〉)2

Normalized Central Moments Ml =

[
N ∑

N
i=1(X(gi)−〈X〉)l

(N−1)∑
N
i=1(X(gi))l

]1/l

High Directions HD =
∑∀X(gi)>〈X〉X(gi)

∑∀X(gi)>〈X〉 1
Number of High Directions NHD = ∑∀X(gi)>t 1

Table 6.1: Critera defined on the diffusion signal values (X = S), or on the ADC profile
(X = D)

6.3.3 Experiments

In the following, we will use the proposed visualization scheme and evaluate the
proposed criteria. The most elaborate evaluation is done on a human brain dataset,
but we also investigate the criteria on synthetic data and the visualization schemes
on the phantom dataset.

The experiments conducted on the phantom have the purpose of visualizing the
diffusion-relaxation-weighted signal, the diffusion-weighted signal as well as the
ADC profile using the proposed visualization schemes. Additionally, the influence
of two different b-values, b = 1500 and b = 2000s/mm2 is compared. Representa-
tive regions with diffusion profiles from the three proposed classes are investigated.
The heat map visualization with normalization by global maximum has been se-
lected as an adequate scheme for depicting the differences.

In the experiments with synthetic data, the B0 value is completely ignored
and set to one. This is equal to considering diffusion signal values without any
relaxation weighting. We generate a row with different ground truth configura-
tions, including a single isotropic voxel and one and two fiber populations under
different crossing angles. We configure the fiber distributions as follows (from
left to right): The first voxel has isotropic diffusion; the second voxel contains a
single fiber in the horizontal plane θ,φ = (90◦,0◦). The other voxels are varia-
tions of various two fiber configurations in the horizontal plane, θ1,φ1 = (90◦,0◦),
θ2,φ2 = (90◦,{15◦,30◦,45◦,60◦,75◦,90◦}): the red fiber is fixed like in the one
fiber case and the blue fiber rotates in 15◦ steps of φ, covering a selection of cross-
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ing angles from 15◦ to 90◦. The last voxel examplarily shows a crossing of three
fiber populations at an crossing angle of 90◦. The red and blue fiber bundle lie in
the horizontal plane as before, while the green fiber bundle is orientated perpendic-
ular to that plane (directed out of the paper).

Potentially, there is a variety of parameters one can adjust in experiments with
synthetic data. However, a too detailed exploration is beyond the scope of this
thesis and we limit the variable parameters. We vary two parameters: a) b-value
1000, 2000 s/mm2, and b) the noise level. The b-value is an important acquisition
parameter in order to define the actual diffusion weighting. Generally a higher b-
value is supposed to be beneficial to determine the correct diffusion profile, because
it becomes sharper and more distinct. We explore how the diffusion signal behaves
under these different conditions and whether it is beneficial to input a higher b-
value in terms of an increased discrimination power of specific diffusion properties.
Furthermore, the goal is to construct a measure which is robust to noise, e.g. which
retains its discrimination power even in the presence of noise.

The configurations are visualized using normalization by global maximum and
the direction-based color scheme or the heat map, respectively. For each configu-
ration, the values for the proposed metrics are computed and plotted in a diagram.

Further, we evaluate the performance of the signal and ADC criteria on the hu-
man brain dataset and address the problem of inferring microstructural information
about tissues from diffusion-weighted images. Since we cannot achieve the ground
truth on a human brain diffusion-weighted image, we cannot perform a quantitve
analysis. We will limit our analysis to qualitative observations and visual inspec-
tions on the results from the classification. Therefore, we study two specific regions
in the human brain. See chapter 2.3 for a detailed review on the well-known fiber
bundles.

The first region contains the crossing of the splenum of the corpus callosum
(running transverse, red) with the optic radiation (running anterior-posteriorly, blue)
and the tapetum. We identify this intersection on an axial slice, depicted on the FA
map in figure 6.4. Tuch [Tuc04, Fig. 7] evaluated the same region as well. The
crossing affects only a few voxels.

The diffusion second region is the centrum semiovale, containing a larger cross-
ing area. Figure 2.2 and figure 2.6 show simplified illustrations of this region and its
complex fiber courses, including the fanning of corpus callosum and corticospinal
tract when they intersect and finally run to the cortex. Also note the high bendings
of the subcortical u-fibers very close to this region. We have selected a coronal
slice showing the corpus collosum (running transverse, right-left, red), which con-
nects both hemispheres and the corticospinal tract, which mostly contains motor
axons and travels between the cerebral cortex and the spinal cord (running inferior-
superiorly, blue). A third massive fiber bundle which contributes to the crossing is
coming out of the plane (running anterior-posteriorly, green) and is termed supe-
rior longitudinal fasciculus. Thus, we can identify a wide range of configurations
on a single slice, including crossings of two bundles, fanning and splitting of dense
bundles into smaller ones which splay into different directions to the cortex, and
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Figure 6.4: Axial slice showing the crossing between the splenium of the corpus callo-
sum, the tapetum, and the optic radiation. af, arcuate fasciculus; mog, middle
occipital gyrus; or, optic radiation; os, occipital sulcus; scc, splenium of the
corpus callosum; sog, superior occipital gyrus; ta, tapetum; v, lateral ventricle.
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FA- direction encoded color map 

q-ball ODF, SH order l=4, 
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Figure 6.5: Coronal slice showing the crossing in the centrum semiovale by the corpus
collosum, corticospinal tract and superior longitudinal fasciculus. The left and
right ventricles containing cerbrospinal fluid are also shown. cc, corpus cal-
losum; cst, corticospinal tract; slf, superior longitudinal fasciculus; v, lateral
ventricle.

voxels containing a perpendicular crossing of three fiber bundles. Figure 6.5 gives
an illustration of the prominent crossing in the centrum semiovale.

The selected regions are visualized and the individual criteria are calculated
and displayed. From the gray level distributions of the individual criterium one
can infer the discrimination power. At the end, we will propose a classification
pipeline that enables to distinguish in our proposed categories.

6.3.4 Results and Discussion

First, we will examine how acquisition-specific parameters affect the signal and
ADC values under different intravoxel configurations. Then, classification is per-
formed on the human brain data.
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Effect of Varying Signal Generation Parameters and Intravoxel Configura-
tions

Figure 6.6 shows the phantom with global maximum normalized diffusion signal
values and ADC profiles visualized as a heat map. Two acquisitions using different
b-values , b = 1500 and b = 2000 s/mm2, are compared.

Panel 6.6a) and b) show the signal values divided by their B0 value. Appar-
ently, single outlier determine the global maximum and only a small range of the
color scale is covered. This is a clear drawback of normalization by global maxi-
mum in this case. We can not differentiate between more specific diffusion char-
acteristics in this visualization.

The signal values are illustrated in 6.6c) and d). The diffusion signal values
are large in regions of anisotropic-Gaussian diffusion, medium in regions of non-
Gaussian diffusion and lowest in voxels with isotropic diffusion. Changing the
b-value usually means applying a stronger diffusion encoding gradient. This leads
to an increased initial dephasing along the gradient axis. Finally this results in a
greater signal loss attributed to the diffusion process (more diffusion-weighting).
These facts are reflected in the visualization in figure 6.6 c) and d).

Figure 6.6 e) and f) show ADC profiles. The ADC values are high in regions of
isotropic diffusion (with a high B0 value), medium in anisotropic-Gaussian diffu-
sion, and low in regions of non-Gaussian diffusion. Fiber crossings or other more
complex fiber distributions (lighter bluish-greenish) are visually distinguishable
from anisotropic-Gaussian regions (yellowish-reddish) on the heat map. Isotropic
regions, such as the circular border of the phantom, are very prominant. We ex-
plained the relation between the size of signal values and the b-value in the last
paragraph. The same applies for the ADC, but in a inversed manner due to the log-
arithm. Consider the anisotropic Gaussian voxels in figure 6.6, which are yellowish
in e) and reddish in f).

Figure 6.7 shows synthetic diffusion signal values being biased because of
noise and different b-values. In general, the signal values are largest in the direc-
tion perpendicular to the fibers. If we consider fibers running only on the horizontal
plane but our view direction is axial, the directions with the highest signal values
are coming out of the paper (dark red areas in the heat map). Additionally, we can
observe that globally the biggest signal values occur in the single-fiber case. The
shape of the diffusion signal distribution varies from donut-like (without the hole in
the middle) in the single-fiber case to a shape similar to a sphere in the three-fiber
case. Apparently, the generated signal in the single fiber case in comparison to fiber
crossings at a very small angle (≤ 30◦) is very similar. It is questionable whether
such small crossing angles can be distinguished at all when further modeling the
data using q-ball or other reconstruction techniques.

As expected, the noise adds more variation in the values, peaks become more
blurred and less distinct. When comparing the signal value distribution in the three-
fiber bundle case with the isotropic diffusion signal values it becomes obvious that
such voxels are hard to confine by their shape and diffusion value strength, even
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Figure 6.6: Heat map visualization of signal and ADC profile for b-values of 1500 and
2000 s/mm2, axial view on a phantom dataset.
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Figure 6.7: Synthesized diffusion signal values for b-values of 1000 and 2000 s/mm2

under different fiber configurations. The ground truth fiber distributions are
depicted as lines in the background. The weights of the compartments are
equally distributed over the two and three fiber populations.
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Figure 6.8: ADC profiles computed from synthesized diffusion signal values for b = 1000
and b = 2000 s/mm2 under different fiber configurations. The ground truth
fiber distributions are depicted as lines in the background. The weights of the
compartments are equally distributed over the two and three fiber populations.
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at a relatively high SNR of 35. Noisy isotropic diffusion and crossing fiber bun-
dles often exhibit the same shapes and reconstruction schemes suffer from severe
limitations in such areas.

Voxels comprising crossings of three bundles are besides this a huge source of
error in voxel-based classification due to their isotropic properties, as we will see
throughout this thesis. Furthermore, fiber tracking propagation might be forced to
terminate in such voxels because it expects to encounter isotropic tissue.

Beside this, a higher b-value makes the signal value peaks, including noise
peaks) more prominent and the overall distribution less smooth, which especially
hinders correct analysis of voxels with three fiber populations.

Figure 6.8 shows the ADC values affected by noise and using different b-
values. Basically, the ADC values are highest in the direction of the fibers in the
single fiber case. If two fiber populations occur, the main peaks are located in the
same plane as the true orientations, exactly half way between the fiber directions.

The interpretation of the results is quite similar to the diffusion signal evalua-
tion. The larger b-value sharpens the ADC profile and peaks become more promi-
nent. As one would expect, noise introduces artificial peaks in the ADC profile,
as it can be seen for the single fiber case with b = 2000 in figure 6.8. The noise
particularly affects the ADC profile with larger b-values.

The corresponding measures computed on these four cases (varying b-value
and noise) can be found in the diagrams of figure 6.9 and figure 6.10. Since the
outcome of the metrics on the diffusion signal values and the ADC is very similar,
we will discuss it in a combined paragraph.

It is striking that the criteria values are affected by different b-values, because
the scale between the criteria values changes, but the overall ratio to each other
stays approximately the same. Hence we can observe that a larger b-value does
not necessarily affect the discrimination power of our signal criteria. However, the
larger b-value seems to amplify the influence of noise, especially in the case of
the signal value variance. We can conclude that already a small b = 1000 is able
to discriminate between different diffusion profiles, thereby leading to an tolerable
amplification of noise.

Considering each criteria separately, we can subsume that

• Mean is almost the same for all configurations.

• Variance is high for voxels containing a single fiber; in voxels with two
populations, the variance becomes smaller the higher the crossing angle is.
Isotropic voxels and three-fiber crossing cases have almost the same vari-
ance. Note, that the variance is very small overall.

• Moments, order l = 2, l = 4 distributions appear very similar. Both criteria
values are high in the single-fiber case; in the two-fiber case, the criteria
values become smaller the higher the crossing angle is.

• High Directions Criteria is very similar to the mean, but the single fiber
case can be better separated from multiple fiber cases.
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Figure 6.9: Comparison of criteria computed on noisy and noise-free synthetic diffusion
signal values; b-values equal to 1000 and 2000 s/mm2, respectively were cho-
sen. The weights of the fiber bundles are equally distributed.
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Figure 6.10: Comparison of criteria computed on noisy and noise-free ADC profiles;
b-values equal to 1000 and 2000 s/mm2, respectively were chosen. The
weights of the fiber bundles are equally distributed.
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• Number High Direction Criteria highly depends on the chosen threshold
and should be adjusted according to the b-value. There is a drop of NHD
values from the single-fiber case to the two-fiber 90◦-crossing. Isotropic
voxel and the voxel containing three-fibers are highly affected by noise, e.g.
the NHD values differ greatly.

All in all, the diagrams show that the variance and the normalized central mo-
ment l = 2 criteria are promising measures for the classification of anisotropy. The
NHD is the criteria which is affected the most by noise and thus it might not be
reliable enough for classification.

The impact of different B0 values manifests in distinguishing different tissues,
which could not be achieved, of course with the synthetic data where the B0 value
was simply one. On a real human brain data set, the B0 value varies between the
voxels. Cerebrospinal fluid and gray matter have different T2-weighting as white
matter (compare table 3.2) and thus appear to have distinctive values on the B0
image.

Next, we show the results of classification on the human brain dataset.

Real Human Brain Dataset Investigations

Figure 6.11 and 6.15 visualize the selected regions with our visualization schemes.
From the visualization of the different regions we can extract characteristics from
the signal and the ADC profile. The first and second row depict the diffusion-
weighted signal with and without B0 normalization. Without B0 normalization, the
diffusion-weighted signal values also contain relaxation-based information. Since
gray matter has a different T2 factor, this tissue can be separated well on these
images (second row) from cerobrospinal fluid (CSF) and white matter. Voxels
containing gray matter as well as CSF are both candidates for isotropic diffusion.
Apparently, figure 6.11 and 6.15 imply that the diffusion signal values captured in
those regions are quite different though. The diffusion signal is high in regions
of gray matter (reddish-yellowish) and very low in regions of the ventricles (dark
bluish) containing CSF. This can be attributed to the slightly different diffusion
signal values in both tissues on the one hand and on the other hand the very different
B0 value due to the T2-weighting. Note, that the diffusion in gray matter is slightly
restricted by cell membranes of the cell bodies, whereas the diffusion in CSF is
not restricted at all. Furthermore, the ADC values shown in figure 6.11 and 6.15
are large in regions of CSF (reddish-yellowish), e.g. in the ventricles or in the
subarachnoid space between cortex and skull, while white matter has lower ADC
values.

Those characteristics influences the actual classification we conduct on the dif-
fusion signal values or the ADC profile. Figure 6.12 illustrates the B0 image of the
axial slice and two different thresholds applied to the B0 image. The center image
stresses CSF and the rightmost image shows segmentation of CSF and gray matter.
This gray level distribution, or the T2-weighting respectively, is in coherence with
the visualization in figure 6.11 and 6.15.
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Figure 6.11: Visualization of signal and ADC profile of the region shown in figure 6.4.
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B0 image thresholded B0 image thresholded B0 image 

Figure 6.12: Classification on the B0 image of the region shown in figure 6.4.
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Figure 6.13: Mean, variance and moment l = 2 criteria defined in table 6.1 applied to the
axial slice of figure 6.4.
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Figure 6.14: Moment l = 4, HD and NHD criteria defined in table 6.1 applied to the axial
slice of figure 6.4.
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Figure 6.15: Visualization of signal and ADC profile of the region shown in figure 6.5.
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Criterion cerebrospinal
fluid

gray matter white mat-
ter (without
heterogon
crossings)

anisotropic-
Gaussian
diffusion

B0 × × ∗

Signal/B0

Mean × ∗

Variance ×
Moment l = 2 × ∗

Moment l = 4 × ∗

High Direction Criterion ×
NHD Criterion ×

Signal

Mean ×
Variance ×
Moment l = 2 × ∗

Moment l = 4 × ∗

High Direction Criterion ×
NHD Criterion ×

ADC profile

Mean ×
Variance × ∗

Moment l = 2 ×
Moment l = 4 ×
High Direction Criterion ×
NHD Criterion ×

Table 6.2: Criteria applied to signal and ADC profile of the human brain dataset. The listed
criteria can be used to segment the respective regions by adjusting a threshold.
Criteria marked with ∗ can only separate the respective voxel when taking the
inverse of the final map.

Figure 6.13 and figure 6.14 shows the application of our proposed criteria to the
axial slice showing the corpus callosum, the optic radiation and the tapetum. The
gray level distributions reveal tissue characteristics and anisotropy behaviour. We
can group the proposed criteria in different categories. The first category comprises
of metrics that are able to differentiate between different tissues, such as white
matter, gray matter and CSF. The second group contains metrics which are able to
determine the degree of anisotropy. Table 6.2 gives an overview which measures
are able to separate characteristic voxels. The asterisk marks the categories where
the classification result needs to be inverted to delineate the given category.

Obviously, there is no single measure that can separate the voxels of all cate-
gories by applying thresholds. Since our goal is to classify voxels into the three
classes isotropic diffusion, Gaussian-anisotropic diffusion and non-Gaussian dif-
fusion (compare with figure 6.2), we need to use several metrics to accomplish
that. Note, that we do not include a category for non-Gaussian diffusion in table
6.2, because those voxels can not be delineated by using one measure, but they can
be determined utilizing a pipeline of different measures.
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Classification Pipeline

In order to classify into isotropic diffusion, Gaussian-anisotropic diffusion and
non-Gaussian we first need to separate different tissue types. In general, tractogra-
phy approaches try to reconstruct white matter pathways. That means we seek to
eliminate gray matter voxels and CSF from the dataset. The first classification step
has to be split into several subtasks. The second classification step only uses the
white matter class to isolate the voxels with anisotropic-Gaussian diffusion from
other more complex diffusion distributions. There are measures which suffer from
overlapping in the diffusion characteristics, which means that classes are wrongly
labeled as belonging to the same class. Often, the measure moment l = 2 and l = 4
groups gray matter and fiber intersections together. Classification in a stepwise
manner is a true benefit, since it particularly reduces such errors to a certain extent.

The pipeline is as follows:

1. Separation of tissue involves,

(a) segmentation of voxels containing cerebrospinal fluid,

(b) segmentation of voxels containing gray matter,

(c) combination of result 1 and 2 to mask out remaining voxels on the
original image (= white matter).

2. Identification of highly anisotropic voxels from white matter voxels.

Figure 6.16 shows the sketched classification pipeline on an axial slice using
some example measures. The measures that can be applied in each single step are
listed in table 6.2. Various combination of criteria can be used in the pipeline in
order to facilitate classification. In other words, each criteria can be replaced by
one of the measures listed in the same column.

Figure 6.17 shows the outcome of the classification pipeline applied to the
coronal slice. Here, the pipeline described in figure 6.16 was deployed. Voxels
with CSF and gray matter were reliably identified. The voxels in the corpus cal-
losum are correctly assigned to the anistropic-Gaussian class. The crossing voxels
of the corticospinal tract with the corpus collosum and the superior longitudinal
fasciculus are classified as non-Gaussian diffusion, which is also accurate. On the
other hand, it can be clearly seen that partial volume effects occur at the borders
between gray matter and white matter. The average diffusion in such voxels is
non-Gaussian and very similar to diffusion in very heterogeneous crossings such
as in the centrum semiovale. Since voxel sizes are on a much larger scale than an
actual fiber tract, many voxels suffer from partial volume effects. Partial volume
diffusion profiles become ambiguous and are difficult to interpret, as we will see
throughout this thesis.
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Classification pipeline

segmentation of cerebrospinal fluid and gray matter 
superimposed on B0 image

thresholding of b=0 image, t=750                  

variance of signal values, t=0.014 

black:  isotropic diffusion
white:  anisotropic-Gaussian diffusion
gray:  non-Gaussian diffusion

application of the mask on the diffusion-weighted
dataset 

3.

2.1.

1. Classification step: separation of tissue

2. Classification step: determination of highly anisotropic-Gaussian diffusion 

Figure 6.16: Proposed processing pipeline for classification into isotropic diffusion,
Gaussian-anisotropic diffusion and non-Gaussian diffusion.
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Figure 6.17: Example classification of coronal slice showing the corticospinal tract, the
corpus callosum and the superior longitudinal fasciulus. The same pipeline
as in figure 6.16 was applied. The local maxima from fODF reconstruction
are depicted in the foreground.

6.3.5 Conclusion

We have demonstrated that simple classification tasks can already be conducted
on the plain diffusion-weighted signal values and the ADC profile, thereby not ne-
glecting the influence of the B0 values. Two groups of metrics have evolved from
these investigations, which are metrics that rather describe relaxation or tissue-
based properties and criteria that reflect anisotropy characteristics. This division
both depends on the metrics itself and on the data values where it is applied to. We
classified into the three predefined categories, such as isotropic diffusion anisotropic-
Gaussian diffusion and non-Gaussian diffusion and found out that the ADC profile
and the signal values are an adequate data base in order to separate isotropic dif-
fusion from the rest of the data set (gray matter and CSF). We can mask out these
voxels or simply ignore them when further processing the data. No additional mod-
eling is required and calculation is very simple and significantly less computation-
ally intensive in comparison to complicated reconstruction techniques that we have
listed in section 3.3. The classification results indicate partial volume effects at the
border between white matter and gray matter. The averaged diffusion profile in
such a voxel will have contribution from both, isotropic and anisotropic-Gaussian
diffusion and becomes thus very complex.

In terms of the imaging parameters b-value, noise and number of gradients, we
can make the following conclusion. The larger b-value did not affect the discrimi-
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nation capability of the individual measures. This has been tested on the synthetic
data. Furthermore, noise affects the signal values and the measures respectively.
Working directly on the signal without the application of regularization or smooth-
ing methods means that noise has a high impact, also on the subsequent computa-
tion of further metrics. This is a drawback we clearly have to accept and that might
motivate the application of reconstruction schemes, where regularization methods
can be incorporated easily. Also, measures computed on the reconstructed signal
might be more homogenous in similar regions. This is beneficial for classification,
as well. A final remark has to be made on the number of diffusion-encoding gra-
dients. We did not test this in particular, but we speculate that the outcome of the
measure might be sensitive to the number of applied diffusion-encoding gradients.
This might be especially the case in areas of high complexity. Further investiga-
tions need to be done concerning this fact. In our approach, 60 gradients have been
regarded as sufficient to obtain a reliable result.

So far, our classification deals with very simple classification categories. It is
desirable to find a more accurate separation of the non-Gaussian diffusion category,
which includes very different configurations (fanning, bending, crossing) that must
be treated accordingly in fiber tractography approaches as such. We are not able to
distinguish complicated configurations on the diffusion signal or ADC. Therefore,
shape descriptors are needed which can be derived from the output of modeling.
This can be realized using the diffusion tensor, as shown in the following.

6.4 Diffusion Tensor

After delivering insight into the characteristics of diffusion signal values and the
ADC profile, we run the first modeling scheme on the data, which is the diffusion
tensor. The theory on diffusion tensor modelling can be found in section 3.1.3.

Our overall aim is to use low-level models in order to obtain a fast classifica-
tion of our HARD data, which can carried out on the eigenvalue representation of
the diffusion tensor. More advanced models might be calculated in areas of high
complexity in a later step.

A voxel with a single-fiber direction can be correctly described by the diffu-
sion tensor model. Six measurements (in addition to a normalizing seventh) are
sufficient to determine the tensor’s parameters. From the Stejskal-Tanner equa-
tion under single fiber Gaussian assumption (3.12) we know that the apparent
diffusion coefficient (ADC) D along gradient direction g can be estimated from
D(g) = gT Dg. Thus, the apparent diffusion coefficient and the diffusion tensor are
directly related, which means that the derived anisotropy measures and criteria will
show similar behaviour in the single fiber case, where both methods characterize
the underlying diffusion correctly.

However, a common situation in the imaging of fibrous biological systems,
such as white matter, is the existence of multiple-fiber orientations within an imag-
ing voxel. In such cases, the simple diffusion tensor model is inappropriate to
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reflect multiple fiber orientations. Voxels containing multiple-fiber orientations
are likely whenever the imaging resolution is significantly larger than the fiber di-
mensions. This problem can be mitigated by increasing the image resolution, but
current MR scanner do have limitations in terms of voxel sizes.

The shape of the tensor can be interpreted as a enclosing ellipsoid around the
fiber configuration. Even if we can not infer the exact underlying orientations in
the multifiber case, this is a very useful piece of information and enables us in
extending our existing classification categories. Figure 6.2 shows our relatively
rough classification scheme. Investigations of our complex class are carried our in
the following in order to evaluate whether further categorizations between different
fiber configurations, e.g. between bendings and crossings can be made.

6.4.1 Eigenvalues and Shape of Diffusion Tensor

The ellipsoid originates from three different basic shapes, namely prolate, planar
or spherical, depending on the eigenvalue distribution. The shape is supposed to
be related to the underlying diffusion profile in the following way: Highly prolate
("cigar-shaped") tensors, with eigenvalues λ1 >> λ2 ≈ λ3, occur in voxels with a
single fiber and exhibit anisotropic-Gaussian (restricted) diffusion behaviour. The
diffusion tensor formalism is able to model this characteristic of diffusion correctly.
Note, that the actual anisotropy characteristic and degree of elongation of the ten-
sor is influenced by the density and the diameter of the fiber bundle. Isotropic
(unrestricted) diffusion occurs predominantly in gray matter as well as CSF and
can be modeled by a single scalar value, whereas the computation of the spherical
diffusion tensor does not demonstrate an immense overhead in terms of calculation
efforts.

However, there are cases where the diffusion tensor shape fails to reflect the
underlying diffusion: If two or three fiber compartments meet in a voxel, each com-
partment retains its own anisotropic-Gaussian diffusion characteristics. The diffu-
sion is spatially limited, which means that there is no exchange of water molecules
between the fiber bundles. If one captures the diffusion-weighted signal along a
specific gradient direction in such a voxel, each compartment influences the cap-
tured signal and contributes to or decreases the signal loss. Thus, the diffusion
signal values are avagered and become contributions in the non-fiber directions.

This drawback constitutes in the modeling techniques, i.e., the shape of the
diffusion tensor becomes more planar or ball-shaped, and the value of the second
(and third) eigenvalue increases. Note that a single diffusion tensor is not able to
exhibit multiple maxima.

Highly planar tensors, λ1 ≈ λ2 >> λ3 either occur in voxels containing an in-
tersection of two fiber populations at a higher angle or if a single fiber undergoes
a high curvature, such as the subcortical u-fiber. The shape of the tensor does not
reflect the actual diffusion correctly, since there is no planar diffusivity in the brain.
In this case, the diffusion can be more correcly described by two Gaussian com-
partments. Each of these represents the diffusion in one fiber bundle. The same



6.4. DIFFUSION TENSOR 125

accounts for the three-fiber crossing example. If a crossing area becomes both very
heterogeneous and complex, and several fiber bundles are involved in the cross-
ing (e.g. three fibers bundles running in different directions), the diffusion tensor’s
shape becomes more spherical with eigenvalues λ1 ≈ λ2 ≈ λ3. The complexity of
the captured diffusion increases if the fibers bundles have different sizes or diame-
ters, as well.

6.4.2 Classification on the Diffusion Tensor

Classification on the diffusion tensor is mainly carried out using its eigenvalues.
Our own approaches are explained below.

Introduction of DT Criteria

Several scalar measures can be derived from the diffusion tensor providing in-
formation on microstructural tissue organization. General information on the DT
measures can be found in section 4.1.2.

The geometrical tensor measures Linearity Cl,planarityCpandsphericityCs have
been proposed by Westin [WPG+97] and are stated in equation (4.4). Cl takes the
ratio between the first and second eigenvalue into account. Cp is calculated from
the second and third eigenvalue; the first eigenvalue is not taken into consideration
in the formula.

We propose a new measure circular planarity Pc defined in the range [0,1], that
categorizes planarity with respect to linearity, as follows:

Pc =
(Cp−Cl +1)

2
=

3λ2−2λ3−λ1 +3λ̂

6λ̂
(6.1)

Planar tensors with a higher linear component will have low Pc values, while pla-
nar tensor with a lower planar component have high Pc values. We therefore can
differentiate two different configurations for planar tensors: circular planar ten-
sors with first and second eigenvalues being similar as stated above and ellipsoidal
planar tensors with eigenvalues λ1 > λ2 > λ3. In the latter case the tensor has
both a linear and planar property. In theory, those tensors occur in voxels with a
bending, fanning or branching configuration of a single fiber within a plane or a
crossing at a small angle respectively. The ability to separate those voxels from
circular planar tensor depends on the image resolution. If the image resolution is
high, even a sharp bending will only exhibit a small curvature at a low angle within
the voxels dimensions. The lesser the image resolution, the higher becomes the
circular planarity property of a bending, fanning or branching configuration.

Refined Classification Scheme

After presenting the theory of diffusion tensor and proposing our own measures,
we can further refine our initial classification scheme illustrated previously in figure
6.2.
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If we consider the non-Gaussian diffusion class in our current classification
scheme and the different shapes of the diffusion tensor, it becomes obvious that we
can refine this class by assigning some diffusion tensor properties.

• bending or fanning of a single fiber bundle, crossing of two bundles at a
low angle: ellipsoidal planar tensor, λ1 > λ2 > λ3.

• crossing of two fiber bundles at a high angle: circular planar tensor, λ1 ≈
λ2 > λ3.

• crossing of three fiber bundles (i.e. very complex crossing configuration) :
spherical tensor λ1 ≈ λ2 ≈ λ3.

In the experiments section, we will evaluate whether it is possible to addition-
ally differentiate between these categories.

Classification Pipeline on Measures

In order to classify into the proposed categories of section 6.4.2, several anisotropy
and shape descriptor metrics need to be thresholded. Besides our proposed circu-
lar planarity Pc (6.1) measure different existing metrics will be investigated, such
as the linearity Cl , planarity Cp and sphericity Cs (equation(4.4)) measures, the
component anisotropic index Ca equation ((4.8)), the Kullback-Leibler anisotropy
(KLA, equation (4.6)), the volume ratio measure (VR, equation (4.7)) and the rel-
ative anistropy (RA) and fractional anisotropy (FA) listed in table 4.1. All of these
measures are studied with respect to their performance in the first classification
step, which consists of

1. segmentation of white matter voxels,

2. identification of heterogeneous voxels with fiber crossings,

3. determination of elongated and circular planarity using the Pc measure.

The second step cannot be conducted by diffusion tensor metrics. Since the
captured diffusion information from complex intravoxel fiber crossings and GM is
very similar, there exists no DT measure that separates those voxels in a satisfac-
tory manner. Our solution to this problem is to include diffusion information from
adjacent voxels: A crossing of several fiber bundles usually appears within voxels
surrounded by other white matter voxels. This includes the previous and subse-
quent part of each bundle on any account. Furthermore, a fiber crossing region
of increased complexity only has a certain size consisting of a handful of voxels,
whereas gray matter is a huge connected component forming the cerebral cortex
of the brain. We therefore determine connected components from the dataset and
identify the small regions in the non-white matter class. In order to designate the
maximum size of the region, a threshold is applied.
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Figure 6.18: (a) Barycentric histogram of axial slice with absolute frequency values. Most
values are clustered in the Cs corner and are scattered towards Cp and Cl
corners. (b) Barycentric triangle with an example point marked by a black
circle. The coordinates (in this case the Cl ,Cp,Cs properties) can be identified
by projecting the point on the midline axes. (c) Classification on barycentric
triangle. Position of red dots is manually adjustable.

The third step in the listing is employed on the Pc map in order to segment
elongated and circular planar voxels.

In this approach, we have to set a series of thresholds successively. In the
following, we suggest another interesting classification approach which overcomes
the minute thresholding procedure.

Classification on Barycentric Triangle

The barycentric histogram was introduced earlier in figure 4.1. It can be generated
from the Westin measures, which sum up to one. Therefore, Cl , Cp and Cs can be
mapped to the corners of the triangle where any point in the triangle describes a
certain value distribution between the geometric decriptors.

Figure 6.18a) shows an example barycentric histogram of the values from the
axial slice. Apparently, most of the values are mapped to the Cs corner as indicated
by the white cluster. The other values are scattered towards the corners representing
linearity and planarity. Figure 6.18b) shows an example point in the barycentric
triangle and the determination of its coordinates. Note, that the coordinates are not
determined by computing the distances to each triangle vertices, but by projecting
the point on the respective midline axis.

The classification on the barycentric triangle is similar to thresholding proce-
dures carried out on any anisotropy measure or DT shape criteria and the same
results can be obtained as well. Five groups turned out to be meaningful in terms
of representing different shapes of tensors, which in turn can be interpreted with
respect to the underlying diffusion processes or to the type of tissue, respectively.

One example configuration is given in figure 6.18c). The polygon of each class
can be manually adjusted, facilitating regulation of different categories simultane-
ously.
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We extend the classification scheme proposed in section 6.4.2 by introducing
a category for partial volume averaging voxels. The representatives of this class
include all voxels at the interface between isotropic diffusion and neural tissue.
Furthermore, intersection of three fiber populations can be also referred to as partial
volume, since they expose different orientations. The last category crossing of
three bundles is renamed and extended to all partial volume voxels. We regard it as
beneficial to introduce this additional class label, since the linearity and planarity
measure loses its informative value and expressiveness as the distances between
different class’ borders decrease towards the upper apex of the triangle. One has
to consider the impact of noise for instance, which we will show in the synthetic
experiments.

The remaining categories are identical to the proposed scheme in section 6.4.2
and can be assigned to specific regions in the triangle. Greatly elongated linear ten-
sors (white) with λ1 > λ2 ≈ λ3 have anisotropic-Gaussian diffusion with a straight
single fiber. This property can be found on the left-hand side of the triangle. Elon-
gated planar tensors (yellow) with λ1 > λ2 > λ3 are located between Cl and Cp,
while circular planar tensors (orange) with λ1 ≈ λ2 > λ3 can be found on the right-
hand side of the triangle. Strong spherical tensors (black) with λ1 ≈ λ2 ≈ λ3 are
found in the upper corner of the triangle. Less spherical tensors (gray) with a cer-
tain linear and planar influence are nearby the Cs corner.

6.4.3 Experiments

We will perform experiments on synthetic and generated data and on the human
brain dataset. We will not consider the fiber phantom dataset, since overall it has
very low fractional anisotropy values, also in voxels capturing acrylic fibers. The
diffusion tensors are very spherical and do not reflect a ground truth that is closely
related to realistic conditions in the human brain. For information on the datasets
please refer to appendix A.

With the aid of synthetic diffusion-weighted data, we explore different in-
travoxel configurations, such as isotropic diffusion and voxels with a single fiber
bundle or multiple fiber bundles. Additionally, only two fiber populations are
generated at various crossing angles and with different volume fraction. We fur-
thermore study a similar variation of the fiber configuration, such as changing the
eigenvalue distribution of each compartment. Besides this, we test how image ac-
quistion parameters, such as b-value and noise, influence the shape of the diffusion
tensor. All of these experiments include the generation of the barycentric triangle.
This eases identification of class borders between different regions, which we need
to define manually on a real human brain data set.

On this dataset, we test whether the proposed classes can be derived from the
diffusion tensor and whether classification leads to plausible results.

In order to evaluate the diffusion tensor’s characteristics, we synthesize diffu-
sion tensors under different ground truth configurations.

The initial configuration we generate has a single isotropic voxel with eigen-
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values [700,700,700]× 10−6mm2/s. The second voxel has a single fiber. Six
intravoxel crossings of two fiber bundles have been synthesized under increasing
crossing angle. The last voxel contains a perpendicular crossing of three fiber popu-
lations. Each fiber compartment has eigenvalues of [1700,300,300]×10−6mm2/s.

On this initial configuration, we compute different shape criteria such as lin-
earity Cl , planarity Cp, sphericity Cs, circular planarity Pc and the component
anisotropic index Ca. Furthermore, the performance and characteristics of anisotropic
measures are tested, such as the fractional anisotropy (FA), the Kullback-Leibler
anisotropy (KLA), the relative anistropy (RA) and the volume ratio measure (VR).
The shape descriptors proposed by Westin are additionally visualized in a barycen-
tric histogram with and without the application of noise. On this configuration, we
also investigate the influence of different b-values regarding the shape of the tensor.

Our Pc measure is designed to distinguish planar tensors with a high linear
component (i.e. low Pc value) from planar tensors with a low linear component
(i.e. high Pc value). We evaluate the planarity characteristics by choosing cross-
ing configurations of slightly increasing crossing angles between 31◦− 90◦. Fur-
thermore, we check whether each fiber bundle’s eigenvalue profile change the re-
sulting tensor properties. We plot those configurations in a barycentric triangle.
The eigenvalue profile for one bundle is [1700,300,300]× 10−6 and has a high
spherical property because of the large third eigenvalue. Hence, it is of inter-
est to increase the anisotropy level of each diffusion compartment, without im-
pairing the influence of each bundle. Highly anisotropic voxels from the corpus
callosum are exemplarily chosen for the three additional eigenvalue distributions
we use for the synthetic tensor generation, which are ([1700,400,200]× 10−6,
[1700,300,300]×10−6, [1700,300,100]×10−6, [1700,100,100]×10−6.

Besides this, the effect of various weights for each Gaussian compartment dif-
fers, representing different fiber diameters or densities. Beside [0.5,0.5], two dif-
ferent weight distributions are chosen [0.25,0.75] and [0.75,0.25].

All the configurations are plotted in a barycentric triangle. We investigate,
whether we can assign certain regions in the barycentric histogram to specific un-
derlying diffusion profiles or even fiber distributions.

Actual classification is conducted on the human brain dataset. in order to sep-
arate different classes. The circular planarity measure Pc is further investigated in
the first classification approach. The second approach uses the barycentric triangle
to group the voxels into different classes, which is a straightforward method for
classification of diffusion tensors into different categories.

The classification is done on the same regions as in the classification via the
signal values and the ADC profile. The intersection between the splenum of the
corpus collosum and the optic radiation on an axial slice was meant to visually
inspect the performance of the anisotropy indices and shape criteria of the diffusion
tensor. Out of these results a classification pipeline is proposed.
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6.4.4 Results and Discussion

Effect of Varying Intravoxel Configurations

Figure 6.19a) shows synthesized diffusion tensors for different ground truth fiber
configurations. This is the inital configuration we consider in the following tests.

Impact on Restored Eigenvalues The diagram in figure 6.19b) shows the re-
constructed eigenvalues restored successfully in the zero and one fiber case. In the
voxels with two fiber populations, the reconstructed eigenvalues differ from the
initial configuration the larger the crossing angle between the fiber bundles. λ1 (=
longitudinal diffusivity) decreases, while λ2 increases and λ3 remains constant (=
increase in transversal diffusivity).

Impact on Anisotropy Measures Figure 6.19d) shows the corresponding anisotropy
measures. The respective values are very small in the isotropic case as well as in
the crossing configuration. In the two-fiber case, anisotropy decreases monoton-
ically the larger the crossing angle becomes in the FA, VR and RA measure. It
is largest in anisotropic-Gaussian diffusion. We want to emphasize the interesting
behaviour of the KLA measure: The KLA values are almost the same in the one-
and two-fiber case (crossing angle < 45◦) but it is highest in the 45◦ case. As the
crossing angle increases up to 90◦, the KLA values become smaller.

Impact on Shape Descriptors The diagram in figure 6.19c) shows the geometri-
cal measures (Westin measures) Cl,Cp,Cs describing the shape of the tensor. Note
the impact of the spherical component (> 1/3) in each voxel, even if the voxel is
highly anisotropic. Linearity and planarity measures act as expected. The com-
ponent anisotropic index Ca has low values in the first voxel (isotropic diffusion)
as well as in the last voxel (crossing of three fibers). The index describing the
configurations in between has the equal value (≈ 0.6) regardless which diffusion is
present– anisotropic-Gassian or planar. Comparing the behavior of the Ca measure
with figure 4.1, leads to the conclusion, that Ca values treat any deviation from the
spherical shape equally, not differentiating between elongation or planarity.

The Pc measure is able to distinguish planar tensors with a high linear compo-
nent (i.e. low Pc value) from planar tensors with a low linear component (i.e. high
Pc value), as indicated by the curves in diagram 6.19c).

In figure 6.20, the linear Cl , planar Cp and spherical Cs characteristic of the
individual tensors of figure 6.19 are plotted into the barycentric coordinate system.
As illustrated, single fiber populations and two fiber populations at a small crossing
angle (≤ 30◦) are clustered on the left side of the triangle. These configurations
have similar tensors and include only minor planarity information. The influence of
planarity grows in parallel with the increasing crossing angle (≥ 45◦) and reaches a
maximum at 90◦ crossings. This is indicated in the triangle by a slow convergence
of the Cl , Cp and Cs property to the right border (Cp = 1). The simulated isotropic
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Figure 6.19: (a) Noise-free synthetic diffusion tensors under different fiber configurations
with b = 1000s/mm2, equal compartment weights. The same configuration
is shown from three different views to emphasize the shape of the tensor. (b)
Corresponding eigenvalue diagram, (c) anisotropy measures (d) geometrical
tensor descriptors of the diffusion tensors shown in a).
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Figure 6.20: Barycentric coordinate system for the diffusion tensors shown in 6.19a). The
circles correspond to values generated for each case when no noise is present.
Furthermore, 100 instances of each class are generated with a SNR of 35. The
resulting values are distributed around the central value. The influence of two
different b-values is shown for (a) b = 1000s/mm2 and (b) b = 2000s/mm2.
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Figure 6.21: Noise-free synthetic diffusion tensors under crossing configurations
with increasing crossing angle (+1◦), b = 1000s/mm2, eigenvalues of
[1700,300,300]× 10−6. The impact of different weights is shown on the
shape of the reconstructed tensor.

diffusion and the crossing of three fiber bundles are clustered in the upper corner,
indicating a very similar spherical tensor.

Effect of Varying Volume Fraction Weights and Eigenvalue Distribution

Figure 6.21 shows the synthesized tensors and the barycentric coordinate system
is plotted in figure 6.22. The higher weight favors the impact of one fiber, either
the rotating or the fixed fiber bundle. The tensor is therefore less planar and more
linear using the weights [0.25,0.75] as depicted in the barycentric triangle (blue
and green overlap each other). However, the actual shape of the tensor is the same
applying [0.25,0.75] or [0.75,0.25], regardless which of the fiber compartment is
prefered. Thus, as one would expect, exchanging the weights leads to a different
main orientation of the tensor, though the overall shape remains the same. In dia-
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Figure 6.22: Noise-free synthetic diffusion tensors under crossing configurations
with increasing crossing angle (+1◦), b = 1000s/mm2, eigenvalues of
[1700,300,300]× 10−6. Though the shape of the tensor is quite different,
the linear, planar and spherical coordinates are very similar and overlap each
other when applying weights 0.25 and 0.75 (therefore, some colors can not
be seen).

gram 6.25b), the circular planarity values for the weights [0.25,0.75] are the same
no matter which of the fibers has the higher influence in the voxel.

Figure 6.23 shows diffusion tensors for selected eigenvalue profiles. The ground
truth configurations are two fiber populations that intersect with increasing crossing
angle. The corresponding barycentric triangle is plotted in figure 6.24. The bigger
the ratio between the eigenvalues, the less spherical is the tensor. Its barycentric
coordinates can be found at the lower border of the triangle. The behaviour of the
Pc measure under the examined fiber configuration is straightforward. In the dia-
gram of figure 6.25a), the values rise monotonously as the crossing angle increases,
indicating a growing planarity.

crossing
angle:eigenvalues:

[1700, 400, 200]

[1700, 300, 300]

[1700, 300, 100]

[1700, 100, 100]

31°-60°

61°-90°

31°-60°

61°-90°

31°-60°
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31°-60°31°-60°
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Figure 6.23: Noise-free synthetic diffusion tensors under crossing configurations with in-
creasing crossing angle (+1◦), b = 1000s/mm2.
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Figure 6.24: Barycentric coordinate system for the diffusion tensors shown in 6.23. The
impact of various eigenvalue ratios (in ×10−6) is shown for (a) noise-free
data and (b) for a noise level of 35. For illustrative purposes, clusters of
noise are marked by ellipsoids.

Circular Planarity (Pc) Measure

a) different eigenvalue ratios                        b) different weights 

Figure 6.25: Behaviour of the circular planarity measure Pc for the planar fiber configura-
tions shown in figure 6.23 and 6.21. (a) Different eigenvalues were applied.
The voxel with the highest anisotropy eigenvalue distribution has the steep-
est curve (yellow) in the diagram, because of the high ratio between λ1 and
λ2. (b) Different weights (representing individual fiber diameters or fiber
densitiy) are applied.
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Effect of Varying Signal Generation Parameters

Two b-values are compared in figure 6.20. As used before, the configuration is
a composition of single and multiple-fiber bundles plus an isotropic voxel (figure
6.19). The larger b-value affects the barycentric coordinates of the individual fiber
populations. This is due to the fact that the peaks in the captured signal values are
more prominent which ultimately changes the diffusion tensor’s shape.

In the same figure we studied the impact of noise. The small circles in the
center of each cluster corresponds to the noise-free value. 100 instances of each
configuration were generated with a SNR of 35. As expected, noise adds more
variation into the tensor’s shape, which results in an overlap of the original con-
figurations. Here, it is pivotal to keep the noise level as low as possible during the
acquisition, otherwise the true diffusion signal values are excessively biased and
it is difficult to infer precise properties from the estimated tensor. The same holds
true for the comparisons drawn in figure 6.24 and figure 6.22.

Classification on Real Human Brain Dataset

Different metrics have been computed on the axial slice showing the crossing of the
splenum of corpus callosum and the optic radiation. The results are depicted in fig-
ure 6.26, together with the eigenvalue maps of the diffusion tensor and anisotropy
measures. It can be seen that the fractional anisotropy (FA) measure favors lin-
ear tensors representing anisotropic-Gaussian diffusion in contrast to more planar
the tensors. The same counts for relative anisotropy (RA) and volume ratio (VR).
In contrast, the Kulback-Leibler anisotropy (KLA) criterion and the component
anisotropic index (Ca) favors likewise linearity and planarity. This is beneficial
in delineation of white matter voxels from isotropic diffusion as one connected
component. Due to this fact, we use the KLA in our classification pipeline.

Result of Classification Using a Pipeline of Measures Figure 6.27 illustrates
the classification pipeline conducted on the axial slice. In the first step, the white
matter voxels are separated by thresholding the KLA map. This disqualifies spher-
ical tensors from further processing. In the second step, voxels with increasing
complexity are determined (red) from the thresholded KLA map.

The third classification step involves the determination of planar tensors. There-
fore, the output mask of step one is deployed on the original dataset to mask out the
relevant diffusion information describing white matter voxels. Then, the circular
planarity Pc measure is computed on the remaining WM voxels and thresholded
twice for classifying the tensor shapes into circular planar (orange) and elongated
planar (yellow). Fiber bending, fanning or branching configurations are likely to
consist of elongated planar tensors. The thick black arrow in figure 6.27 points to
the forceps major fibers, which run from the splenum of the corpus callosum and
fan out to the occipital poles (compare with figure 2.4b). This fanning is correctly
indicated on our classification result. Furthermore, the region of arcuate u-fibers
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  Eigenvalue 1                                                                     Eigenvalue 2                        Eigenvalue 3

Fractional anisotropy (FA)                                                Relative anisotropy (RA)                                                   Volume Ratio (VR)

Kullback-Leibler Anisotropy (KLA)         Component anisotropic index (Ca )            Circular Planarity (Pc )

Linearity (Cl )                                                                     Planarity (Cp )                                                                    Sphericity (Cs )

Figure 6.26: Diffusion tensor eigenvalues and criteria applied on the axial slice.
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Figure 6.27: Classification approach carried out on the axial slice using the KLA measure
and circular planarity Pc criteria.
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(short white arrow) is determined as comprising highly elongated planar tensors.
Those fibers have a high curvature because they connect adjacent areas of the cor-
tex.

However, there are tensors indicated as elongated planar which we are doubt-
fully bending or fanning configuration, but rather originates from partial volume
effects between gray matter and white matter (long white arrows).

Circular planar tensors (orange) are either indicators of fiber crossings within
a plane or of highly bended or fanning fibers. The small black arrow in figure 6.27
points to a region nearby the complex crossing (red) between corpus callosum and
optic radiation. Either, this high planarity can be contributed to the strong fanning
tendency of the forceps major or it is part of the crossing. Most likely, the red cross-
ing region is very complex because of the fanning tendency of corpus callosum and
the influence of the anteriorly-superiorly running optic radiation. Again, some of
the orange labeled voxels are results of diffusion in adjacent tissue types, as in the
elongated planarity case. Therefore, the introduction of an additional class partial
volume can assist in distuingishing between such ambigous planarity labels.

Result of Classification using the Barycentric Triangle Figure 6.28 shows the
classification of the axial slice conducted on the barycentric triangle.

We manually adjusted the red dots drawn in figure 6.28 in order to separate into
different classes. This facilitates a simultaneous adapting of different class borders
and replaces the minute threshold procedure e.g. employed in our first classifica-
tion approach. After a rough arrangement of each class’ corner, a refinement can
be done in a subsequent step. This is beneficial in contrast to the thresholding tech-
nique used in the classification pipeline, where masks are employed on the dataset
to separate WM from the rest of the diffusion data. If a voxel is classified as gray
matter in that procedure in the first step and disregarded in the latter step, the false
negative rate is inevitably high. In contrast to that, the border of the categories can
be set simultaneously in barycentric triangle classification.

When comparing the results of pipeline classification (figure 6.27) and barycen-
tric triangle classification (figure 6.27), some differences are notworthy: More
white matter voxels (white, gray, yellow and orange voxels) could be identified
on the output of the barycentric triangle classification. Furthermore, the introduc-
tion of an additional class partial volume lead to more homogeneous planar classes.
The interface voxels on the borderline between tissues with different diffusion be-
havior, such as gray matter and white matter can be separated from real planar
tensors (white arrow in figure 6.28). On the other hand, very complex crossings
are now added to the partial volume class (black arrow in figure 6.28). Such tensors
appear as slightly deformed spheres.

Figure 6.29 shows the classification result with the same class boundaries in the
barycentric coordinate system as on the axial slice. The corpus callosum and the
corticospinal tract have a clear anisotropic-Gaussian label (white) which coincides
with anatomical knowledge. Crossings at a higher angle (orange) are indicated, for
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Figure 6.28: Classification approach applied on the axial slice using the barycentric trian-
gle.
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instance, in the superior corona radiata at the intersection between the corticospinal
tract (CST) with the corpus callosum (CC) superior-lateral to the ventricles. An-
other main fiber tract that runs perpendicular to the image plane is the superior
longitudinal fasciculus. It intersects with the CST and CC in the centrum semio-
vale. In the proposed classification scheme, this crossing is assigned to the partial
volume class (gray), because its barycentric coordinates are in proximity to the
apex of the triangle. Other instances of this class are voxels on the border between
white matter and isotropic diffusion. Finally, elongated planar tensors (yellow) can
be found in the fanning of callosal fibers.

6.4.5 Conclusion

We have shown how to conduct classification on the diffusion tensor by using
anisotropy measures and shape metrics. Generally, a more detailed classification
is possible than on the signal values and the ADC profile, thereby keeping the
computational times minimal.

We have shown how to descibe the shape of the diffusion tensor reliably by
using the existing Westin measures or our circular planarity measure Pc. Two dif-
ferent approaches evolved, which are the classification on a specific pipeline and
the barycentric trangle classification. We proposed to classify, besides or initial
scheme, into three additional classes, which are elongated planar voxels, circular
planar voxels and heterogeneous crossing voxels, or partial volume voxels respec-
tively. To the best of our knowledge, this is the first classifier that provides such
a detailed distinction between different tensor shapes and tissues. Furthermore,
classification on the barycentric triangle has not been employed before.

Since the classification is done manually, the determination of class boundaries
is the greatest challenge and is a huge source of error. In the pipeline approach, the
classes need to be seperated using numerous thresholds. A more convenient tech-
nique is provided by the barycentric triangle classification, where different class
boundaries can be set at the same time by adjusting the corresponding vertices of
the individual regions.

Once more, the barycentric triangle is a straightforward method for describing
the shape of the tensor. Note, that the tensor’s shape in WM voxels can be pictured
as a bounding ellipse around the fiber configurations. Hence, different configura-
tions are modeled equally and the DT becomes ambiguous. Unfortunately, we can
not simply go the inverse step and conclude from the tensors shape to the correct
underlying fiber configuration. Nevertheless, the diffusion tensor gives us rough
information about the encapsulated fiber distribution and classification is generally
justified.

Currently, the main drawbacks in our method are that interface partial volume
voxels and crossing partial volume voxels cannot be separated into different classes
(gray voxels). These limitations originate in the actual imaging process, since we
can only capture the average diffusion within a voxel. The reconstructed tensors
that represent isotropic diffusion and tensors modeling intersections of fibers com-
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Figure 6.29: Same classification approach as in figure 6.28 applied on the coronal slice
showing the centrum semiovale.
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ing from three perpendicular directions are both spherical and lie in close proximity
in the barycentric triangle.

6.5 Summary

In this chapter, we presented different voxel-based classification schemes. In the
first part of this chapter, we dealt with the acquired diffusion signal values as well
as the ADC profile. We showed, that it is possible to derive metrics from these
values and ultimately performed classification on those metrics. We were able
to classify diffusion into three categories, such as isotropic diffusion anisotropic-
Gaussian diffusion and non-Gaussian diffusion. A more distinctive categorization
of the underlying fiber distributions could not be achieved.

In the second part of this chapter, we dealt with the various shapes of the dif-
fusion tensor. The different shapes enabled us to refine our initial categorization.
Two novel classification schemes evolved here. The first approach uses different
measures applied on the eigenvalues of the tensor. Among other things, our newly
proposed circular planarity Pc measure is incorporated into the pipeline. The sec-
ond approach comprises manually classification on the barycentric triangle formed
by the Westin measures. This classification scheme is pursue in the following and
incorporated into our global classifier, see chapter 8.

The classification results obtained in this chapter can be used for hybrid visual-
ization. High-order reconstruction methods need to be computed for voxels with a
planar label or partial volume label. Gaussian-anisotropic voxels can be described
by the diffusion tensor’s main direction. In the next section, we will investigate one
of the outcomes of high-order reconstruction techniques, which is the orientation
distribution function (ODF). The ODF provides directional information on multi-
ple fiber bundles in a voxel and thus overcomes the limitations of diffusion tensor
modeling.



Chapter 7

Inference of Multiple Diffusion
Directions: Q-ball imaging

In contrast to diffusion tensor imaging, the ODF is able to recover multiple in-
travoxel diffusion directions. Its sampled version is one outcome of HARDI recon-
struction methods, such as q-ball imaging, and has already found vast application
in current research. A detailed description on the theory of q-ball imaging can be
found in section 3.4.

In the following, we want to focus on different q-ball imaging reconstruction
techniques. Our goal is to find the best suitable reconstruction scheme for global
classification and fiber tractography in terms of the ability of fiber recovering and
stability. Thus, we will analyze individual characteristics of each reconstruction
scheme.

It is stated in section 3.4 that one can use different assumption to derive the
ODF used in QBI from the PDF e.g. by projecting the PDF values linearly along
the radius or by constant solid angle integration. This is the main difference be-
tween the reconstruction schemes we will explore. The dODF proposed by Tuch
[Tuc04] and fODF proposed by [DAFD07] uses linear radial projection and is re-
ferred to as original ODF in the following. A vast evaluation of the performance
of dODF and fODF can be found in [Des08]. A third reconstruction scheme that
is analyzed is the solid angle dODF proposed by Aganj et al. [ALS+10], which
is the mathematically correct ODF obtained by integrating over the constant solid
angle element. For the rest of this thesis we will refer to this method as ODF CSA.
There has been only little investigation on the dODF CSA approach of [ALS+10]
in terms of sharpness characteristics or the impact of normalization schemes, b-
values, spherical harmonics orders and noise.

In reconstruction techniques, there are several parameters that influence the ac-
tual outcome of the reconstruction. Firstly, these are acquisition parameters such
as the b-value, the number of gradient directions and the SNR. Another parameter
group where adjustments can be applied to are the modeling parameters such as
spherical harmonics order l, regularization parameters, normalization or the tesse-
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lation order of the sampled sphere.
In a last group we subsume parameters or methods which aid in analyzing the

outcome of the reconstruction such as maxima extraction methods. The ODF is of-
ten used as basis for tractography algorithms, where the local diffusion information
is integrated to obtain global connectivity information about a certain tract. There-
fore, the local diffusion information represented by the ODF must be interpreted
correctly, above all, the local maxima of the ODF. The objective of this chapter is
to probe existing QBI methods and to determine adequate parameters and analysis
methods for each approach.

7.1 QBI Methods and Parameters

In the following, we will outline specific methods and parameters that are used in q-
ball imaging and which are of special interest concerning our global classification
procedure in chapter 8. We will focus on the exact ODF derivation, normaliza-
tion schemes for the ODF, local maxima extraction methods and acquisition and
modeling parameters.

7.1.1 Exact ODF derivation

Recall that the standard ODF expression proposed by Tuch [Tuc04] from q-ball
imaging uses linear radial projection, neglecting the change in the volume element
along each direction. Due to the radial projection of the PDF, the quadratic growth
of the volume element with respect to its distance from the origin is not considered,
as depicted in figure 3.32. This results in distorted spherical distributions that are
different from the true ODFs. Theoretically, the standard dODFs are less sharp
and have higher angular resolution limitations of resolving intersections of fiber
bundles. It is characterized by large diffusion estimates outside the major fiber
directions.

Aganj et al.’ method overcomed these limitations by incorporating a quadratic
factor into the ODF [ALS+10] which respresents the constant solid angle element.
The outcome of this reconstruction are naturally sharp dODFs, which do not need
to be further deconvolved, i.e. sharpened. From the standard Gaussian PDF as-
sumption (equation (3.8)) of the diffusion tensor model, one can derive the exact
ODF for both approaches by integrating over the radial part of the diffusion prop-
agator. We obtain the following equations,

Ψ(u) =
1

8πb
√
|D|

(uT D−1u)−1/2 (7.1)

Φ(u) =
1

4π
√
|D|

(uT D−1u)−3/2 (7.2)

The shape of these exact ODFs for a single straight fiber population has been
shown in figure 3.33. We are interested in resolving the exact ODFs in the multi-
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fiber cases, where the ground truth configuration can be set using the multi-tensor
approach. We calculated the conversion between multi-tensor and Ψ, Φ. The de-
tailed derivation is listed in appendix 7.A.

On the exact ODFs, angular limitations have not been evaluated yet, i.e. which
is the minimal angle one can recover on noise-free synthetic data. We can assume
that it might not be possible to separate two fiber orientations at a smaller angle
from a human brain real dataset than the smallest separation angle determined in
exact ODF calculation, concerning this specific ground truth eigenvalue distribu-
tion of the tensor.

7.1.2 Normalization of ODF

While the dODF CSA is naturally normalized, an artificial min-max normalization
has to be presented on the original dODF. This ODF is not intrinsically normalized.
Two different approaches has been proposed to this end,

• min-max normalization [Tuc04] Ψi = (Ψi−min(Ψ))/(max(Ψ)−min(Ψ))

• min-max normalization with additional rescaling by an anisotropy measure,
e.g. the generalized fractional anisotropy [Tuc04] Ψi =(Ψi−min(Ψ))/(max(Ψ)−
min(Ψ))∗GFAi

On account of min-max normalization which outputs dODFs with minimum
zero and maximum one, the dODF values lose their initial scale. Therefore, [Tuc04]
proposed to multiply the dODF with an anisotropy measure. In doing so, the dODF
retains the property to be defined in the range between [0,1] and highly anistropy
regions have high dODF values in contrast to isotropic regions.

Noise is a natural phenomenon which cannot be avoided during signal acqui-
sition. Depending on the noise level, the diffusion signal values can be greatly
distorted, eventually becoming negative. Note that the actual diffusion coefficient
cannot become zero, as long as there is random thermal motion in the body, which
is the case with diffusion at body temperature. Thus, values in the diffusion signal
smaller zero are the result of noise. These negative values also find introduction
into the modeling process, potentially leading to negative values in the dODF.

When using the dODF CSA, it can be assumed that negative values are the
result of noise and they can be simply disregarded (e.g. by setting them to zero)
and min-max normalization becomes redundant. Note that the dODF CSA values
are very small. If one wants to rescale it such that the minimum is zero and the
maximum is one, can use the positive radii normalization.

• positive radii normalization by local maximum, by setting negative values
zero and positive values are normalized by Ψi/max(Ψ)

• positive radii normalization by global maximum, by setting negative values
zero and positive values are normalized by computing the global maximum
ODF value of the current dataset Ψi/maxglobal
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The positive radii normalization by global maximum is similar in spirit to the just
listed rescaling procedure proposed by [Tuc04].

Since artificial min-max normalization is pivotal in the original dODF ap-
proach, and noise cannot be separated from the actual exact dODF values, noise is
scaled non-linearly, leading to distorted dODFs. This problem consolidates when
applying a spherical convolution method on the dODF to obtain a sharper ODF
version, which is the fODF.

7.1.3 Local Maxima Extraction

The local maxima is the most valuable information that can be obtained from the
ODF, since it is supposed to show the orientation of underlying fiber courses. In
section 3.4.2 we outlined different approaches for local maxima extraction on the
ODF. It is a general assumption that those maxima are taken as fiber orientations
where the function exceeds a certain threshold. This thresholding procedure avoids
selecting small peaks that may appear due to noise.

In practice, the ODF is projected onto the sphere tessellated with a fine mesh,
where any neighbor points are equidistant to each other. A common approach
for maxima extraction is to use the finite difference method of [Des08]: If the
value corresponding to the point of the sphere is above all its neighbors and if this
point has a ODF value above a certain threshold t, the mesh point is kept as a true
maxima. The threshold is scaled individually by the respective odf mean value.

On a human brain dataset, it is inefficient to use a sphere with a high tesselation
order for ODF representation, since more ODF sample points have to be evaluated
and computational times increase signficantly. Contrarily, using a smaller tessela-
tion order penalizes the accuracy of the actual ODF shape and the sampled local
maximum diverge from the true local maximum of the function.

We therefore propose a two step algorithm:

1. Extract maxima from a low tesselation order (e.g. T = 3, resulting in 162
sphere points) and eliminate the same maximum found on the other half
sphere because of the symmetry contraint of the ODF. The orientation of the
maximum vector is valid for both directions.

2. Refine the mesh-based maxima by an iterative neighborhood search. This
method evaluates neighbor ODF points and slowly approaches to the more
exact local maximum in 0.05 angular steps.

The pseudo code for the method refinement method is given in the implemen-
tation section 9, algorithm 1.

7.1.4 Acquisition and Modeling Parameters

When using q-ball imaging, the b-value is an important parameter in terms of signal
acquisition. It determines the diffusion-weighting and thus potentially leading to
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more distinctive diffusion maxima within a voxel. Our aim is to recover multiple
intravoxel fiber populations and thus a higher b-value might aid in obtaining a
corresponding local maxima in the ODF representation. However, a higher b-value
also emphasizes noise and the SNR decreases significantly. It is of interest to find
the right trade-off between a low b-value and a distinct diffusion profile, which
enables us to separate several population already at a small crossing angle.

Besides the b-value, another parameter which greatly affects the shape of the
ODF is the order of the spherical harmonics. Usually, it is assumed that the higher
the order of the SH modeling, the greater its ability to reconstruct multiple max-
ima. However, at the same time, the sensitivity to noise increases, which ultima-
tively leads to the introduction of wrong local maxima in the ODF. To address this
problem, regularization methods were introduced such as the Laplace-Beltrami op-
erator [DAFD07] or Tikhonov regularization [HMH+06] to smooth the ODF while
preserving the actual maxima.

We are interested in the optimal combination of b-value and SH approximation
order for different fiber configurations that potentially can occur within a voxel.

7.2 Experiments

In the following, we will investigate different QBI approaches, such as the dODF
and fODF proposed by Descoteaux [DAFD07] and the solid angle dODF proposed
by Aganj et al. [ALS+10] in terms of their sharpness characteristics and the im-
pact of normalization schemes, b-values and spherical harmonics orders. We will
particularly probe the shape of the ODF under different ground truth fiber config-
urations. In particular, we compare the dODFs and the fODF in terms of maxima
extractions, correctness and stability in our synthetic simulations and the human
brain dataset.

The following questions are addressed:

• How is the shape of the exact original dODF and dODF CSA glyphs in
multifiber cases? Which are the crossing limitations?

• Which are the best modeling parameters of the reconstruction techniques for
different ground truth configurations in terms of stability and fiber orienta-
tion recovering?

• How does the b-value affect the reconstruction?

• Which normalization scheme should be used?

• How to extract the local maxima?

7.2.1 Synthetic Data Experiments

Synthetic data was generated as described in A.0.4 and [Des08, Appendix A.1.]
using the multi-tensor approach and eigenvalues of [1700,300,300]×10−6 and 60
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equally distributed gradient vectors.
From the Gaussian PDF assumption of the tensor model, one can derive the

exact ODF for both approaches in the single-fiber case, which are depicted in fig-
ure 7.1. We evaluated the angular resolution limitation and fiber detection sucess
on the exact diffusion ODF by synthesizing one and two-fiber configuration with
separation angle of 10◦−90◦ degrees on a horizontal plane. The angular resolution
limitation is determined by the critical angle at which only one single maximum is
detected instead of two.

Furthermore, we want to evaluate the relation between normalization schemes
and maxima extraction methods. The considered reconstruction schemes require
different normalization schemes. We will investigate, how the normalization proce-
dure affect the actual shape of the ODF, ultimately influencing maxima extraction.
One and two-fiber populations with equal volume fraction are synthesized at dif-
ferent crossing angles 10-90◦ on a horizontal plane and reconstructed. Noise was
applied, resulting in an SNR of 35. Furthermore, we used Laplace-Beltrami regu-
larization for the original dODF and fODF with λ = 0.006 and the regularization
scheme proposed by Agangj et al. [ALS+10] for the dODF CSA with δ = 0.001.

Furthermore, we tested the accuracy of our maxima extraction method. There-
fore, noise-free data has been simulated for two fiber populations at crossing angles
of 60 to 90◦. In this experiment, we varied the tesselation order, that is the number
of sample points on the sphere. It is of interest, whether the ground truth max-
ima can be recovered from the tesselated ODF and how much the angular error is
reduced when applying the neighborhood-search method in the second step.

Two different maxima extraction approaches are compared in addition, e.g. the
maxima extraction by only taking all ODF values above a certain threshold and
our method. Again, two fiber populations are simulated at a crossing angle of 60
to 90◦ applying different weights. The horizontal fiber has a weight of w1 = 0.35,
while the rotating fiber’s influence is w2 = 0.65. These settings should simulate
an intravoxel crossing of a dominant and a non-dominant fiber tract, theoretically
resulting in two local ODF maxima at a different scale. Throughout all of our
synthetic experiments, we set the ODF maxima threshold to t = 0, since we want
to show all maxima for means of comparison.

Finally, we want to do evaluate qualitive reconstruction results of the dODF, the
sharp fODF and the dODF CSA from synthetic signal simulations varying the b-
value, separation angle, spherical harmonics order l and the volume fraction. This
comparison aims to analyze the individual characteristics of each reconstruction
scheme. We want to quantify angular resolution limitation, fiber detection success
and therefore we generate noise-free synthetic data for a single fiber bundle and
two fiber bundles where we vary the crossing angle between fibers to determine
the critical angle at which only one single maximum is detected instead of two.
No regularization is necessary in this case because of the noise-free data. In this
experiment, the ground truth configuration is as follows: Two fiber tracts under in-
creasing crossing angle are simulated with three different b-values, 1000, 2000 and
5000 s/mm2. Higher b-values than 5000 are not in practical use since the SNR gets
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worse, introducing spurious peaks in the reconstruction. Furthermore, for each b-
value, three different SH orders are chosen. We simulated these configuration with
an equal weight distribution of [0.5,0.5]. In addition, the same configuration was
tested under a crossing of two fibers with unequal weights, where the horizontal
fiber has a weight of w1 = 0.35, while the rotating fiber is the dominant one with a
weight of w2 = 0.65.

7.2.2 Real Human Brain Data Experiments

The outcome of q-ball dODF, dODF CSA and the sharp fODF reconstruction are
illustrated on a real human brain dataset, using the coronal slice as previously that
shows the centrum semiovale. The image was captured with b = 1000. More
acquisition specific parameters for the dataset are described in A.0.6.

The SH coefficients were computed using order l = 4. We have chosen the
SH order l = 4, since it facilitates the most stable reconstruction. For l > 4, high
instabilities occured, including spurious peaks in the ODFs, which required the
adjustment of the maxima extraction threshold to a much higher value. Due to
noise, Laplace-Beltrami regularization was used for the dODF and fODF proposed
by Descoteaux with λ = 0.006. Regularization for ODF CSA was incorporated
by setting the threshold δ = 0.001. For the spherical deconvolution approach, the
average prolate tensor profile was estimated from all anisotropic voxels with FA >
0.78.

Beside the glyph rendering, we also compute the mean ODF map. The mean
ODF is not able to give us orientational information, but it provides valuable infor-
mation about the diffusion homogeneity of similar regions. The mean is computed
by Ψ̂ = 1/N ∑

N
i Ψi.

7.3 Results

Below, effects of varying HARDI signal and modeling parameters on the q-ball
dODF, sharp fODF and q-ball dODF CSA method are qualitatively shown.

7.3.1 Exact ODF Reconstruction

Figure 7.1 shows the two exact dODF reconstructions. The original dODF (first
row) has signficant diffusion values outside the fiber orientations, which hinders the
detection of multiple maxima up to an angle of≈ 50◦. Artifical post-normalization
has to be applied in this case, using the min-max normalization scheme (second
row). However, this does not lead to an improvement in angular separation of two
different fiber populations.

Apparently, the dODF CSA is much sharper without the application of an nor-
malization scheme in comparison to the original dODF and hence the maxima of
the dODF can resolve fiber crossings already at an angle of ≈ 30◦.
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Comparision of ‘exact’ dODF approaches from the multi-tensor model

1 fiber                        2 fibers
     10°     20°         30°     40°          50°      60°       70°             80°   90°

weights=[0.5, 0.5]

dODF, linear radial projection, no normalization

dODF, linear radial projection, min-max normalization

dODF, constant solid angle integration, no normalization

Figure 7.1: Exact dODFs Ψ and Φ in voxels with multiple populations. Blue lines corre-
spond to the ground truth main tensor vector orientations.

Nevertheless, very small crossing angles < 30◦ cannot be recovered from the
exact ODF. These distributions rather have a common maximum midway between
both fiber orientations. This limitation might be due to the chosen eigenvalue pro-
files for the single tensor compartment, which have a relatively large second and
third eigenvalue. For the current configuration this angular limitation implies that
it is impossible to recover even smaller crossing angles from real diffusion data
with the considered techniques.

7.3.2 Normalization of ODF

The first row in figure 7.2 shows the scaled unnormalized original dODF. The lobes
perpendicular to the main fiber orientations are mainly negative bulges. In the
second row, the negative values were simply removed and only positive lobes re-
mained. The third row shows the same dODF shapes, but normalized to unit size.
In the last row, the mathematically correct min-max normalization is applied. Ob-
viously, the min-max normalization significantly smooths the dODF in directions
of non-fiber orientations, while retaining the local maximum information in which
we are interested in.

Figure 7.3 and 7.4 show the same normalization schemes for the sharp fODF
and the dODF CSA. Apparently, the min-max normalization is not the right choise,
since negative lobes become positive and false local maxima occur. A better ap-
proach is to simply remove the negative terms, as done in the second and third
row.
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Comparison of normalization schemes
 original dODF, b=1000 s/mm2, SH order l=4, weights=[0.5, 0.5], SNR = 35.
     Laplace-Beltrami regularization lambda=0.006

1 fiber
2 fibers
3 fibers
4 fibers
5 fibers1 fiber                     2 fibers

    10°    20°       30°   40°      50°       60°    70°      80°       90°
no normalization, scaling

no normalization, scaling, cut off negative terms

positive radii normalization

min-max normalization

Figure 7.2: Normalization approaches for original dODF Ψ. Single and multiple fiber
bundles under crossing configurations at an angle of 10-90◦. Ground truth
fibers are depicted in blue, detected maxima in red.

Comparison of normalization schemes
 fODF, b=1000 s/mm2, SH order l=4, weights=[0.5, 0.5], SNR = 35.
   Laplace-Beltrami regularization lambda=0.006

1 fiber
2 fibers
3 fibers
4 fibers
5 fibers1 fiber                    2 fibers

    10°    20°       30°   40°      50°       60°    70°      80°       90°
no normalization, scaling

no normalization, scaling, cut off negative terms

positive radii normalization

min-max normalization

Figure 7.3: Normalization approaches for fODF. Single and multiple fiber bundles under
crossing configurations at an angle of 10-90◦. Ground truth fibers are depicted
in blue, detected maxima in red.
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Comparison of normalization schemes
dODF CSA, b=1000 s/mm2, SH order l=4, weights=[0.5, 0.5], SNR = 35.
        regularization delta=0.001

1 fiber
2 fibers
3 fibers
4 fibers
5 fibers1 fiber                     2 fibers

    10°    20°       30°   40°      50°       60°    70°      80°       90°
no normalization, scaling

no normalization, scaling, cut off negative terms

positive radii normalization

min-max normalization

Figure 7.4: Normalization approaches for dODF CSA Φ. Single and multiple fiber bun-
dles under crossing configurations at an angle of 10-90◦. Ground truth fibers
are depicted in blue, detected maxima in red.

7.3.3 Maxima extraction

Figure 7.5 shows the result of our two step maxima extraction method. It is im-
portant that the inital tesselation order finds an (unprecise) local maxima at all in
the first step, which is then refined. Otherwise this local maximum will be missed
and is not considered in the second step at all. An example of this case is given
in the first row with the settings T = 2 and crossing angle 60◦, where only one
maximum is refined in the second step. The low tesselation order is only able to
recover one maximum midway between the two fibers if 42 icosahedral sphere
points are used. Then, in the refinement process, the determined mesh-based max-
imum slowly approaches to the more exact ODF maximum. Note that the second
step is time-consuming and finding an inital good approximation of the maximum
leads to a faster termination of the refinement.

Higher tesselation order of the mesh are able to recover a more precise maxi-
mum and the subsequent (slower) refinement method will terminate more quickly,
but simultaneously, many sample points are generated on the sphere in which we
are not interested in. Hence, it is important to find a good trade-off between a rel-
atively good approximation of the maximum and the tesselation order in the first
step. We chosed to use tesselation order T = 3 in our subsequent chapters.

Figure 7.6 gives a comparison between the maxima extraction approaches of
only taking all ODF values above a certain threshold and our method. The smaller
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fODF, positive-radii normalization, b=1000 s/mm2, weights=[0.5,0.5] 
Comparison between maxima extraction methods

mesh-based maxima          neighborhood-search maxima
  60°        70°             80°   90°   60°        70°             80°   90°T=2

T=3

T=4

T=5

1 fiber
2 fibers

Figure 7.5: ODF maxima extraction in two steps. Crossing of two fibers at an angle of
60-90◦. Ground truth fibers are depicted in blue, detected maxima in red. The
background color visualizes how many maxima could be recovered.

horizontal local maximum is clearly missed using the simple threshold method.
Thus, this approach is only able to reconstruct the principal diffusion direction
or maxima of equal size, but fails in recovering other non-dominant fiber bundle
orientations.

7.3.4 Effect of Varying Signal Generation and Modeling Parameters

We varied b-value, spherical harmonics order and volume fraction on the orginal
dODF, the sharp fODF and the dODF CSA reconstruction. The maxima is ex-
tracted using our proposed method and positive-radii normalization is applied.

Figure 7.7 shows the result of dODF reconstruction proposed by Descoteaux
for different crossing angle configurations. Obviously, the higher the SH order l
and the higher the b-value, the better the approximation, as already pointed out
in our theoretical section and in the findings of [Des08]. The ability to recover
two fiber bundles is already given at ≈ 50◦ in the last row (b = 5000, l = 8), in
comparison to ≈ 80◦ in the first parameter configuration (b = 1000, l = 4). Note
that the synthetic data is noise-free and various high SH orders can be chosen
without overamplifying noise.

The smooth dODF can be sharpended by using spherical deconvolution opera-
tions to obtain the fODF. Figure 7.8 shows the fODF from the dODF configuration
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Comparison between maxima extraction methods
fODF, positive-radii normalization, b=1000 s/mm2, weights=[0.35,0.65], T=5

neighborhood-search maxima          maxima via thresholding 

Figure 7.6: ODF maxima extraction methods. Crossing of two fibers at an angle of 60-
90◦. Ground truth fibers are depicted in blue, detected maxima in red for the
left side. On the right side, green lines are shown and a threshold of t = 0.95
was applied.

above. The size of the diffusion values in between the fiber directions are signifi-
cantely reduced in the fODF. It is considerably sharper. However, it turns out that
the fiber ODF is only reliable for smaller b-value, since otherwise spurious small
peaks are introduced into the fODF. Note that we did not make use of the threshold
in the maxima extraction method. Even very small peaks are detected as local max-
ima in the experiment. For instance, more than five maxima are detected in a voxel
in the last row. Choosing a threshold of t = 0.2 gives a significantely better result
in terms of the maxima extraction (not shown here). This example also shows the
fODF’s sensivity to the kernel approximation procedure. A wrong estimation of
the single-fiber kernel might lead to a over or undermodeling of the diffusion data.

Disregarding the wrongly inserted peaks, the fODF is able to recover smaller
crossing angles than the dODF, e.g. already in the case of a low b-value and a
low SH reconstruction order. For example, for b = 1000 and l = 4, the angular
limitations are reduced from 80◦ to 60◦, which is a gain in angular detection of
20◦.

Figure 7.9 shows the dODF approximation proposed by Aganj et al.. This
constant solid angle dODF performs significantly better than the original dODF
on the synthetic data. The dODF profiles are sharper even at low b-value and
SH order. In comparison to the fODF, the results are approximately similar, but
the dODF CSA is much more stable and does not introduce spurious peaks. The
ability of resolving fiber crossing angles of this technique lies between the other
two ODF reconstruction methods. It is thus a good compromise between sharpness
and stability.

In a last experiment we evaluated how fiber compartments of different thick-
nesses influence the dODF reconstruction in a crossing configuration. The figures
7.10, 7.11, 7.12 show the results of the experiments. The findings for the previ-
ous experiment also apply here. Additionally, it has be pointed out that it is much
more challenging to reconstruct such a configuration reliably, since the influence
of the smaller bundle is often neither reflected in the reconstructed ODF, nor in the
captured signal itself. A reliable fiber detection can be only carried out on higher
crossing angles. For b = 1000 and l = 4, we could only recover the smaller local
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1 fiber                             2 fibers
     10°     20°         30°      40°          50°   60°   70°      80°   90°

diffusion ODF, positive-radii normalized, weights=[0.5, 0.5]

1 fiber
2 fibers
3 fibers
4 fibers
5 fibers

Comparison of b-values and SH order

b=1000 s/mm2 , SH order l=4

b=1000 s/mm2 , SH order l=6

b=1000 s/mm2 , SH order l=8

b=2000 s/mm2 , SH order l=4

b=2000 s/mm2 , SH order l=6

b=2000 s/mm2 , SH order l=8

b=5000 s/mmb=5000 s/mm2, SH order l=4

b=5000 s/mm2, SH order l=6

b=5000 s/mm2, SH order l=8

Figure 7.7: Influence of b-value and SH order on dODF. Blue lines represent ground truth
fiber, red lines are the recovered maxima. The background color indicates the
number of maxima.
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1 fiber                             2 fibers
     10°     20°         30°      40°          50°   60°   70°      80°   90°

fiber ODF, positive-radii normalized, weights=[0.5, 0.5]

1 fiber
2 fibers
3 fibers

4 fibers
5 fibers
> 5 fibers

Comparison of b-values and SH order

b=1000 s/mm2 , SH order l=4

b=1000 s/mm2 , SH order l=6

b=1000 s/mm2 , SH order l=8

b=2000 s/mm2 , SH order l=4

b=2000 s/mm2 , SH order l=6

b=2000 s/mm2 , SH order l=8

b=5000 s/mmb=5000 s/mm2, SH order l=4

b=5000 s/mm2, SH order l=6

b=5000 s/mm2, SH order l=8

Figure 7.8: Influence of b-value and SH order on the fODF. Blue lines represent ground
truth fiber, red lines are the recovered maxima. The background color indicates
the number of maxima.
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Comparison of b-values and SH order
1 fiber
2 fibers
3 fibers
4 fibers
5 fibers

diffusion ODF (constant solid angle), positive-radii normalized, weights=[0.5, 0.5]

1 fiber                     2 fibers
    10°    20°       30°   40°      50°       60°    70°      80°       90°

b=1000 s/mm2 , SH order l=4

b=1000 s/mm2 , SH order l=6

b=1000 s/mm2 , SH order l=8

b=2000 s/mm2 , SH order l=4

b=2000 s/mm2 , SH order l=6

b=2000 s/mm2 , SH order l=8

b=5000 s/mmb=5000 s/mm2 , SH order l=4

b=5000 s/mm2 , SH order l=6

b=5000 s/mm2 , SH order l=8

Figure 7.9: Influence of b-value and SH order on the dODF CSA. Blue lines represent
ground truth fiber, red lines are the recovered maxima. The background color
indicates the number of maxima.
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maximum at a crossing angle of 70◦ in the fODF and dODF CSA reconstruction.
The original dODF indicates a second fiber only at the crossing angle of 90◦.

7.3.5 Real Human Brain Dataset Reconstructions

Figure 7.13 shows the ODF reconstruction rendering of original q-ball imaging,
the fODF and dODF CSA with the respective maxima extraction.

Again, the orginal dODF method reconstructs smooth versions of the ODFs,
clearly missing out the diffusion maxima which occur in the fanning of corpus cal-
losum. This does not conform histological findings, compare with figure 2.2. Since
the corticospinal tract fibers have stronger influence on the diffusion signal atten-
uation than the (probably smaller) fibers including the fan of the corpus callosum,
this reconstruction technique fails to detect small maxima from the diffusion func-
tion. Generally, only a few voxels indicate multiple maxima at all. This result is
contrary to the fact that there are between one third to two thirds of imaging voxels
in the human brain white matter that contain fiber crossing bundles.

The sharpening operation applied on the original dODF leads to an increased
orientational distinction of fiber directions and non-fiber direction in the ODF. The
fODF values in the non-fiber directions become significantly smaller. Considerably
more fODFs have multiple maxima which are greater than the mean ODF value of
the voxel and hence might correspond to a true fiber direction. Figure 7.13 gives
evidence, that the local diffusion profiles of the fODF in the centrum semiovale are
able to recover the fanning of the corpus callosum.

The constant solid angle dODFs are very similar to the fODFs and the fanning
of the corpus callosum is clearly identifiable. Nevertheless, the dODFs CSA glyphs
have multiple maxima in the corpus callosum, a region that is highly anisotropic
and has one dominant projection direction. We can only speculate that these ad-
ditional maxima occur because of the bending which the callosal fibers undergo
when connecting both hemispheres.

Note that we used a normalization scheme that rescales all dODF to the same
size and cuts the negative terms off, simply for visualization purposes to give a
better idea of the ODF shapes. Needless to say, the dODFs have different sizes
which supplies us additional information about the anisotropy distribution. In this
spirit, the mean of the single orientation distribution function within a voxel pro-
vides us with valuable information. Figure 7.14 shows the mean ODF maps on the
left-hand side. On the right-hand side the respective thresholded map is shown. It
is an interesting finding how different the maps are for the chosen reconstruction
techniques. In the dODF and fODF reconstructions, highly heterogeneous crossing
regions (red arrows) appear to have the same mean ODF Ψ̂ values such as isotropic
diffusion voxels from CSF and gray matter, as the threshold maps imply. On the
contrary, the white matter voxels in the mean dODF map of the constant solid angle
approach appear very homogeneous, leading to a good distinction between white
matter (which includes crossings) and isotropic diffusion, if the threshold is not
selected to be too low. This classification result is in coherence with our previ-
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diffusion ODF, positive-radii normalized, weights=[0.35, 0.65]
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Comparison of b-values and SH order

b=1000 s/mm2 , SH order l=4

b=1000 s/mm2 , SH order l=6

b=1000 s/mm2 , SH order l=8

b=2000 s/mm2 , SH order l=4

b=2000 s/mm2 , SH order l=6

b=2000 s/mm2 , SH order l=8

b=5000 s/mmb=5000 s/mm2, SH order l=4

b=5000 s/mm2, SH order l=6

b=5000 s/mm2, SH order l=8

Figure 7.10: Influence of different weights on dODF. Blue lines represent ground truth
fiber, red lines are the recovered maxima. The background color indicates
the number of maxima.
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1 fiber                             2 fibers
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Comparison of b-values and SH order

b=1000 s/mm2 , SH order l=4

b=1000 s/mm2 , SH order l=6

b=1000 s/mm2 , SH order l=8

b=2000 s/mm2 , SH order l=4

b=2000 s/mm2 , SH order l=6

b=2000 s/mm2 , SH order l=8

b=5000 s/mmb=5000 s/mm2, SH order l=4

b=5000 s/mm2, SH order l=6

b=5000 s/mm2, SH order l=8

Figure 7.11: Influence of different weights on fODF. Blue lines represent ground truth
fiber, red lines are the recovered maxima. The background color indicates
the number of maxima.
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Comparison of b-values and SH order
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diffusion ODF (constant solid angle), positive-radii normalized, weights=[0.35, 0.65]
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b=5000 s/mmb=5000 s/mm2 , SH order l=4

b=5000 s/mm2 , SH order l=6

b=5000 s/mm2 , SH order l=8

Figure 7.12: Influence of different weights on the dODF CSA. Blue lines represent ground
truth fiber, red lines are the recovered maxima. The background color indi-
cates the number of maxima.
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dODF CSA

fODF

dODF Original

1 fiber
2 fibers
3 fibers
4 fibers
5 fibers

Figure 7.13: ODF reconstruction using l = 4 and positive radii normalization for visual-
ization purposes (left). The right side show the corresponding maxima de-
picted as simple lines. The maxima extraction threshold was fixed to t = 1.
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Mean dODF CSA

Mean fODF

Mean dODF Original

Figure 7.14: Comparison between the mean dODF and fODF maps (left) and their thresh-
olded variants (rights). Red arrows indicate a crossing region.
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ous classification of this slice on the diffusion tensor model, shown in figure 6.29.
Thus, if one wants to separate isotropic from anisotropic diffusion, it is recomend-
able to use the mean of dODF CSA reconstruction approach. This approach seems
to be a good tradeoff between sharp ODF and a stable reconstruction also in the
isotropic regions.

Although sharpening enhances the original ODFs considerably in anisotropic
tissue, it causes signficant instability in isotropic regions, in contrast to dODF CSA,
which preserves isotropy fairly well, which was also a finding in [ALS+10]. How-
ever, it applies for all reconstruction methods, that care should be taken in inter-
preting diffusion peaks in regions of low anisotropy.

A final remark has to be made on the thalamus, which lies exactly intermediate
both corticospinal tracts and below the corpus callosum, as shown in figure 7.14.
The thalamus consists of more than 100 different nuclei and is perched on top of
the brainstem, near the center of the brain, with nerve fibers projecting out to the
cerebral cortex in all directions. Due to the inhomogeneity of this region, the tha-
lamus is thresholded differently on the mean ODF map of all three reconstruction
schemes. Ideally, the nuclei of the thalamus would be assigned to the gray matter
class, while the fiber projections would be assigned to white matter. Due to the
limited imaging resolution and partial volume averaging in contrast to the tiny nu-
clei in the thalamus, an evaluation as such of the thalamus voxels is impossible.
However, one can see that the thalamus on the thresholded mean dODF CSA map
is completely assigned to the white matter class, which is in any case not correct.

7.4 Discussion

In this chapter, we have drawn a comprehensive comparison between current QBI
reconstruction techniques, such as the original dODF proposed by [Tuc04] and
further developed by Descoteaux [Des08], the dODF CSA proposed by Aganj et
al. [ALS+10].

We have shown that the original smooth dODF does only recover a small frac-
tion of all white matter pathway crossings in the human brain. The main drawback
is that it does not model small local maxima, e.g. in crossing with a dominant
and non-dominant fiber tract. Especially on our evaluated slice, it was not able to
recover the fan of the corpus callosum.

The spherical deconvolution operation, whose outcome is the fODF, is an artif-
ical sharpening method which reduces large diffusion values outside the main dif-
fusion directions. It has considerably more local maxima than the smooth dODF.
However, this method is sensitive to the diffusion tensor kernel estimation. Fur-
thermore, the chosen b-value and SH order has a high impact and the outcome of
the reconstruction can become very unstable, as seen in our synthetic experiments
already for noise-free data. We can only speculate how the impact of noise worsen
the result. However, if one requires information about the underlying fiber distri-
bution, the fODF is a better choice than the smooth ODF, since it has a signficantly
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higher fiber detection rate.
The dODF CSA is a natural sharp diffusion ODF with significant less diffusion

information along non-fiber directions. The performance is stable on the noise-free
synthetic data, but becomes unstable for the single fiber case on the human brain
data, probably because of the influence of noise. Theoretically, small noise peaks
can be disregarded in postprocessing. This can be achieved by using a threshold
during local maxima extraction. In practise, the threshold needs to be adjusted
depending on the noise-level in the dataset. The threshold should be higher, if
the SNR is low. Using a threshold of t < 0.2 might be sufficient in many cases,
otherwise peaks e.g. from non-dominant fiber bundles will be missed. The results
of the mean ODF map imply that the dODF CSA reconstruction results in much
more homogeneous areas, which enables us to separate diffusion in white matter
from isotropic diffusion.

All in all, the final ODF shape does not solely depend on the applied reconstruc-
tion scheme. We have shown that it results from the interplay of different acqui-
sition and modeling parameters and methods, such as b-value, SNR, SH modeling
order l, regularization, normalization scheme, and ODF tesselation. In the ideal
case, the ODF’s local maxima should correspond to the underlying fiber distribu-
tion, which is not always the case. If there is an intersection of two fibers at a small
angle present in the voxel, the dODF is usually only able to recover one broad peak
midway between the actual fiber orientations. Furthermore, asymmetric configura-
tions such as splittings can not be modeled correctly since the diffusion signal val-
ues are restrained to be symmetric. Maxima in such voxels do not necessarily align
with the underlying fiber population. Beside this, noise can influence the ODF to
have false multiple peaks. Considering these facts, we can not simply assume that
the local maxima extraction method only finds directions which correspond to the
underlying fiber orientation. Additional filtering of the local maxima is required in
order to prevent fiber tracking algorithms from propagating into wrong directions.
Elimination of implausible maxima can be achieved by using spatial information,
such as diffusion information from neighbor voxels. Such information can help
to delineate noise peaks from true fiber orientations. We will use the set of local
maxima of the ODF as input for our global classifier. The classifier uses diffusion
information in close proximity to the current voxel to verify the extracted maxima.
This is explained in detail in the next chapter 8.

7.A Exact ODF from the diffusion tensor model

We will show how one can derive the exact ODF from the diffusion tensor model,
using the ODF approach of Tuch [Tuc02] and Descoteaux [Des08] (compare with
the Appendix 7.9 in [Des08]) respectively and from solid angle ODF derivation of
Aganj [ALS+10].

Recall that the signal is the Fourier transform F of the underlying probability
density function of water molecules P(r). Thus, to obtain the PDF, we need to
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compute the inverse Fourier transform F of the signal. Assuming a single sym-
metric diffusion tensor and signal formulation given by S(u) = exp(−buT Du), the
relation is as follows

P(R) =F −1[exp(−buT Du)] (7.3)

=
1√

(4πb)3|D|
exp(− 1

4b
RT D−1R) (7.4)

The ODF proposed by Tuch is obtained by integrating the radial direction of
the PDF. To solve the integral, the following Gaussian integral formula is needed:∫
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The ODF for one fiber is,
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Assuming the signal S(u) is generated from the multi-tensor model for n fibers
with relative weight pk

S(u) =
n

∑
k=1

pke−buT Dku (7.10)

,
the corresponding ODF can be computed by
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The ODF proposed by [ALS+10] is obtained by integrating over the solid angle
elements, taking the quadratic growth of the volume element with respect to the
distance from the origin. To solve the integral, the Gaussian integral formula is
needed: ∫
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In the single fiber case, the ODF is defined as,
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∫
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while for n fiber populations in the voxel, it can be expressed as

Ψ(u) =
n

∑
k=1
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Chapter 8

Global Classification and
Tractography

In the previous chapters, we focused on classification performed on low-level fea-
tures to give insight into various intravoxel diffusion patterns and fiber configura-
tions. Furthermore, we have shown that it is pivotal to obtain directional infor-
mation about the intravoxel course of multiple fibers, which can be achieved by
using the model-free HARDI q-ball reconstruction approach. However, these re-
construction techniques are fundamentally limited in certain cases of complex sub-
voxel fiber structures, resulting in ambiguous local orientation distribution func-
tions, such as shown in figure 8.1. Different fiber geometries can yield similar
ODFs but require different actions to be taken in tractography. For instance, when
crossing areas have a small separation angle or in fanning, splitting configurations,
the ODF averages the two fiber compartments and consequently has the same lim-
itations as DT modeling. This causes wrong tract propagation. Usually, it is traced
along the direction of the local maximum, which is the averaged direction in this
case that has no correspondence to any true fiber course. Disambiguating such
complex subvoxel tract configuration becomes a major task of global classifica-
tion to improve the performance of tractography, which are often confound in such
situations. The overall goal is to obtain more accurate and sensitive tractography
outcomes, reducing the occurence of false positives and false negative connections,
which in turn could lead to more precise and reliable surgical planning.

We have shown in the literature section 4.2.2 that regularization approaches
often have been applied to incorporate spatial information into the actual ODF
reconstruction, such as in [GLTV09] or [RHM11]. Our approach is to find and
to analyze ambiguous voxels after ODF reconstruction by neighborhood investi-
gations. Regularization approaches tend to distort the ODFs and local diffusion
information becomes difficult to interpret in specific cases.

169
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Figure 8.1: Sketch of the possible sub-voxel configurations and their expected ambiguous
diffusion dODF profile. We see curving single fibers, fanning or merging
fibers, multiple crossing fibers, fibers in a bottleneck and multiple branching
or merging fibers. Images courtesy of J. Campbell of McGill University in
Montreal, Canada.

8.1 Global Classification

Fiber orientation distributions based on diffusion MRI are usually symmetric, pri-
marily due to the nature of diffusion and due to the fact that the captured diffusion
signal is an average of the whole voxel. In contrast, some intravoxel fiber archi-
tectures are not symmetric, such as bending, splitting or fanning configurations.
Fiber split or fan have a certain polarity and approapriate actions need to be taken
by a tractography algorithm depending on whether the incoming direction is the
one in which fibers merge or fan. We propose to dismiss the symmetry of the dif-
fusion orientations to additionally encode the asymmetry of the underlying fiber
configuration. Generally, the contributions are,

• The set of output directions underly the fiber continuity rule.

• The information per voxel is enhanced with maxima information from close
proximity, potentially leading to the detection of asymmetric configurations.

• Maxima which are result of directional averaging or noise are eliminated.

• Only required data is calculated beforehand to keep computational overhead
as minimal as possible.

We discussed several QBI reconstruction techniques in the last chaper. Re-
call that using the original smooth dODF inherently limits a fiber tractography
algorithm, since small local maxima representing non-dominant fibers are often
not reflected in the reconstructed function. Thus, to recover non-dominant fibers
with the original dODF would imply that a tracking algorithm needs to propagate
against the local diffusion profile disregarding the maxima distribution. In case
of a brain lession, where the diffusion signal information becomes deviated in the
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affected voxels, such an algorithm probably tracks straight through the lession.
Using the original dODF as basis for tractogrophy further implies that various con-
ditions have to be incorporated into a tractography algorithm to obtain meaningful
and plausible tractography results. Consequently, the algorithm might become very
complicated and not straigthforward.

Another reconstruction technique we have discussed is the fODF, the sharp
version of the original dODF, which supposed to model the actual fiber orientation
distribution. As we have shown in the experimental section, the fODF is able to
reflect small maxima and smaller crossing angles in comparison to the original
dODF. However, keep in mind that the spherical deconvolution operation is an
artifical resharpening and that it is based on a dODF approach which is not the
correct mathematical approach. Thus, errors might be introduced into the function.

A third reconstruction model we have considered is the constant solid angle
dODF. The dODF CSA is naturally sharp and normalized and able to provide
knowledge about complex diffusion patterns. The drawback of this reconstruction
method is, that it is prone to noise.

All in all, we will disregard the original dODF in the design of the global
classification because of the just mentioned reasons. The global classifier uses in-
formation from voxel-based classification and local ODF maxima to disambiguate
complex diffusion pattern, hence, we need to rely on a reconstruction method that
is able to recover small maxima and small crossing angles without inherently av-
eraging two directions even at relatively high crossing angles, such as the original
dODF does.

Finally, our objective is to propose a very simple tracking algorithm that works
on the output of a global classification scheme.

8.1.1 Design of Global Classifier

The outcome of our global classification is not a voxel label such as "split, fan,
merge", it rather outputs the most reasonable tracking directions in which the tra-
jectory might propagate. Hence, there is no need for the tracing algorithm to ana-
lyze the full orientation distribution function, which is often computational expen-
sive. Instead, the trajectory can propagate into the next voxel by using the direc-
tional information given by the classifier. In other words, the global classification
also conducts tasks that are usually performed by fiber tracking algorithms.

Input

Based on the work described in the previous sections, we will use the following
inputs for our classification approach.

• The label image from the barycentric triangle. This gives a rough classifi-
cation of each voxel into different categories based on the properties of the
diffusion tensor, where we can infer certain properties of the local diffusion
from. The following five labels are used.
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– Gaussian-anisotropic diffusion, which usually occurs within voxels
containing a relatively straight single fiber tract. In this case, the tensor
has a prolonged shape.

– isotropic diffusion within gray matter and CSF, where the tensor has a
spherical shape.

– circular-planar shaped diffusion tensors, which is the diffusion ten-
sor’s outcome of modeling fiber tracts with a huge crossing angle or
other highly heterogeneous distributions within a plane.

– elongated-planar shaped diffusion tensors, which might be the diffu-
sion tensor’s outcome of modeling fiber tracts with a small crossing
angle or a bending, fanning or splitting configuration.

– partial volume class, where the tensor slightly derivates from the spher-
ical shape and is slightly less isotropic in comparison to voxels contain-
ing gray matter or CSF. This class might represent partial averaging
volume voxels at the interface between white matter or gray matter and
CSF. Furthermore, this class is likely to contain voxels from intersec-
tion of three fibers running in perpendicular directions or other very
heterogeneous fiber distributions.

• a sharp tesselated ODF.

• local maxima corresponding to the current ODF.

• diffusion tensor’s principal diffusion direction (PDD) (optional)

Considering the various input data, we make use of the facts described in the
following. As we have already seen, the diffusion tensor is able to recover the
underlying fiber information in the single fiber case in a fast and reliable way. Fur-
thermore, we do not need to supply information about isotropic voxels such as
PDD or ODFs, since those voxels represent other tissue types than white matter,
where no fiber propagate through. In tractography, reaching an isotropic voxel
implies that propagation has to stop. For the various inputs that are required for
global classification, we can propose an efficient pipeline that minimizes the com-
putational burden and only computes information that is processed later on.

1. Diffusion tensor computation for each voxel.

2. Execution of voxel-based classification on the diffusion tensor by using the
barycentric triangle approach, which outputs the five mentioned labels.

3. For all voxels labeled as Gaussian-anisotropic, get the principal diffusion
direction from the tensor model.

4. Compute the ODF for all voxels indicating a circular-planar or elongated-
planar tensor shape or a partial volume class label. Select an appropriate
ODF approach, the spherical harmonics order l and the tesselation order T .
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5. Extract local maxima information from the ODF with or without application
of a threshold.

Our aim is to filter and process the input maxima map such that only true fiber
directions can be supplied to the tractography algorithm. Several tasks arise for
the global classifier. The local maxima map potentially contains maxima due to
noise, which must be eliminated. Furthermore, some maxima are the result of
averaging two fiber compartments e.g. in cases of a fiber crossing at a small angle.
Those maxima must be identified and adequately processed. Further analysis and
investigation is necessary in voxels labeled as circular-planar, elongated-planar or
partial volume and inference from neighborhood information becomes necessary
to obtain a more correct and stable result: Potentially, an elongated-planar voxel
could be a fanning or a bending within a plane or a crossing of two fibers at a
smaller angle. A circular-planar voxel could be a crossing of two fibers within a
plane at a huge angle. Finally, a representative of the partial volume class might
model one of the following configurations. It might be a voxel on the borderline
of different tissue types (e.g. border white matter, gray matter) or a voxel in very
heterogeneous crossings. Such neural architectures result in diffusion tensors with
similar shape and equal anisotropy properties. We therefore cannot further separate
them in our voxel-based barycentric classification.

Algorithm description

For the design of our classifier we followed different assumptions, that can be
employed since the underlying tissue we seek to reconstruct is of fibrous nature.
The continuity rule says that the direction of a fiber does not change from one
voxel to the next, the directional difference is rather smooth along the fiber. Since
we work on discretized data, we can adopt this fact in the following way. Assuming
that the indicated fiber direction within a voxel has a predecessor and a successor
in the neighboring voxels, we can conclude that the predecessor’s and successor’s
orientation aligns with the center voxel’s vector orientation.

We propose the following global classification algorithm, which involves two
main steps: The first step can be seen as an update phase, where the different input
data is processed on a voxel-wise basis. In the second step, the actual inference of
information from the neighborhood is conducted.

The control flow diagram in figure 8.2 illustrates the main operations of the
update phase. For each voxel, the class label is evaluated. If the label indicates an
anisotropic voxel, the main principal diffusion direction (PDD) is copied to the set
which holds the dODF maxima. If the PDD was not provided, we only keep the
global maximum of the dODF and delete the smaller local maxima. Furthermore,
in case the dODFs have been reconstructed as well in isotropic regions, all maxima
from those voxels are erased.

After this initial processing is done, the second phase uses the updated set
of maxima and evaluates the neighborhood, which is illustrated in control flow
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get next voxel
in volume

add PDD to
maxSet of Voxel

[label=anisotropic]

[DT PDD supplied]

keep only global
maximum

[else]

delete maxima
in maxSet

[else]

[!finished]

[else]

[label=istropic]

Figure 8.2: Illustration of the control flow containing the steps taking in the update phase
of the global classifier.

get next voxel
in volume

[!finished]

find support in
neighborhood of each

maxima

[label= PV || EP || CP]

[else]

[else]

project from
neighborhood

process
unsupported

maxima
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voxels between isotropy

and WM

[label = partial volume]

[else]

keep only
global maximum

[is interface voxel]

[else]

[has 'enough' support]

[else]

Figure 8.3: llustration of the control flow containing the steps taking in the neighborhood
evaluation phase of the global classifier. PV: partial volume, EP: elongated
planar, CP: circular planar
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diagram 8.3. First, the heterogeneous partial volume class is considered and sub-
divided in two groups. The interface voxels are determined between isotropic dif-
fusion voxels and WM. Therefore, we simply count the number of isotropic voxels
within the neighborhood. If three of 26 voxels are isotropic, we erase all max-
ima in the current voxel except of the global maximum. Voxels at the interface
of two tissue types exhibit very complex diffusion. Isotropic diffusion mixes with
anisotropic diffusion and often multiple maxima occur in such voxels, which are
not the result of fiber crossings. These voxels are not further evaluated and disre-
garded in the following steps.

All voxels with the class label partial volume (except of the interface voxels),
circular planar or elongated planar are further regarded. We test for support in the
potential predecessor and successor vectors. These vectors are determined by pro-
jecting from the center of the voxel in the current maximum’s direction to the next
voxel. If this neighboring voxel has a maxima which is in the range of 30◦ angular
difference, the maxima is set to state supported. In other words, we try to find sim-
ilar maxima pointing in the approximately same direction in a neighboring voxel.
This step realizes the fiber continuity concept in our algorithm. A more detailed
description of this routine is given in the following subsection 8.1.1 Find Support
in Neighborhood and in pseudo code the implementation section, algorithm 3.

This procedure is to be aimed that ambiguous ODFs are identified, which can
be inferred from the unsupported maxima directions. Unsupported maximum di-
rections are likely to be the result of either a high curvature that the fiber undergoes
or the result of an average of two fiber directions. On the contrary, if an insufficient
amount of supported maxima were identified in a voxel in comparison to the class
label, we might have detected e.g. a fanning or splitting configuration.

In a next step, it is revised whether enough supported maxima have been deter-
mined. For a voxel with one of the planar labels, at least two supported maxima
must have been identified. For partial volume voxels, three supported maxima di-
rections must have been determined, since these class labels indicate multiple fiber
populations. If there are not not enough supported maxima within a planar or par-
tial volume voxel, project vectors of the neighboring voxel to the current voxel.
This step incorporates asymmetry information into a voxel. For more information
on the projection procedure, please refer to 8.1.1 Project from Neighborhood. The
algorithm itself is described in pseudo code in the implementation section, algo-
rithm 4.

In a last step, we process the remaining unsupported maxima. If the maximum
has a ratio to the global maximum that is greater than 0.3 the maximum is deleted
since it is interpreted as noise. If the voxel contains more than three maxima due
to the previous operations, we delete the unsupported maximum, since it might be
the result of directional averaging.

Find Support in Neighborhood The motivation for incorporating this proce-
dure into the global classifier is the fact, that fiber do only change smoothly along
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Figure 8.4: (a) 2D example of the find support in neighborhood procedure during evalu-
ation of the neighborhood of the gray center voxel. The black lines indicate
the intial maxima configuration. The gray maximum is inserted. (b) Example
oblique tractography, which is likely to be aborted at the blue cross without
the inserted vector.

its course. Thus, we can assume that a maximum in one voxel must have a prede-
cessor and a successor in close proximity, which points in the approximately same
direction.

Figure 8.4a) illustrates exemplarily chosen maxima distributions and the steps
that are taken during the evaluation of the gray center voxel containing one maxi-
mum. This maximum is prolongated to the neighborhood voxel, starting from the
center of the voxel. Then, the angle between the maximum direction of voxel num-
ber 1 and the center voxel is computed. Since the angular difference is smaller than
30 ◦, we have found support on this side and we do not further analyze voxel num-
ber 2. Now, the center vector is elongated to the opposite side (number 3). Here,
a maximum within 30◦ could not be identified, so the next iteration will evaluate
voxel number 4. Since the direction of the maximum supports the center vector,
an additional maximum is added to voxel number 3. A direction is assigned to this
maximum which results from the interpolation between vector 4 and the center
vector.

Note, that we only evaluate neighboring voxels with maximum distance of two
to the center voxel at each side at most. If no support in any direction has been
identified, the maximum direction of the center voxel counts as unsupported.

We insert a new vector in the intermediate voxel, since a tracking algorithm
is likely to stop in this voxel when a small step size is used because of the high
curvature difference. By inserting this new vector, propagation along this direction
is ensured. An illustration of this example is given in figure 8.4b). Such cases often
occur if fibers are reconstructed with an oblique course relative to the voxel grid.
Since the captured diffusion signal is only the average diffusion of water molecules
occuring in the whole volume element, the fraction of the diffusion process in
such an oblique fiber does not have much influence in comparison to the diffusion
process of the whole volume element.
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Figure 8.5: 2D example of the project from neighborhood procedure.

Project from Neighborhood The class labels deducted from the diffusion ten-
sor’s shape indicate certain properties of the underlying fibrous architecture. The
diffusion tensor can be interpreted as a bounding ellipsoid around the underlying
fiber compartments in plain WM voxels. Thus, any deviation from the prolonged
ellipsoidal shape in voxels containing white matter must comprise more complex
fiber courses. Elongated planar and circular planar voxels are likely to contain
two fiber populations. For partial volume voxels (not regarding the tissue interface
voxels), the fiber configuration must be very complex, for instance a crossing of
three fibers perpendicular to each other.

In terms of the global classifier, we project from the neighboring voxels to the
current voxel, if it does not have an adequate number of supported maxima, which
was determined in the find support in neighborhood routine.

For instance, if the class label indicates an elongated planar voxel, but it has
only one supported maximum, we likely have to deal with a fan or split architec-
ture. In such cases, the diffusion tensor or the ODF are broader than in the single
fiber case and have a PDD that averages all diffusion directions within the voxel.
Thus, such configurations are neither reflected in the maxima distributions of the
ODF nor in the PDD of the diffusion tensor.

Fanning or splitting of a single fiber into multiple fibers can only be detected
from the voxels neighborhood on the opposite side of the merge. We incorporate
the asymmetry information of such configurations into our algorithm by the fol-
lowing procedure.

Figure 8.5 gives an conceptual illustration of maxima distributions in a 2D
neighborhood. Different cases are illustrated, where the behaviour of the project
from neighborhood procedure is explained. Note, that the whole configuration as
such might not be necessarily realistic. Again, we currently investigate the center
voxel. The procedure iterates over each of the neighboring voxel nv and cast a ray
from the center of nv in the direction of the maximum nm indicated by the dashed
lines. If it hits the current volume element, the angle between the maximum in the
center voxel and nm is computed. If the angle is less than 30 ◦ nv is set to state sup-
ported. If the vectors point to opposite directions, one vector must be flipped and
then the angle is computed. If there is no current maximum in this angular range,
the vector is inserted as asymmetric maximum in the center voxel. Therefore, it
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is interpolated with the voxel offset where it is located. In figure 8.5, the red fiber
is in this angular range and sets the direction in the center to supported. The blue
fiber is inserted and its direction is interpolated with a 2D-voxel offset of (1,0).
Thus, the vector points to a greater extent in the direction of the voxel where it is
originally from. The green fiber misses the center voxel completely. If the center
voxel is not hit by the ray, the algorithm starts to project again from a point closer to
the center element indicated by the black circles in figure 8.5. For the yellow max-
imum vector, an intersection point can be finally identified and thus it is inserted
into the center voxel. One last case we consider is illustrated by the violett and
yellow line. If we elongate a maximum vector from a neighboring voxel, which is
in the angular range and the center voxel already consists a asymmetric maximum
pointing in the opposite direction, we set the center maximum to symmetric.

8.1.2 Applications Using a Real Human Brain Dataset

In the following, we illustrate the outcome of each major step of the global classfier
using the coronal slice we have chosen in our previous experiments. The adjacent
slices were also reconstructed since we need to access spatial information.

Experiments

Firstly, the various input data required for the global classifier are shown and the
major steps that the global classification algorithms undergoes are illustrated. Fig-
ure 8.6 illustrates the input data that was used for global classification. The dODF
CSA reconstruction has been used with spherical harmonics order l = 4, regu-
larization δ = 0.001 and tesselation order T = 3 (162 sphere points). The local
maxima are extracted from this reconstruction without the application of a thresh-
old. The principal diffusion directions are estimated from the diffusion tensor for
all anisotropic voxels.

Secondly, we select some interesting dODF CSA glyphs from the centrum
semiovale and show the behaviour of the global classifier.

Then, the dODF CSA reconstruction is compared to the fODF with SH order
l = 4 and regularization factor λ = 0.006. For kernel approximation, all FA val-
ues greater 0.86 have been chosen. Again, no thresholds are applied for maxima
extraction.

Results

Figure 8.7 shows the outcome of global classification in a stepwise fashion. In
comparision to the initial local maxima map, the distributions are enhanced with
spatial information. Thick vectors denote unsupported maxima, all thinner vec-
tors are unsupported maxima directions. Apparently, no maxima can be detected
in voxels of isotropic diffusion, e.g. in gray matter and CSF. Anisotropic voxels
only contain one main vector, which is the tensor PDD. Furthermore, voxels at the



8.1. GLOBAL CLASSIFICATION 179

Refined local maxima from dODF CSA
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>5 directions

dODF CSA gyphs positive radii normalized, superimposed on the B0 image

Voxelbased classification

Figure 8.6: Input for global classification using the dODF CSA shown on a coronal slice
of the centrum semiovale.
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Figure 8.7: Output of the major steps of global classification on the dODF CSA shown on
a coronal slice of the centrum semiovale.
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Figure 8.8: Output of the global classification performed on the dODF CSA. The whole
coronal slice is depicted.

tissue’s interface also contain only the global maximum. Two and more maximum
directions can be observed in the other voxels.

From this slice, we have picked five specifically interesting dODF glyphs and
marked them with circles, as indicated in figure 8.9. The region containing the yel-
low encircled voxels is nerved by the (blue) corticospinal tract, running inferior-
superiorly. The region is formally known as superior corona radiata. In addition,
this region contains the fan of the corpus callosum, indicated by the (red) local
maxima in the dODF. However, on the initial map the yellow encircled voxels
comprising small local maxima could not be recovered, probably due to noise dis-
turbances, though the neighborhood indicate lateral projections originating from
the corpus callosum. When performing fiber reconstruction, it appears that tra-
jectories are aborted in such gaps, since no maximum direction is provided in the
allowed angular range. The output of our global classifier reveals, that the gaps
could be filled, as shown in the lower panel of figure 8.9. Thus, tractography algo-
rithms are supported in order to propagate reliably through complex regions.

The upper white encircled dODF is very broad, indicating a heterogen in-
travoxel diffusion pattern. The local maxima extraction method calculated two
local maxima. The smaller (green) maximum has been removed, since there are
no fibers running in this direction and it is probably related to noise. Instead, the
neighborhood evaluation of the global classifier revealed that there might be a fan-
ning due to the newly inserted asymmetric maximum direction.

The lower white dODF has two perpendicular maxima, whose orientations ap-
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Figure 8.9: Selection and comparison of interesting dODF glyphs that reveal complex in-
travoxel architecture.
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pear implausible regarding the spatial surrounding. We speculate that the orien-
tations are result of directional averaging of several fibers courses. Spatial neigh-
borhood information in the output map indicate a fanning configuration and the
unsupported maxima is removed.

The green encircled voxel seems to be the result of merging callosal and cor-
ticospinal fibers. Additionally, the corpus callosum fibers most likely propagate to
the opposite gyrus. Both of these assumptions are supported by the output direc-
tions of the global classifier.

Figure 8.8 illustrates the outcome of the classification for the whole slice. Note,
that the initial local maxima distribution in the voxels capturing the diencephalon or
the thalamus respectively has been greatly changed. The diencephalon appears at
the upper end of the brain stem, situated between the cerebrum and the brain stem.
It is a heterogeneous structure midway between both corticospinal tracts consisting
of white matter pathways and various brain nuclei. A significant increase in the
number of supported and asymmetric maxima can be identified there.

Figure 8.10 depicts the same slice for fODF reconstruction. When compar-
ing this outcome with the dODF CSA input and result of the global classifier of
figure 8.6 and 8.8, some differences are striking. Firstly, less local maxima are
detected already from the fiber fODF. The reconstruction appears to be more stable
in anisotropic regions, since only one maximum direction is detected there. This
becomes especially evident in the voxels of the corticospinal tract. We can iden-
tify the same ambiguous voxels such as with the dODF CSA model, but the actual
directions of the inserted vectors is different. The thalamus voxel also suffer from
overmodeling, since the voxels often contain more than five output directions.

8.1.3 Discussion

Since the global classifier does not provide adjustable parameters, we discuss dif-
ferent input configurations.

Firstly, a reliable voxel-based classification is pivotal for the global classifier
since we handle each class differently. Our barycentric classification relies on the
ellipsoid of the diffusion tensor, which can be seen as a bounding sphere around the
actual fiber configuration. This enables us to roughly differentiate between highly
anisotropic, planar or isotropic diffusion patterns. However, as we have already
noticed, there is much overlapping in the tensor’s shape in complicated cases and
interpretation becomes ambiguous. For instance, the perpendicular fiber crossing
voxels of CC, SLF and CST and most of the diencephalon voxels as well as the
tissue interface voxels have a similar tensor profile and are assigned to the same
class. During global classification, we can easily delineate tissue interface voxels
from the other two cases.

However, partial volume averaging especially occurs in the voxels of the di-
encephalon, which is a structure that consists of various nuclei and white matter
projections. The thalamus, a substructure of the diencephalon, is believed to act as
a relay between a variety of subcortical areas and the cerebral cortex. In particu-
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output global classifier
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Figure 8.10: Input and output of the global classification on the fODF. The whole coronal
slice is depicted.
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lar, the sensory systems have thalamic nuclei that receive sensory signals and send
them to the associated primary cortical area. Voxels capturing the diffusion infor-
mation in such areas do represent a very complex architecture of different small
nuclei and white matter projections. This especially leads to partial volume av-
eraging on a much smaller scale than the ’common’ partial volume averaging we
encountered earlier e.g. between CSF and white matter. On current voxel resolu-
tions, analysis and interpretation of the diffusion in such voxels is very restricted,
since the reconstruction techniques are often not able to reflect the underlying ar-
chitecture.

However, the tensor’s shape fails to separate the thalamus voxels into an own
class and during global classification, many output directions are assigned to these
voxels. This is the main drawback, which can be only solved, if so, using an
additional voxel-based classification approach.

The second variable input is the actual ODF and its local maxima. We tested
both, fODF and dODF CSA reconstruction, and discovered some differences. The
dODF CSA potentially recovers more local maxima than the fODF, but is at the
same time prone to noise. However, since we try to find support for each maximum
in the neighborhood, the problem does not play a major role in global classifica-
tion and noisy local maxima are simply eliminated if no support can be determined.
Generally, one can use both reconstruction approaches in terms of our global clas-
sifier.

The objective of the global classifier is to enhance the local maxima distri-
bution with spatial information, such that e.g. an increase of lateral projections
through the corpus callosum can be observed. We have shown this exemplarily by
selecting different configurations from the coronal slice. We could also identify
split configurations in the corpus callosum.

8.2 Fiber Tractography

To evaluate the performance of the global classifier, a simple deterministic fiber
tractography algorithm on HARDI data was implemented. The tractography algo-
rithm tries to incorporate as much local information as possible and is straightfor-
ward. It uses the output directions supplied by the global classifier.

We make the following contributions:

• The algorithm takes asymmetry information into account and can thus per-
form splitting operations when necessary.

• The directions which the algorithm propagates to are supported by neighbor-
hood information.

• A preselection of possible directions has been made previously, eliminating
small maxima due to noise or certain unsupported maxima, often leading to
more plausible trajectory results.
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• The calculation of the individual tajectory is very fast, since no further ana-
lyzing of the full ODf is necessary.

• The design of the fiber tracking algorithm is straightforward and the perfor-
mance of the algorithm can be optimized by adjusting common tractography
parameters.

8.2.1 Design of the tractography algorithm

Our algorithm is similar in spirit to the algorithm proposed by Wedeen [WWS+08],
except that we did not work on DSI data, which facilitates a correct reconstruction
of the full PDF. Basically, our algorithm belongs to the group of streamline propa-
gation algorithms on HARD data using Euler integration, but additionally analyzes
asymmetry information.

The algorithm requires a list of seed voxels as input. As output, it provides a
continues list of coordinates resulting from fiber tracking, starting at each individ-
ual seed point. At each split, a new fiber is created.

The seed voxels are processed as follows. The seed voxels use the principal
diffusion direction as initial direction for Euler integration, disregarding other pos-
sible directions within the voxel. If it is initially traced in all directions, different
fiber bundles are reconstructed within one fiber set, which is often not desired. For
instance, if we place a seed point in the superior longitudinal fasciculus (SLF) on
the level of the centrum semiovale, we will also obtain trajectories from the CC
and the CST. The voxels in this regions have three maxima in perpendicular direc-
tions which would be all considered. If the initial PDD is symmetric, we trace in
both directions, otherwise it is only integrated into the direction in which the PDD
points. Streamlines can be started from either the center of a seed voxel or nine
uniformly distributed coordinates in a voxel.

The main paradigms of the algorithm are that (1) a fiber is allowed to split if
there is at least one asymmetric maximum direction within a voxel, (2) a fiber is not
allowed to split in any other cases and propagates along the direction with smallest
angular difference. Additionally, to prevent fiber pathways from leaking into false
bundles, two thresholds are incorporated, which are the maximum split angle and
the maximum curvature angle threshold. The first threshold allows a fiber to split
only if two maxima in the voxel are within a certain angular range. The second
threshold restricts the general curvature angle of a fiber.

Generally, the algorithm terminates, if (1) white matter is left, (2) the border of
the volume is reached, (3) or the fiber curvature or split angles are too high. How-
ever, these rules are accomplished by two exceptions: The algorithm is allowed to
propagate through one isotropic voxel while keeping its old direction. If then a new
WM voxel is reached, the tract reconstruction continues. This exception was inte-
grated, since tracing of oblique fibers close to the WM border is difficult. Secondly,
each fiber is allowed to propagate against the local diffusion profile (disregarding
the maxima direction and thresholds) five times, otherwise it is aborted. Finally, if
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we recontruct short fibers consisting only of two fiber points, they are not added to
the output.

8.2.2 Applications Using a Human Brain Dataset

White matter fibers are known to splay from large, tight bundles to the cortex, and
they may need to part, for instance, in order to project to multiple gyri. Identifi-
cation of fiber fannings helps to reconstruct the connections that pass through the
corpus callosum and project laterally towards the premotor cortex. Below, we will
use this region for evaluation of our algorithm.

Experiments

Firstly, we want to compare the output of our algorithm with two other existing
tractography approaches. Then, we further investigate our algorithm by setting
specific seed voxels and showing the associated trajectories. Thirdly, we will show
a larger reconstruction of the centrum semiovale, containing the corpus callosum,
the corticospinal tract and the superior longitudinal fasciculus. Note, that we do not
smooth the resulting trajectory using a b-spline approach in any of the experiments,
since we want to investigate the original output of each method.

In the first experiment, we will compare our proposed global classification al-
gorithm with two other HARDI fiber algorithms, which are the PDD Euler algo-
rithm [Sei10] and the more sophisticated distance-based tracking algorithm [RSM11].
The algorithms were shortly described in section 5, for more information, espe-
cially on the complex distance-based tracking algorithm, please refer to the re-
spective paper. A smaller image region was selected made up of 15 coronal slices,
which depicts the callosal fibers splaying to the cortex. The total size of the se-
lected region is 107×15×68. The fODF was chosen as reconstruction technique
with l = 4 and kernel approximation of voxels with an FA value higher 0.86. The
number of sample sphere points for the fODF was 162 (T = 3). Voxelbased clas-
sification was performed and the settings can be seen in figure 8.11. The Euler
PDD algorithm and the distance-based algorithm also require an additional label
image, indicating zero, one or two fiber populations. We constructed such a label
image from the output of our global classifier by using the number of maxima for
each voxel. If the number of maxima is higher than 2, it was set to 2. Individual
parameter settings for each algorithm are listed in the box of figure 8.11. In order
to reconstruct the CC, we manually drew two seed regions in the corpus callosum,
directly below the cingulum of each hemisphere. The total number of seed voxels
was 163. Tracing was started from the center of each seed voxel.

In the second experiment, we test fiber tracking with global classification by
setting single seed points in the corticospinal tract and the corpus callosum. The
chosen subimage was slightly translated towards the middle of the coronal axis
to depict the origin of the corticospinal tract in the brain steem. The same input
configurations are taken as in the previous experiment, only the parameters of the
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tracking algorithm are adjusted to step size = 0.5, maximum curvature angle = 45,
maximum split angle = 45. One seed point has been set in the corpus callosum and
two or three in each corticospinal tract.

In the third experiment, we apply the fiber tracking with global classification
to the centrum semiovale and seek to reconstruct SLF, CST and CC. This time, we
use the dODF CSA reconstruction with l = 4, λ = 0.006 and 162 sphere points.
Individual parameters had to be chosen for each tract, which are depicted in figure
8.13. The voxel-based classification was performed with the same settings as in the
first experiment. The seed region for the CC was set again underneath the cingulum
in both hemispheres. The seed region of the CST was drawn in the posterior limb
of the internal capsule. The SLF was marked directly in the centrum semiovale.

Results

The result of the three tracking algorithms can be seen in figure 8.11.
In terms of the ability to recover lateral projections of the corpus callosum

reaching to the premotor cortex, the Euler PDD algorithm provides an reasonable
result. However, note that the algorithm disregards the local diffusion profile if
the curvature thresholds are too high. This can lead to long straight trajectories
appearing in WM, since the old tracing direction is kept as long as no direction
in the allowed angular range is identified. Such a fiber has been detected on the
left side of figure 8.11, indicated by the white arrow. Beside this, the ends of the
trajectories appear deviant and differ significantly from the general curvature the
trajectory undergoes. Futhermore, anatomical unplausible tracts are included in
the result (right white arrow) and additional postprocessing such as fiber filtering
becomes necessary.

The ability to recover the splay of callosal fibers to the cortex is much higher
in the computational heavier distance-based algorithm in comparison to the Euler
PDD algorithm. However, we can identify some errorneous tracts, highly bending
around the ventricles. Furthermore, some of the tracts appear rather straight than
bended in the region where the corpus callosum undergoes a strong curvature. The
ends of the streamtubes when reaching the cortex are also deviant, because of the
relaxed stopping criteria in the algorithm when isotropic tissue is reached.

When regarding the tracking result of our algorithm using the global classifi-
cation, several aspects are striking. Firstly, the algorithm was able to recover more
fibers of the fanning structure than the Euler PDD, but less fibers than the distance-
based algorithm. Futhermore, the calculated fibers are very smooth in contrast to
the other two results and the ends of the fiber are in coincidence with the global
curvature of the fiber. The trajectories are in agreement with the underlying gyri
and sulci of the cortex. Beside this, the algorithm was also able to propagate into a
very deep-seated cortex region without leaking into the cortical spinal tract. Leak-
ing into the corticospinal tract appeared when using a higher split angle threshold
(not shown here).

Figure 8.12 shows the result of the second experiment, where single seed points
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Left: result of the Euler PDD algorithm superimposed on a B0 image,
top: used label image

Euler PDD

Left: result of the distance-based tracking algorithm 
superimposed on a coronal B0 slice

common parameter setting:
  step size = 0.5

settings global classifier tractography:
  max curvature angle = 62
  max split angle = 35

settings Euler PDD tractography:
    two fiber max angle = 40
  one fiber max angle = 60

settings distance-based tractography:
  two fiber max angle = 40
  one fiber max angle = 60
  min diffusion magnitude = 70%
  number distance vectors = 8
    current direction weight = 0.5

Result of our fiber tractography algorithm superimposed
on a coronal slice of the outcome of global classification (left) 
or on the B0 image (top, oblique view)

Euler PDD

Distance-based

Global Classifier

Global Classifier

Seed regions
were placed
on a sagittal
slice below
the cingulum
in the corpus 
callosum, bothcallosum, both
hemispheres

Barycentric classification

Figure 8.11: Comparison between three different fiber tracking approaches using the same
seed region and fODF reconstruction with kernel approximation from voxels
with FA > 0.86. The results are not interpolated using b-spline approxima-
tion for better means of comparison.
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Constructed trajectory of the fiber algorithm using the 
global classification from examplarily chosen seed 
voxels (orange) on a coronal slice. 

Blue fiber correspond to the corticospinal tract, 
while red fiber belong to the corpus callosum. 

parameters settings
  step size = 0.5
 max curvature angle = 0.45
 max split angle = 0.45

Figure 8.12: Comparison between trajectories reconstructed from individual seed points
using the tractography approach with global classification.

have been set. As one can see, several anatomical plausible splits occur in the fan-
ning of the corpus callosum to the cortex. Furthermore, several seed points in the
corticospinal tract also reveal that the algorithm is able to recover the course of
fibers to the motor cortex, sometimes by undergoing a huge bend or by splitting.
The results show the ability of the algorithm to propagate along different paths ter-
minating in adjacent gyri. Thus the algorithm is capable to reconstruct a wide range
of different orientated fibers originating from a narrow seed region. A drawback
of the algorithm is also indicated on all of the three provided images, namely, that
unneccessary splitting occurs and redundant tracts are reconstructed, especially in
very heterogeneous areas such as the brain stem or the thalamus at the lower border
of the images.

Figure 8.13 depicts the result of reconstructing three fiber bundles within the
centrum semiovale. Different parameters had to be chosen for each tract. The cor-
pus callosum undergoes a huge bending, therefore the curvature angle was higher
than for the other two bundles. The superior longitudinal fasciculus is a rather
straight bundle which sometimes bends into the adjacent gyri. Therefore, we ap-
plied a small split and curvature angle. For reconstruction of the corticospinal tract,
larger split and curvature angles are necessary to recover the fan of the fibers into
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coronal view of corpus callosum (red), corticospinal tract (blue) and superior 
longitudinal fasciculus (green) superimposed on a B0 image

settings global tractography algorithm:

step size = 0.5

corpus callosum:
 max curvature angle = 60
 max split angle = 29

corticospinal tract:
  max curvature angle = 45
 max split angle = 20

superior longitudinal fasciculus:
 max curvature angle = 30
 max split angle = 20

oblique view 

sagittal view of corticospinal tract (blue) and 
superior longitudinal fasciculus (green)

Figure 8.13: Reconstruction of corpus callosum (red), corticospinal tract (blue) and su-
perior longitudinal fasciculus (green) using the fiber tracking algorithm with
global classification.

the motor cortex. We had to select a very low split and curvature angle to prevent
the tracts from leaking into the thalamus area. Therefore, only few straight tracts
could be reconstructed.

8.2.3 Discussion

Considering the local diffusion pattern is a pivotal step to reconstruct fibers cor-
rectly, since the information is encoded in the respective diffusion profiles. How-
ever, current QBI reconstruction models are not able to model the diffusion profile
correctly in each case, especially in asymmetric configurations. Therefore, it is
a reasonable approach to enhance the local information within a voxel with ap-
propriate spatial information. We have presented a simple tractography algorithm
working on the output data of a global classifier. The global classifier takes the
neighborhood of a voxel into account and is therefore able to detect asymmetric
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configurations which are then included into the set of possible tracing directions.
The tracking algorithm, fed with symmetric and asymmetric maxima distribution,
does interprete these configurations accordingly and decides to split or just to prop-
agate further to the next voxel.

Similar to other deterministic fiber tracking algorithm, the reconstructed trajec-
tory highly depends on the parameter settings. We kept the number of adjustable
parameters small in our algorithm to avoid overhead in manual tuning that often
becomes necessary when providing a complicated algorithm. Furthermore, the
three parameters stepsize, maximum split angle and maximum curvature angle are
straightforward and one can estimate the outcome if adjusting one of the parameter
settings. However, it becomes necessary to find the optimal parameter for each
individual bundle, since some bundle undergo a higher curvature than other. In a
clinical application we suggest using pre-defined individual parameter settings for
specific neuronal tracts. Beside this, the clinician should be allowed to make minor
parameter adjustments in a later stage.

In conventional fiber tracking algorithms, the output of the chosen reconstruc-
tion model is analyzed as soon as a fiber propagates through the respective voxel.
In case of the ODF, analyzing often includes the computation of global and local
maxima. This approach often leads to multievaluation of the same voxel e.g. when
a larger seed region in the corpus callosum is set, several fiber propagate through
the same voxel due to its dense course. Another approach is to calculate the im-
portant information once beforehand. The computational time of the actual fiber
propagation is then on the order of seconds for >1000 fiber tracts. An evaluation
concerning the the input data and the global classifier in terms of run times is shown
in section 9.3.

This is especially beneficial if one wants to enlarge, reduce or translate the
inital seed region. New fiber tracts can be computed very quickly to facilitate
connectivity investigations. On the other hand, if one wants to reconstruct only a
small tract, precalculation of data will embody an overhead, since too many voxels
are analyzed which are not considered during tractography.

During global classification and tractography design, different questions arised.
How much of global information should be incorporated into the classifier itself
and what should be evaluated by the tractography algorithm at the end? How
should the tradeoff between intra-voxel fiber information and global tract pro-
gression be formulated? We decided to incorporate information from voxels of
maximum distance two to the current voxel into the classification algorithm. It is
generally possible to evaluate larger regions, but not always recommandable, as
computational time increases. Additionally, wrong conclusions could be drawn re-
garding voxels that are further away, since the outcome of the reconstruction model
does not always reflect the exact underlying fiber orientations. Correctness of re-
construction can be better evaluated from informatoin in close proximity to the
voxel. However, it is generally advisible to include information about global tract
progression in the tractography algorithm. So far, we only take the curvature of the
last direction vector to the current vector into account. If we are able to refer to
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the whole fiber course, the current fiber tracing algorithm could be extended using
global curvature information, potentially improving the reconstruction of neural
tracts.

A current drawback of our method on implementation level is that fibers, as
soon as they split, will loose their affiliation to the inital seed voxel and to the
predecessor fiber. The predecessor fiber is the part of the same fiber just before
the splitting occures. In the final chapter of this thesis we give some suggestions
how to overcome this problem. Furthermore, splitting sometimes occurs in voxels
where it is not desired, such as in the thalamus or brain steem. If we set the max-
imum split angle threshold too high, we reconstruct plenty of errorneous tracts in
such regions. For instance, in our last experiment, we had to restrict the split angle
for the corticospinal tract and could not recover the actual fanning of the tract to
various gyri. One suggestion is to limit the number of allowed splittings per trajec-
tory. This becomes possible, as soon as predecessor information can be accessed.
Furthermore, fiber clustering and filtering methods could be integrated in order to
remove erroneous tracts that are always likely to appear.

8.3 Summary

This chapter is the core of this thesis and contains most of the findings and methods
investigated in the previous chapters. We presented our global classification and
tractography approach. The global classifier uses the output of voxel-based clas-
sification and ODF local maxima and combines it with spatial information. The
objective is firstly to verify local maxima in terms of their plausibility to align with
fiber tracts and secondly to remove unsupported maxima, which are the result of
directional averaging or noise. The computational overhead of this routine is kept
minimal by calculating only required data in the pre-processing steps. The global
classifier is capable of detecting specific asymmetric configurations which are then
included in the set of possible tracing directions. This is achieved by leveraging
direct neighborhood information.

The proposed tractography algorithm works on the set of possible tracing di-
rections and selects the most adequate direction during propagation. Furthermore,
the trajectory is able to split when asymmetric configurations are encountered. The
design of the fiber tracking algorithm is straightforward and the performance of
the algorithm can be optimized by adjusting common tractography parameters.
Moveover, the calculation of the individual trajectory is very fast and can be com-
puted within milliseconds on commodity hardware, since no further analysis of the
full ODf is necessary.
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Chapter 9

Implementation

This chapter deals with the implementation and documentation of the source code
which was developed in the course of this thesis.

9.1 Development Environment

The framework utilized in this thesis is MeVisLab, a development environment for
medical image processing and visualization.

MeVisLab is written in C++ and uses the Qt framework for graphical user inter-
faces. It is available cross-platform on Windows, Linux, and Mac OS X. MeVisLab
is developed in cooperation between MeVis Medical Solutions AG and Fraunhofer
MEVIS, Bremen, Germany.

MeVisLab has been used in a wide range of medical and clinical applications,
including surgery planning [MP10]. The Computer Graphics Working Group at the
University of Koblenz also converged to this framework, since it already contains
DTI and tractography related modules.

MeVisLab is a modular development framework. Modules encapsulate certain
functionalities, which can be combined to networks and hence applications can
be built. MeVisLab offers an IDE that allows data-flow modeling by visual pro-
gramming to support the generation of image processing networks. Important IDE
features are the module and connection inspectors with docking ability, advanced
search, scripting and debugging consoles, such that rapid user interface prototyp-
ing is possible. In the visual network editor, modules can be added and combined
to set up data flow and parameter synchronization. The resulting networks can be
modified dynamically by scripts at runtime. On top of the networks, the application
level with viewers and UI panels can be added. Panels are written in the MeVisLab
Definition Language (MDL), can be scripted with Python or JavaScript and styled
using MeVisLab-internal mechanisms or Qt features.

There are three different types of modules in MeVisLab: 1) MeVisLab image
processing Library (ML) modules for image processing task (blue color), 2) Open
Inventor modules based on the Open Inventor toolkit and the graphics standard
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OpenGL for visualization (green color) and 3) macro modules can be created to
encapsulate subnetworks, scripting functionality and high-level algorithms (brown
color).

Currently, MeVisLab includes far more than 1000 image processing and vi-
sualization modules. Open Inventor comprises a rich set of various objects such
as cubes, polygons, text, materials, cameras, lights, trackballs, handle boxes, 3D
viewers etc.

In the graphical editor, each module is depicted as a rectangle with input and
output interfaces, which are called connectors. The connectors at the bottom of
the rectangle are input connectors, while the connectors at the upper border are
output interfaces. The shape of each connector represents the type of data, which
is passed to or from the module. If the output type is an image, the connector has a
triangular shape. Half-circles stand for Open Inventor scenes. The third connection
type represents a pointer to a data structure, which can be implemented by the user,
and has the shape of a square.

The data is passed from one module to the next by the lines connecting the
module’s interfaces. Note that the processing is demand-driven, which means that
only operations are calculated if and when the result is needed.

Despite the input and output connections, each model has individual fields,
which can be of type integer, float, matrix, string etc. Those parameters can be
accessed via GUI and values can be changed and adjusted by the user. Parameter
settings can also be automatically copied from one module to the next even if the
modules are not directly connected in the network. Visually, field connections are
illustrated as black arrows.

A simple and very basic example network is depicted in figure 9.1. The blue
lines between the modules represent the input-output relation.

In this thesis, MeVisLab version 2.2 (2011-06-24 release) was used and the
C++ code written for this thesis was implemented in the Visual Studio 2008 Pro-
fessional Edition IDE. Windows 7 was used as operating system.

Software developed in MeVisLab can only be converted to a stand-alone appli-
cation with a special MeVisLab licence, which was not present here. However, for
developing purposes it was sufficient to execute the written modules in MeVisLab
with a developer licence. For more information about the framework, please refer
to the MeVisLab documentation1. Additional libraries used in this thesis were the
Boost2 library for SH basis function computation and Newmat3 C++ matrix library
for matrix and vector calculations.

1http://www.mevislab.de/developer/documentation
2http://www.boost.org
3http://www.robertnz.net

http://www.mevislab.de/developer/documentation
http://www.boost.org
http://www.robertnz.net
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Figure 9.1: MeVisLab example network with GUI-panels. The dataflow starts in the mod-
ule MLImageFormatLoad. The image is then passed to the OrthoView2D for
visualization.

9.2 Implementation Overview

To extent the provided functionality of MeVisLab, modules can be implemented
which can be integrated into existing networks or combined with official modules.
MeVisLab provides an implementation framework and one can simply implement
new modules by deriving existing classes. Depending on the desired functional-
ity of the module, one can choose to implement a ML Module or Open Inventor
Module.

9.2.1 ML Modules

ML Image processing modules belong to the MeVisLab image processing library.
Generally, images are represented by sixdimensional data arrays with conventional
x,y,z dimensions and additional c (color), t (time), u (user) dimensions, providing
flexibility even for large medical datasets. Images are not processed as a whole
but are broken down into smaller fractions of identical extents, the so-called pages.
Pages can be easily buffered, cached and processed in parallel without spending too
much memory or time. Beside this, the ML cache stores pages that have a chance
to be reused. For algorithms that cannot easily be implemented on a page basis,
the ML provides specialized classes such as Virtual Volume. The ml::Host is
the core class of ML. It manages the entire image processing workflow including
on-demand, page-based image processing, caching and parallelization.

The class ml::Module is the base class from which the modules need to de-
rive in order to implement new algorithms for image processing (see UML class
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diagram in figure 9.2). It provides a number of virtual methods which can be over-
loaded to implement and control image processing, and to handle, add, change
algorithm and processing parameters. There are three functions that need to be
overloaded:

• handleNotification is called whenever a field or input data via the connec-
tors of the module are modified. In the function, one can handle the specific
field and can make range assertion or error handling. Usually, the data is
stored in a so called PagedImage, which only represents a subimage of the
whole input image. We use a Virtual Volume to store the data, which al-
lows for random image data access. If the changed module field is an ML
input image, we generally copy its content and store it in a member variable
of type Virtual Volume pointer.

The ml::Field class encapsulates a data type such as an integer, a vector,
a matrix, a string or even an image or a complex data structure. Currently,
about 60 field types are available in the ML. A field is useful for various
purposes: It can be observed for changes (listener pattern), its state can be
saved/restored by handling its value as a string, and it can be connected with
fields of other modules for data transfers, as already mentioned.

• calculateOutputImageProperties is called whenever the output data is needed
in another module and sets the output image properties, such as voxel size,
image size, world matrix, data type. By default, properties of the input im-
age are copied to the output image. The output image is stored in a Virtual
Volume, which is allocated in this module.

• calculateOutputSubImage is called whenever the output data is needed in
another module after the output image properties were set in function cal-
culateOutputImageProperties. Image processing operations are usually im-
plemented here and the output image is calculated in this routine. Since
only a subimage is calculated each time (e.g. only one slice), the function is
called several times. Note that we do not make use of the SubImage, which
is passed to this function as parameter, since we previously stored the input
data in a virtual volume that we have access to the whole volume. To ensure
that the image calculation is not performed several times, a flag is set after
successfully calculating the output virtual volume, which is then copied to
the output image. This flag is unset on module field changes.

9.2.2 Open Inventor Modules

Inventor scenes are organized in structures called scene graphs. Usually, a scene
graph is made up of nodes, which represent 3D objects to be drawn, properties
of the 3D objects, nodes that combine other nodes and are used for hierarchical
grouping, and others (cameras, lights, etc). These nodes are called shape nodes,
accordingly, property nodes, group nodes and so on.
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Figure 9.2: Class diagrams and its most important functions. All ML modules imple-
mented for this thesis are derived from the Module class, while the imple-
mented Open Inventor modules are derived from SoShape.

Inventor nodes are represented in MeVisLab by modules. On implementation
level, those nodes are derived from the class SoNode.

We generally use the visualization modules for displaying the reconstructed
data which can be constructed from simply geometry. For this purpose, the imple-
mented Open Inventor modules are derived from the base class SoShape, which is
a subclass of SoNode. The main function of SoShape, which is reimplemented in
our derived classes is GLRender. GLRender is called whenever a frame of the 3D
scene is rendered. Callback functions for every module field need to be specified
to handle field changes. The UML class diagram is provided in figure 9.2.

9.2.3 Detailed Module Descriptions and Networks

In the following, we will give a detailed description on the implemented modules.
Therefore, we present example networks to explain inidividual modules and to
show potential predecessor and successor modules. The main storage for the data
that is computed are six dimensional images. As a general rule, the single gradient
images of the DWI, the spherical harmonics coefficients and the ODF are stored
in the t dimension, while the diffusion tensor eigenvalues are stored in u. In the
following, we will assume that the supplied diffusion-weighted HARD image is
already averaged and image artifacts have been eliminated. The existing module
HARDI_Averaging implemented in [Sei10] can be used to average several number
of excitations. For some modules, we generated example outputs employing the
human brain dataset we used throughout this thesis, which has one B0 image in
front and 60 diffusion-weighted images in the t dimension (see appendix A.0.6 for
detailed description).
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Diffusion Signal and ADC Modules

In the first module group, we will consider all modules that directly work on the
diffusion-weighted image without applying any reconstruction scheme. An ex-
ample network is given in figure 9.3. The HARD data is loaded by the existing
MLImageFormatLoad module and passed to three different modules, which we
will explain in detail in the following. The image slices can be finally viewed in
the GUI panel of module View2D, while the 3D respresentation of signal and ADC
can be regarded using the SoCustomExaminerViewer, which enables the user to
interact with the data and to pan, rotate and zoom in a 3D scene.

Figure 9.3: Network including the diffusion signal and ADC modules. Own modules are
marked by an asterisk.

HARDI_ADC This ML module computes the apparent diffusion coefficient (ADC),
or, alternatively, if the respective box is checked, outputs the diffusion-weighted
signal values without the weighting of the B0 factor by calculating S(g,b)/S0 for
each gradient direction g. The ADC along direction g is determined using equation
(3.13).

The user needs to specify the b-value in the GUI-tab, which is depicted in figure
9.4. Since the ADC values are generally very small, one can scale the values by a
common factor e.g. for visualization purposes.

The module has a single input and a single output image connector. A diffusion-
weighted image needs to be supplied as input image. This image needs to comprise
of one B0 image and N gradient images, resulting in N+1 volumes in the t dimen-
sion. The output image has N volumes t dimension.

HARDI_Signal_Criteria The ML module HARDI_Signal_Criteria computes sev-
eral characteristics of the diffusion signal values or the ADC profile, depending on
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Figure 9.4: GUI-panel of module HARDI_ADC.

Figure 9.5: GUI-panel of module HARDI_Signal_Criteria.

the provided input. The user has to specify which input is provided to the module,
e.g. the diffusion signal values, the ADC profile or the diffusion signal values di-
vided by B0. The GUI-panel of this module is depicted in figure 9.5. To perform
actual classification, the output images of the module can be thresholded using the
existing MevisLab module Threshold.

The diffusion direction encoding gradients needs to be set in the text field.
One can choose between different measures from the drop-down menu, such as
the mean, the variance, the moment of order two, the moment of order four, the
high directions criteria and the number of high directions criteria. The formulas
of these criteria are given in table 6.1 in chapter 4. The threshold for the number of
high directions criteria can be adjusted in the GUI-panel.

The enabling of the replicate in t checkbox provokes that the output image has
the same dimensions like the input image. The values of the selected criterium
are simply copied to each of the images in the t dimension. This is helpful when
subsequently using one of the existing arithmetic modules to mask out the diffusion
signal image. If the checkbox is not enabled, the output image is of size one in t
dimension.

SoGradientScheme The Open Inventor module SoGradientScheme can be used
to render the supplied diffusion-encoding gradients or to visualize the diffusion-
weighted signal values in 3D. The module has one input image connector taking
the diffusion-weighted signal image. The output scene can be viewed by using the
Open Inventor module SoExaminerViewer or SoCustomExaminerViewer, as de-
picted in figure 9.3.

The gradients need to be paste to the text field of the second tab, which is sim-
ilar to the GUI panel depicted in figure 9.17. A single gradient distribution can be
rendered by checking draw gradient distribution with unit length and an index can
be set, specifying which of the gradient vectors should be rendered. Furthermore,
one can view the gradient distribution for each voxel, where the signal value is
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Figure 9.6: Visualization modes for HARDI_SoGradientScheme using an icosahedron and
a heat map color coding.

points       lines      mesh       surface                     surface with mesh   best directions

Figure 9.7: Visualization modes for HARDI_SoGradientScheme with directional color
coding and deformed spherical shape.

additionally mapped to the length of the vector. In this case, the original gradients
are depicted if the visualization mode points or lines in chosen. In order to render
a surface or a wireframe, a tesselated icosahedron is used. The order of tessela-
tion can be specified in the GUI. The tesselation order indicates with how many
points the icosahedron is sampled when rendering a mesh or surface. Then, the
three closest gradient vectors to each icosahedron surface points are determined
and the corresponding signal values interpolated. One can weight the interpolation
in a way that the closest gradient vector signal value has slightly more influence
than the other two points, with a weight distribution ratio of 4 : 3 : 3. This can
be achieved by enabling the option weighted linear interpolation. Otherwise each
signal value has the same influence during interpolation, which is one third.

For visualization purposes the diffusion signal values must be normalized to
the range [0,1] and two normalization schemes are provided.

• The local normalization determines the maximum signal value of the voxel
and devides each signal value by the local maximum signal value.

• The global normalization determines the maximum signal value of the pro-
vided image and divides each signal value by the global maximum signal
value.

Furthermore, one can select the color and shape mode of the rendered signal
values. The first option is to render the signal as a sphere with a certain radius and
apply a color heat map, as shown in figure 9.6. Low values are rendered in blue,
while high values close to one have a red color. The second option is to use the
traditional directional color coding and map the signal values on the radius of the
sphere, which leads to a deformed spherical shape (figure 9.7). Both visualization
modes were compared in figure 6.3. In addition, one can choose whether these
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Figure 9.8: GUI-panel of module HARDI_SoGradientScheme.

color and shape modes should be rendered e.g. as a point cloud, surface, lines or
mesh. The best directions option thresholds the signal values and only takes the
values above the threshold and renders the respective vectors.

The module renders one slice at a time in the 3D scene. The slice view sets
the orientation (axial, sagittal, coronal) of the slice and the adjustable select slice
option indicates the respective slice number.

So_ADC_Visualization The Open Inventor module So_ADC_Visualization pro-
vides the functionalities to render the ADC profile for each voxel in 3D. This mod-
ule is very similar to the SoGradientScheme module, except that it does not take
a DWI as input, but an image holding the apparent diffusion coefficient for each
gradient direction. Beside this, a single gradient scheme cannot be rendered. All
the other functions are analog to module SoGradientScheme.

Diffusion Tensor Modules

Figure 9.10 presents a network that can be used for the computation of several
diffusion tensor metrics. Figure 9.9 shows a network that was used for barycen-
tric classification on the diffusion tensor’s prolate, planar and spherical properties
(Westin measures). These properties can be calculated using the DiffusionTensor-
Analysis module and its specific GUI-settings that need to be made are illustrated
in figure 9.9 as well. We will explain the components of both networks in the
following.

DT_Criteria Figure 9.10 illustrates how the module DT_criteria can be inte-
grated into a network. Furthermore, the GUI-panel of the modul is depicted.

This module can be used to compute the trace of the tensor (table 4.1), the
Kullback-Leibler-Anisotropy of equation (4.6), and our circular planarity measure
of equation (6.1). As input, the diffusion tensor’s eigenvalues must be provided.
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Figure 9.9: Network for classification on the barycentric triangle. Own modules are
marked by an asterisk.

BarycentricHistogram The module BarycentricHistogram allows to calculate
a barycentric triangle from a given input image. Therefore, it takes the linear,
planar, spherical coordinates of each voxel, which can be interpreted as barycentric
coordinates and maps it to the triangle by multiplying the coordinates with the
coordinates of the triangle’s vertices. The number of coordinates falling in the
same bin are counted. Each pixel represents one bin.

The module has two input image connectors. The first input image is the result
of linear, planar, spherical calculation from the DiffusionTensorAnalysis module,
as shown in figure 9.9. The second input is optional, and one can use it to map
anisotropy measures to the barycentric triangle, such as FA or RA. In the GUI
panel, the user can define the edge length of the triangle, as depicted in figure
9.11a. The larger the triangle, i.e. the greater the edge length and the smaller the
bins. The default value is 200 pixel.

The module has three outputs. The first output is an image with the frequency
histogram of the shape properties of the diffusion tensor. The second output image
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Figure 9.10: Network for classification on the diffusion tensor. The GUI-panel of module
DT_Criteria is shown. Own modules are marked by an asterisk.

(a) (b)

Figure 9.11: (a) GUI-panel of the module BarycentricHistogram (b) First output image
histogram depicted with View2D2 in network 9.9. White pixel have high
frequencies. Second output image depicted with View2D1. Here, the FA
measure is employed and values are in the range of [0,1]. The background
is rendered in white. The edges of the triangle and the median lines are
visualized using the SoView2DMarkerEditor module and the third output of
BarycentricHistogram.

is the barycentric triangle computed for a specific anisotropy measure, which is
computed when providing the second input image. Depending on value of the
linear, planar, spherical properties, i.e. the barycentric coordinates, the value of the
measure is mapped to the triangle. The third output is of type MLBase and contains
a XMarkerList with the vertices of the triangle, which are connected by lines, also
including the median lines of the triangle. This output can be utilized for further
visualization purposes, i.e. using the SoView2DMarkerEditor as shown in figure
9.9.

ManualBarycentricClassification The macro module ManualBarycentricClas-
sification aims to separate the barycentric triangle into meaningful regions. Figure
9.12 depicts the GUI-panel. On the first tab, the triangle is generally divided into
five regions. Each region has an individual label in the range [0,4]. The user is
able to adjust the size and the shape of the regions by selecting the XMarker in the
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viewer. The XMarker correspond to the vertices of each region and the actual edge
of each region is computed within the module BarycentricGrouping. The XMarker
on the triangle’s edge can be moved by the sliders on the right hand side in the
panel.

The second tab enables the user to mark specific regions in the triangle, which
has been done exemplarily in figure 9.12b). On the right side of this tab, one can
make various settings, such as the selecting a draw mode. For the upper blue re-
gion a closed polyline was chosen, while the lower region is drawn in closed spline
mode. By selecting move from the interaction mode drop-down list, enables one to
translate the drawn region. This facilitates a direct visual feedback of the classifi-
cation if a geometry is drawn and slightly translated. The corresponding output of
the selected region mapped to the original dataset can be viewed in the connected
OrthoView2D GUI-panel at the same time. Furthermore, logics for overlapping
regions are provided. The edge length of the triangle should be of the same size as
the input histogram’s triangle edge length.

The module has two input connectors. The barycentric histogram image (out-
put of module BaryentricHistogram) needs to be provided to the left input connec-
tor. For a better visual distinction, colors can be mapped to the triangle using a look
up table (LUT). The right (optional) input connector requires a LUT with colors
assigned to the numerical range of [0,4] e.g. provided by the module SoLUTEditor.

The output images of the module are the both images one can see in the tab
viewers of the module.

Since this module is of type macro module, it encapsulates a subnetwork. Part
of the subnetwork is illustrated in figure 9.13. The left hand side of the network
provides the functionalities for the first tab in the GUI, while the right hand side is
mainly responsible for the drawing feature, using Contour Segmentation Objects
modules. The ConnectedComponents module assigns each region a unique num-
ber. The most important module of the internal network is BarycentricGrouping.
More details about this module are provided in the following paragraph.

BarycentricGrouping This module divides the barycentric triangle into five dif-
ferent compartments according to the position of the XMarkers and assigns a re-
spective label to each voxel. The position of the XMarkers represent the vertices of
the regions, internally represented as polygons. The module determines whether a
pixel of the triangle is inside a specific polygon or not and sets the respective class
label. The position of the XMarkers are specified in three different ways. The six
XMarkers located on the edge of the triangle are set by the λ parameters in the
GUI, the two XMarkers within the triangle are set by the input XMarkerList and
the three corners of the triangle are internally determined according to the provided
input image size.

The module has two inputs. The left input is the barycentric histogram im-
age of module BaryentricHistogram. The right input of type MLBase are the two
persistent XMarkers which lie inside the triangle.



9.2. IMPLEMENTATION OVERVIEW 207

Figure 9.12: GUI-panel of the module ManualBarycentricClassification. (a) First tab with
example settings. The colors of each class can be defined via the input LUT
of the SoLUTEditor in (c).(b) Second tab with example drawings.
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Figure 9.13: Part of the internal network of the module ManualBarycentricClassification.
Own modules are marked by an asterisk.

The output of the module is the triangle classified in five regions. The middle
output are the XMarkers which are positioned on the edge of the triangle parame-
terized by the λ values. The right output XMarkerList contains the vertices of the
triangle together with the points on the median line, which are connected by lines.
This faciliates a visualization of the triangle’s size and borders and is depicted in
the integrated viewer of the macro module. The panel of this module is depicted in
figure 9.13.

BarycentricTriangleToImage The module BarycentricTriangleToImage does the
inverse mapping of the class labels selected by the ManualBarycentricClassifica-
tion module back to the original image. The module has no GUI-parameters that
needs to be adjusted.

The left input of the module is the linear, planar, spherical property of the dif-
fusion tensor computed by module DiffusionTensorAnalysis. The right input image
connector is the subdivided triangle from ManualBarycentricClassification. The
output of the module provides the labeled original image as depicted in previous
chapters e.g. in figure 6.29 or in figure 9.15.

SegmentCrossings

The ML module SegmentCrossings is a module that does not belong to the barycen-
tric classification modules, but it can be executed subsequently. It provides a sim-
ple method to identify smaller regions of value zero. In terms of our barycentric
triangle classification, it is used to close the isotropic gaps that appear in very
heterogeneous crossings. In figure 9.9, the output of the module BarycentricTrian-
gleToImage is thresholded, such that all class labels greater than one are mapped
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Figure 9.14: GUI-panel of module SegmentCrossings.

output barycentric classification        thresholded output              output segment crossings

Figure 9.15: Output of module SegmentCrossings.The red voxels on the right image are
the voxels detected by the module SegmentCrossings.

to one. The module ConnectedComponents identifies connected regions and out-
puts the number of voxels that belong to the region by iterating over the 3D-6-
neighborhood. Figure 9.15 shows an example output.

The module SegmentCrossings requires two input images. The left input image
is a mask of voxels with label zero and one. The rightmost output of the module
ConnectedComponents needs to be connected with the second input connector of
SegmentCrossings.

Two parameters can be set in the GUI, which are the maximum number of
voxels per region threshold as well as the output class label, which is written to the
identified voxels. The GUI-panel is shown in figure 9.14.

The output of the module is an image, that masks out the identified regions
using the specified class label. All other voxels are zero.

The subsequent module Arithmetic2 in the network depicted in figure 9.9 con-
nects the identified regions with the original output of the barycentric classifier by
performing an OR operation on the output of SegmentCrossings and Barycentric-
TriangleToImage.

ODF Reconstruction and Visualization Modules

The network in figure 9.16 illustrates the main components of q-ball imaging. The
modules marked by an asterisk or a plus are described below.

HARDI_SHCoefficients The module HARDI_SHCoefficients is an extension of
the existing module HARDISphericalReconstruction implemented by the Com-
puter Graphics Working Group. The GUI-panel is shown in figure 9.17.

It enables the user to approximate the plain diffusion signal, the ADC profile
or the ODF with spherical harmonics functions and computes the respective co-
efficients. The Funk-Radon transform is only computed in the latter case. For
the determination of the ADC coefficients, the ADC is computed internally from
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Figure 9.16: Network for computation of the spherical harmonics coefficients, the fODF,
the tesselated ODF with local maxima and visualization of ODF and local
maxima. Own modules are marked by an asterisk, extended modules by a
plus.

the diffusion signal. The approximation order l can be selected in the GUI-panel,
which defines the number of output coefficients. In the the second tab, two ac-
quisition parameter need to be set, such as the b-value and the diffusion encoding
gradient vectors.

One can choose between two ODF approaches, which are the original ODF ap-
proach by Descoteaux [DAFD07] and the constant solid angle approach by Aganj
et al. [ALS+10]. We introduced both orientation distribution functions in section
3.4. For each reconstruction technique, regularization methods can be applied and
by setting the specific factors λ and δ in the GUI-panel.

HARDI_fODF The module HARDI_fODF calculates the sharpened spherical
harmonics coefficients from the original dODF SH coefficients. The fiber orienta-
tion distribution function (fODF) was implemented as described in [Des08, Chap-
ter 9, Appendix 9.6]. The module has only one GUI parameter, the b-value, as
shown in figure 9.18.

Three different input images are required to compute the fODF coefficients.
Firstly, the SH coefficients of a specific order l from the original QBI approach
need to be provided. The other two input images serve for the kernel approximation
procedure. The second input is a mask which indicates the position of voxels
with the highest anisotropy, which can be a thresholded fractional anisotropy map.
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Figure 9.17: GUI-panel of module HARDI_SHCoefficients.

Figure 9.18: GUI-panel of module HARDI_fODF.

The last input connector needs to be supplied with the eigenvalue profile from the
diffusion tensor model in the image’s u-dimension.

The output are the sharpened spherical harmonics coefficients in t-dimension.
The number of input and output coefficients stay the same, which implies that the
order of the spherical harmonics approximation does not change as soon as it is
defined in the prior module HARDI_SHCoefficients.

HARDI_dODF_Reconstruction The module HARDI_dODF_Reconstruction has
been extented in terms of the local maxima determination. The module was im-
plemented in the Master’s thesis of Seib [Sei10] and the theory was proposed by
[DAFD07]. Basically, the module reconstructs any icosahedral representation from
given spherical harmonic coefficients, regardless whether dODF, fODF, signal or
ADC coefficients are provided.

Figure 9.19 illustrates the GUI-panel of the module. The second output options
has been provided by the current work. The user is able to check or uncheck the
local maxima extraction option. Depending on the chosen ODF reconstruction
approach, the ODF must be normalized before local maxima can be determined by
selecting an appropriate scheme. Beside this, a certain threshold can be set such
that small local maxima are disregarded. Finally, once can compute the refined
local maxima by enabling the compute refined maxima option. The pseudo code
for this routine is given in algorithm 1.

The left output of the module is the tesselated ODF. The number of sample
points can be set in the drop-down menu. The novel right output is of type ML-
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Algorithm 1 Maximum refinement in neighborhood.
Input: tesselated ODF: Ψm, tesselation-based local maximum vector: m(θ,φ)
Output: refined local maximum Ψmax with corresponding vector nmax
1: function REFINELOCALMAXIMUM(Ψm, m(θ,φ))
2: for all neighborhood vectors n(θn,φn) within distance θ±0.1 and φ±0.1 do
3: Compute ODF value Ψn at position n(θn,φn)
4: if Ψn > Ψm then
5: add Ψn to list L
6: end if
7: end for
8: if list L is empty then
9: Ψmax←Ψm

10: nmax← m(θ,φ)
11: else
12: Ψmax←max

Ψ

L

13: nmax← n(Ψmax)
14: REFINELOCALMAXIMUM(Ψmax, nmax)
15: end if
16: end function

Figure 9.19: GUI-panel of module HARDI_dODF_Reconstruction.

Base and contains a MaximaSetContainer. The UML class diagram is provided
in figure 9.20. The MaximaSetContainer class had to be derived from the ex-
isting Base class provided by MeVisLab. Furthermore, two additional classes
were implemented, which are the MaximaSet and the Maximum class. The class
Maximum allows to save additional information for each detected local maximum
beside the vector, which is especially helpful in the Global_Classifier module. Ini-
tially, each Maximum is symmetric and unsupported. All Maximum within a single
voxel are saved in a MaximaSet. All MaximaSet of a volume are collected in the
MaximaSetContainer.

HARDI_dODF_Visualization The module HARDI_dODF_Visualization is an
Open Inventor module which main task is to render the icosahedron for each voxel
in a 3D scene. The GUI-panel is depicted in figure 9.21.

The module was implemented in the Master’s thesis of Seib [Sei10] and has
been described there in great detail. We extented the module with minor function-
alities. In the following the extensions are presented.
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Figure 9.20: UML Class diagram of the MaximaSetContainer, MaximaSet and Maximum
derived from Base.
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Figure 9.21: GUI-panel of module So_dODF_Visualization.

A forth input was added to the module, which enables to render a float image
with color information onto a background plane, such as a fractional anisotropy
map. Furthermore, the gray background grid can be enabled or disabled. Addi-
tionally, we added two further normalization schemes to the drop-down list, which
we presented in section 7.1. Another novel feature of the module is, that the ren-
dered ODF can be arbitrary scaled. This is pivotal when one wants to depict the
dODF CSA glyphs without normalization, which naturally have very small values.

To visualize the output of the module, the circular connector must be joined
with a SoCustomExaminerViewer or SoExaminerViewer.

So_FiberDistribution_Visualization The module So_FiberDistribution_Visualization
aims to visualize the determined local maxima or the output of the global classifi-
cation as lines or cylinders in 3D world space. The GUI-panel is depicted in figure
9.22.

Different settings can be chosen for the cylinder or line rendering, such as the
length of the vector (scale factor) or the cylinder’s radius. It is pivotal that the
world matrix of the current diffusion-weighted image is supplied to the GUI-panel.
Otherwise, the vectors are not rendered at the correct 3D position in world space.
Depending on the orientation of the voxel coordinate system, it occurs that the
maximum vectors must be flipped to have the right orientation in 3D world space,
which can be achieved by enabling or disabling the three check boxes denoted by
flip.

The vectors can be colored using a direction-based color scheme. Otherwise,
the colors of the first three directions can be set in the GUI-panel on the color chart.

Additional information can be superimposed in the background by enabling
the check box, such as the number of maximum directions of the current voxel.
Furthermore, the voxel coordinates of the seed voxel defined for fiber tractography
can be paste to the appropriate text field. The voxels are then marked by an orange
rectangle on the background plane.

Generally, the module renders only one slice at a time. Therefore, the orien-
tation has to be defined, which is possible by selecting from the slice view mode
drop-down list. The desired slice number can be adjusted.

Depending on the property of each maximum, the rendered cylinders can po-
tentially have one of three different thicknesses. Not Symmetric maximum di-
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Figure 9.22: GUI-panel of module So_FiberDistribution_Visualization.
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rections are rendered only over one half of the voxel and are slightly thinner.
Supported and symmetric maxima do have medium thicknesses. Not supported
maxima are visualized as thick cylinders.

To visualize the output of the module, the circular connector must be joined
with a SoCustomExaminerViewer or SoExaminerViewer.

Global_Classification and Tractography Modules

Figure 9.23: Network for global classification and tractography. The left input image for
the Global_Classifier module is the outcome from barycentric classification,
see figure 9.9.

The network depicted in figure 9.23 gives insight into the usage of Global_Classifier
and the HARDI_Tractography module and how the inputs can be generated.

Global_Classifier The module Global_Classifier is one of the main modules that
has been developed in the course of this thesis. Section 8.1 describes the design
and evaluates the performance of the global classifier in detail.

The module combines voxel-based classification with local maxima informa-
tion of the ODF and enhances it with neighborhood information. The module
outputs potential tracing directions.

The first input image connector needs to be associated with the label image
from barycentric triangle classification or with an image that has the same five class
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Algorithm 2 Global classification.
Input: labels: l, container of local maxima: mCont, tesselated ODFs: Ψ, tensor PDDs pdd
Output: container of local maxima: mContout
1: mContout← mCont
2: for all voxels v in volume do . update routine
3: maxSet← mContout(v)
4: if lv = ISOTROPIC then
5: maxSet← erase all maxima
6: else if lv = ANISOTROPIC then
7: if PDDTensorValid then
8: maxSet← keep only global maximum
9: else

10: maxSet← add new maximum with dir← pdd
11: end if
12: end if
13: end for
14: for all voxels v in volume do . including neighborhood information
15: maxSet← mContout(v)
16: if lv = PARTIAL_VOLUME then
17: countIsotropic← count ISOTROPIC_VOXEL in 26 neighborhood of v

18: if countIsotropic≥ 3
26

then
19: maxSet← keep only global maximum
20: end if
21: continue . forward to next iteration
22: end if
23: if lv = PARTIAL_VOLUME or CIRCULAR_PLANAR or ELONGATED_PLANAR then
24: for all maximum m in maxSet do
25: FINDSUPPORTINNEIGHBORVOXELS
26: end for
27: numSupportedMaxima← number of supported maxima in maxSet
28: if lv = CIRCULAR_PLANAR or ELONGATED_PLANAR and numSupportedMaxima < 2 then
29: PROJECTFROMNEIGHBORVOXELS
30: end if
31: if lv = PARTIAL_VOLUME and numSupportedMaxima < 3 then
32: PROJECTFROMNEIGHBORVOXELS
33: end if
34: if maxSet hasUnsupportedMaximum then
35: PROCESSUNSUPPORTEDMAXIMA
36: end if
37: end if
38: end for
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labels. The tesselated ODF needs to be supplied as the second input. The third
input image connector optionally requires the diffusion tensor’s principal diffu-
sion direction (PDD). The last MLBase connector takes a MaximaSetContainer,
which holds the calculated local maxima from the ODF. Initally, all input maxima
are symmetric and not supported.

The module outputs two images and a MaximaSetContainer. The first output
image can be used as input for the module HARDI_determinsiticTractography. It
represents the computed potential tracing directions maximum values on a tesse-
lated ODF. To define the resolution of the sampled sphere, the GUI-parameter tes-
selation order must be specified. Since the calculated directions of the maxima do
not necessarily correspond to the icosahedron tesselation points, the closest sphere
point to the direction of maximum is determined and the length of maximum vec-
tor is saved at this position and on the same position on the other halfsphere. All
other sphere points have value zero. Note that this conversion introduces angular
inaccuracies to the output. Furthermore, the asymmetry information is disregarded
and a previously asymmetric maximum becomes symmetric. Thus, it is beneficial
to use our proposed tractography approach.

The second output is the number of maxima of the MaximaSet at each volume
element. This image can also be used as input for the fiber population information
that is required in the module HARDI_determinsticTractography. Due to inter-
nal definitions, the voxels with a fiber population greater than two must be set to
two if one wants to use it as input. This can be done by utilizing the Arithmetic
Expression (a>2)*2 in module Arithmetic as shown in figure 9.23.

The MLBase output holds the set of possible tracing directions in a MaximaSetContainer,
additionally saving essential information for each direction such as symmetry and
support, which are findings from this module. Symmetry information designates
a direction to count for both halfspheres or just one halfsphere. The supported
by neighborhood information states, whether a similar maximum pointing in the
approximately same direction could be found in a neighbor voxel.

The exact description of the module’s behaviour is given in the following in
pseudo code. The module has two main routines, which are described in algorithm
2. The first routine updates the information per voxel on a voxel-wise basis. The
second routine takes neighborhood information into account. The second routine
has three main functions, which are further described in algorithm 3, 4, 5.

HARDI_Tractography The module HARDI_Tractography is similar to the ex-
isting module HARDI_deterministicTractography implemented in [Sei10], but in-
stead of the tesselated ODF the MaximaSetContainer is used as input.

Based on user defined seed voxels, the module constructs trajectories using
the directional information from the MaximaSetContainer. The left input image
is optional and may be used to define the seed voxels, e.g. by drawing a region
with the Contour Segmentation Objects modules provided by MevisLab. The right
input is the MLBase MaximaSetContainer with vector, symmetry and support in-
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Algorithm 3 Find support in neighbor voxels.
Input: maximum: m, current voxel: v, labels: l, container of local maxima: mContout, angular threshold:

angleTresh
Output: container of local maxima: mContout
1: for i = 0→ 1 do
2: if i=1 then
3: mirror dir(m)
4: end if
5: for n = 0→ 1 do . two iterations if not found in first step
6: nv← find neighbor voxel where dir(m) points to
7: if nv = outside image range or lv = ISOTROPIC_VOXEL then abort
8: end if
9: maxSetN← mContout(nv)

10: for all maximum nm in maxSetN do
11: angle← compute angle between dir(m) and dir(nm)
12: if angle < angleT hresh or (180−angle)< angleT hresh then
13: m← isSupportedByNeighbors
14: if n = 1 then
15: new maximum intm with dir← interpolation(dir(nm),dir(m))
16: intm← isSymmetric
17: intm← isSupportedByNeighbors
18: maxSetInt← mContout(intv)
19: maxInt← add intm
20: end if
21: abort . support is found
22: else
23: if m = isSymmetric then
24: m← isNotSupportedByNeighbors
25: end if
26: end if
27: end for
28: if n = 0 then
29: intv← nv
30: end if
31: v← nv
32: n← n+1
33: end for
34: i← i+1
35: end for
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Algorithm 4 Project from neighbor voxels.
Input: labels: l, container of local maxima: mContout, mirror info: mir , current voxel v
Output: container of local maxima: mContout
1: maxSet← mContout(v)
2: for all 26 neighborvoxels nv of v do
3: if nv = outside image range or lv = ISOTROPIC_VOXEL then
4: continue . forward to next iteration
5: end if
6:
7: maxSetN← mContout(nv)
8: for all maximum nm in maxSetN do
9: if nm isNotSymmetric or nm isNotSupportedByNeighbors then

10: continue . forward to next iteration
11: end if
12: while !found do
13: project mirrored and unmirrored dir(nm) from center point and from point close to v
14: f ound← hit was found with v
15: end while
16: for all maximum m in maxSet do
17: angle← compute angle between dir(m) and dir(nm)
18: if angle < 30 then
19: m← isSupportedByNeighbors
20: end if
21: if (180−angle)< 30 then
22: hasAd jacentMaxima← true
23: m← isSupportedByNeighbors
24: m← isSymmetric
25: end if
26: end for
27: if hasAd jacentMaxima = f alse then
28: voxelvector← offset to neighbor voxel
29: new maximum newm with dir← interpolation(dir(nm),voxelvector),
30: newm← isNotSymmetric
31: newm← isSupportedByNeighbors
32: maxSet← add newm
33: end if
34: end for
35: end for

Algorithm 5 Process unsupported maxima.
Input: list of maxima of current voxel maxSet
Output: container of local maxima: mContout
1: maxSet← sort in descending order
2: globalMax← f irst(maxSet)
3: for all maximum m in maxSet do
4: if m isNotSymmetric or m isSupported then
5: continue
6: end if
7: numberMax← number of all maxima in the voxel
8: if numberMax > 3 then
9: maxSet← erase m . keep number maxima small in a voxel

10: continue
11: end if
12: ratio← length(m)

length(globalMax)
13: if ratio < 0.3 then
14: maxSet← erase m . erase small maxima
15: end if
16: end for
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Figure 9.24: GUI-panel of module HARDI_Tractography.
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Figure 9.25: lllustration of the control flow of the fiber trace algorithm.

formation. Seed voxels can be defined by supplying a mask to the module (left
input connector), where each voxel value greater than zero is interpreted as seed
voxel or by the discrete voxel coordinates in the second tab. Currently, one tracing
algorithm can be selected from the GUI (figure 9.24), which is the Euler algorithm.
The Dummy algorithm option, if selected, just prevents the module from calculat-
ing the trajectories everytime a field changes in the module itself or in one of the
previous modules. Concerning the input parameters, one needs to supply the voxel
to world matrix to ensure that the fibers are located at the correct position in 3D
world space.

The single steps of the tractography algorithm has been explained in a previ-
ous section 8.2. The control flow of the module is given in figure 9.25. In the
following, the major routines are described in pseudo code in algorithm 6, 7,8.
In contrast to conventional HARDI tractography algorithms, this reconstruction is
able to perform split operations on single trajectories.

The module outputs a continuous list of 3D points describing the course of
individual fiber bundles, which are saved in a MLBase FiberSetContainer.
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Algorithm 6 Fiber tractography
Input: list of seed voxels: svList, container of directions per voxel: mCont
Output: container of fibers: fCont
1: for all seedvoxel sv in svList do
2: if sv outside volume then
3: continue
4: end if
5: maxSet← mCont(sv)
6: PDDseedvoxel← get prinicial diffusion direction from maxSet
7: tracingPosition← center of voxel sv
8: tracingDirection← PDDseedvoxel
9: countPDDdisregard← 0

10: NEXTSTEP(tracingPosition, tracingDirection, tracingDirection, countPDDdisregard, f iberTrace)
11: end for

Algorithm 7 Next step euler.
1: function NEXTSTEPEULER(tracingPosition, lastTracingDirection, tracingDirection, countPDDdisregard,

f iberTrace)
2: currentvoxel← f loor(tracingPosition)
3: lastvoxel← currentvoxel
4: while equal(lastvoxel, currentvoxel) do
5: tracingDirection← interpolate(lastTracingDirection, tracingDirection)
6: newTracingPosition← tracingPosition+ tracingDirection∗ stepsize . Euler integration along

interpolated direction until new voxel is reached
7: currentvoxel← f loor(newTracingPosition)
8: end while
9: if currentvoxel outside volume then

10: add f iberTrace to fCont
11: return
12: end if
13: if currentvoxel is isotropic voxel then
14: Euler integrate from newtracingPosition with tracingDirection until next voxel nv is reached
15: if nv outside volume or isotropic voxel then
16: add f iberTrace to fCont
17: return
18: end if
19: end if
20: f iberTrace← add newTracingPosition
21: DETERMINENEXTDIRECTION(newTracingPosition, tracingDirection, countPDDdisregard,

f iberTrace)
22: end function
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Algorithm 8 Determine next direction.
1: function DETERMINENEXTDIRECTION(newTracingPos, tracingDir, countPDDdisregard, f iberTrace)
2: currentv← floor(newTracingPos)
3: maxSet← mCont(currentv)
4: if currentv has unsupported maxima then . split
5: splittingDirList← all dir(m) in maxSet with angle(tracingDir,dir(m))< splitAngleT hreshold
6: if size(splittingDirList) = 0 then
7: if countPDDdisregard < 5 then
8: countPDDdisregard← countPDDdisregard +1
9: NEXTSTEP(tracingPos, tracingDir, tracingDir, countPDDdisregard, f iberTrace)

10: else
11: add f iberTrace to fCont . add to output
12: return
13: end if
14: else
15: for all dir in splittingDirList do
16: NEXTSTEP(tracingPos, tracingDir, dir, countPDDdisregard, f iberTrace)
17: end for
18: end if
19: else
20: minAngleDi f fVec← dir(m) from maxSet with minAngle← min

angle
angle(tracingDir,dir(m))

21: if minAngle > curvatureAngleT hresh and countPDDdisregard < 5 then
22: NEXTSTEP(tracingPos, tracingDir, minAngleDi f fVec, countPDDdisregard, f iberTrace)
23: else
24: add f iberTrace to fCont . add to output
25: return
26: end if
27: end if
28: end function

HARDI_SyntheticDataGeneration and HARDI_SyntheticData

The macro module HARDI_SyntheticData has its main functionalities from the
ML module HARDI_SyntheticDataGeneration. The subnetwork of the module
is depicted in figure 9.26b. The benefit of synthetic data is, that we can set the
ground truth fiber configuration and the acquisition parameters as it is demanded.
Synthetic data is generated from the multitensor approach, as described in [Des08,
Appendix A] and in appendix A.0.4.

Generally, one can use the module to generate different fiber crossing config-
urations, where the number of fibers per voxel, the weight of each fiber and the
crossing angle can be chosen, as depicted in figure 9.27. Therefore, the diffu-
sion tensors are rotated. If not other indicated in this thesis, the chosen eigenvalue
profile for a tensor in the anisotropic case is [1700,300,300]× 10−6 and for the
isotropic case [700,700,700]×10−6 mm2/s.

A second option the module provides is to position at least three Markers in
the GUI. These points serve as controlpoints for a spline which is calculated. This
spline approximates the course of a fiber bundle. Several splines can be defined,
as indicated in figure 9.28. The module samples each spline twice. A low sampled
version is used for the visualization purposes and higher sampled spline is used
for the generation of three vectors per voxel as shown in figure 9.26a. Note that
each of the vectors has the same length within a voxel, but it has different length in
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(a) (b)

Figure 9.26: (a) For each voxel three vectors with equivalent length are computed from
the input spline in module HARDI_SyntheticDataGeneration. (b) Internal
network of macro module HARDI_SyntheticData.

comparison to other voxels. We discretize the segment of a spline within a voxel by
four points and compute the vectors betweem them, such that curvature information
is incorporated into the synthesized diffusion signal. Each of the three vectors
correspond to one diffusion tensor’s main PDD. Hence, we use the multitensor
approach and set three tensors per voxel, even if their orientations do not differ
much. This option can be potentially used to generate fibers of various courses.
Note that this approach has not been evaluated in this thesis. We only list it here
for completeness.

The GUI-panel of HARDI_SyntheticData is depicted in figure 9.29. On the
first tab, the general parameter can be set, such as the gradients, the b-value and
the SNR. The user can paste own gradients to the respective text field or the sphere
points of the icosahedron are used as artifical gradients. The number of gradients
or sphere points determines the number of images in t-dimension of the first output
image. The second tab contains all settings that need to be adjusted if one wants
to position a spline configuration. To define a new spline, one needs to increase
the value in the current number of spline field. Corresponding control points and
splines are drawn in the same color. On the third tab, the fiber distribution param-
eters can be adjusted.

In figure 9.30 it is illustrated how one can inspect the output of the module.
The first output image of the macro module is the generated diffusion signal image.
The dimensions of the output image depend on the selected option. If the spline
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Figure 9.27: Reconstruction of the diffusion signal image (first output) with macro module
HARDI_SyntheticData and ML module HARDI_SyntheticDataGeneration.
In the background, the ground truth fiber orientation is rendered, which is
read from the MaximaSetContainer of the ML Base output.

spline defined in GUI                   dODF from DWI (output  1)      exact dODF (output 2)        label image (output 3)   ground truth maxima (output 4)    

Figure 9.28: Various outputs of module HARDI_SyntheticData if a spline is defined.

option is enabled, the module outputs a diffusion signal image of size 20×20×1
and with isotropic voxel size 2 mm. If the spline option is disabled, the module
outputs a row of different orientated glyphs, depending on the chosen crossing
angle in the GUI. The second output image is the exact ODF computed from the
multitensor approach. Therefore the desired approach, original dODF or dODF
CSA, can be selected from the drop-down list. The equations are given in appendix
7.A of chapter 7.A. The third output is a label image. The label image was used
in this thesis for the experiments on the barycentric triangle. In case of a crossing
configuration, the label corresponds to the x position in the row. If one defined a
spline, the label represents the number of splines running through the voxel.

9.3 Runtime Evaluations

In the following we will evaluate the computational heavier modules, which are
mostly the ML image processing modules since they perform reconstruction or
classification operations.

The performance of the modules was accomplished on a Intel(R) Core(TM)2
Duo CPU T9600 with 2.80GHz and ATI Mobility Radeon HD 3650 graphics card.
A region of interest with ten coronal slices covering the centrum semiovale in both
hemispheres in the human brain dataset was chosen, with size 77× 10× 58 and 60
gradient images. This corresponds to the regions we have selected in our previous
experiments on the coronal slice, compare with figure 6.5.

Diffusion Signal and ADC profile The runtime of module HARDI_Signal_Criteria
and HARDI_ADC for the described ROI is depicted in figure 9.31. The criteria
computed on the diffusion signal take more time than the ADC criteria, although
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Figure 9.29: GUI-panel tabs of module HARDI_SyntheticData.
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Figure 9.30: Example network for module HARDI_SyntheticData.

Figure 9.31: Runtime evaluation of HARDI_Signal_Criteria and HARDI_ADC.

the ADC has to be computed beforehand. The ADC computation takes around
3,46 seconds for this ROI. Together with the ADC profile criteria calculation, the
calculation is ≈ 19 seconds faster than the signal criteria. However, the actual
computational time for the individual measures is on the same order.

Spherical Harmonics Coefficients Figure 9.32a provides a runtime comparison
of the different spherical harmonics approaches and orders. The original dODF,
the dODF CSA and the fODF was tested for l = 4, l = 6 and l = 8. The dODF
and dODF CSA are on the same order and the computational times do not differ
for various approximation orders l. It is around 17 seconds. The fODF coefficients
needs to be computed additionally from original dODF coefficients and is thus the
computational heaviest spherical harmonics approximation, also due to the kernel
approximation routines. An interesting finding is, that the order l has a higher
impact on the computational time. The higher the order, the longer it takes to
output the coefficients.
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(a) (b)

Figure 9.32: Runtime evaluation of (a) HARDI_SHCoefficients and HARDI_fODF and (b)
HARDI_dODF_Reconstruction.

ODF and Maxima Extraction Figure 9.32b evaluates the HARDI_dODF_Reconstruction
module in terms of maxima extraction operations for different tesselation orders
T = 3 (162 sphere points) and T = 4 (642 sphere points). The input were the
fODF coefficients with approximation order l = 4. Unfortunately we could not
test a higher tesselation order T = 5, 2562 sphere points due to errors in memory
allocation.

The time to compute the icsosahedral representation of the ODF grows lin-
ear when increasing the tesselation order. Using four times more spherical points
means that the computational time is four times higher. However, the meshbased
local maxima computation does not only increase linearly, since it has to be iter-
ated over more points for neighborhood evaluation is required. While the additional
computation of the local maxima takes≈ 4 seconds longer for T = 3, it takes about
55 seconds longer for T = 4.

The computation of the refined maxima itself does not increase changing the
tesselation order. However, the computaton of the exact local maxima is time-
consuming and takes additional≈ 30 on top of the meshbased maxima computation
since more operations have to be accomplished per voxel.

Furthermore, we regarded the cumulative computational time of the network
9.16 and how each module contributes to the final runtime. Figure 9.33 indicates
that the dODF reconstruction is by far the computational heaviest module.

Global Classifier and Tractography Figure 9.34 shows the comulative compu-
tational times of global classification and tractography and its input. Apparently,
the input data is computational expensive in comparison to the actual global classi-
fication and tractography, which is on the order of (milli)seconds. For tractography,
three seedvoxel has been set in the corpus callosum. The tractography in combina-
tion with the local maxima extraction and global classification is thus significantly
faster than current tractography algorithms that evaluate the full dODf in each step.
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19,5s

4,47s

Total: 53,714s

Figure 9.33: Runtime evaluation of network components of figure 9.16. We took time
measurements from our implemented and extended modules. The other mod-
ules alltogether took ≈ 2 seconds to finish computation. The dODF compu-
tation also includes meshbased local maxima extraction.

53,714s

0,72s

Total: 58,394s

0,8s3,16s

Figure 9.34: Runtime evaluation of network components of figure 9.23. The dODF net-
work time is the total time from the other circular chart in figure 9.33.
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Chapter 10

Conclusion

This chapter provides a short summary of this work and outlines the contributions
that have been made. Furthermore, we outline possible extensions of the current
system and give an outlook to future work in this field.

10.1 Summary

Chapter 1 targets the motivation of this thesis’ subject and states why it is pivotal
to reconstruct human brain white matter, that connects different functional areas
in the brain. Reconstruction of these fibers provides unique insights into brain
structure and allows for the analysis of development of neural archtitectures or
different pathological changes. It can facilitate a better understanding of various
disease patterns.

In chapter 2, we introduced the anatomical terminology that is used throughout
this thesis. We gave a brief introduction to the central nervous system, where the
brain is an integral part of. Relevant brain tissues considered in this thesis are white
matter, gray matter and cerebrospinal fluid. Above all, the nervous architecture of
white matter is the primary imaging object being studied in this work. It is formed
predominantly by myelinated axons interconnecting neurons in different cortex
regions. We furthermore outlined different types of fibers and the fiber bundles
which are of special interest in this thesis.

In chapter 3 we initially elaborated on the basics of MRI and diffusion MRI.
The physics behind magnetic resonance (MR) as well as the imaging process are
explained in this chapter. Common MR images rely on relaxation-based image
contrasts, which enable to differentiate specific brain tissues. Diffusion-weighted
MR imaging relies on the physical diffusion process, which is constrained within
the boundaries of nerve fibers and thus can provide valuable directional information
about axons. This relationship is further explained in section 3.1.2. The diffusion
process can be described by a probability density function (PDF), which cannot be
solved analytically. A method that evolved from this drawback is diffusion tensor
imaging (DTI), which assumes the PDF to be Gaussian. This enables to recover
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directional information using a low number of diffusion encoding gradients (> 6)
during acquisition. However, DTI has severe limitations though as detailed in sec-
tion 3.1.3. It is only capable of recovering the underlying diffusion information
correctly if a straight single fiber bundle is present in the voxel. Furthermore, we
extensively review the basic principles of high angular resolution diffusion imag-
ing (HARDI), which is a method that has been developed to overcome the limi-
tations of DTI, in turn. HARDI requires longer acquisition times than with DTI,
though several model-free and model-based reconstruction methods have been de-
veloped for the recovery of multiple intravoxel fiber populations. This is discussed
in section 3.3. One model-free approach is termed q-ball imaging (QBI), which
reconstructs an orientation distribution function (ODF) for each voxel. QBI is the
method we focus on throughout the thesis. For further details please refer to section
3.4.

Chapter 4 outlines the basics of classification by means of diffusion MRI data.
It introduces existing anisotropy measures and shape descriptors which have been
developed for various reconstruction techniques by others. Those metrics can be
used for classification of types of diffusion into various categories, such as isotropy,
Gaussian-anisotropy or non-Gaussian diffusion. We review the most popular met-
rics as well as those we finally will used in our own approach for voxel-based
classification. In the second part of this chapter (section 4.2), existing global clas-
sification and spatial regularization methods are shortly described. Both methods
take neighborhood information into account.

In chapter 5, we describe the theory behind tractography, also termed fiber
tracking or tracing. The objective of tractography is to obtain global connectiv-
ity information from locally reconstructed data. In general, one can differentiate
between deterministic and probabilistic tractography algorithms. We review both
concepts in the course of this chapter. First attempts regarding fiber tracking have
been made on DTI. These techniques are mainly constrained because of the in-
herent limitations of DTI. HARDI fiber tracking can be seen as an extension of
DTI-based tractography methods. The main improvements comprise evaluation of
several intravoxel tracking directions, depending on the local maxima distribution.
This chapter concludes the theory part of this thesis.

In the subsequent chapters we extensively report on our research work and con-
tributions in the area of classification, evaluation of ODF as well as tractography.

Chapter 6 motivates classification methods on diffusion MRI. Classification is
performed using two different image bases. First, we investigate and visualize the
diffusion signal values and apparent diffusion coefficient (ADC) profiles in section
6.3. After deriving properties of the signal and the ADC, we conduct classification
for the purpose of differentiating various categories, such as isotropy, Gaussian-
anisotropy or non-Gaussian diffusion. In the second part of this chapter (section
6.4), we apply a model scheme to the diffusion signal values. This is the diffu-
sion tensor, which we extract the eigenvalues from. We derive existing and new
measures from the eigenvalues and present two classification schemes. We refine
the non-Gaussian diffusion class into more descriptive classes and are thus able to
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differentiate between planar and less planar configurations afterwards.
Chapter 7 draws a comparison between three existing q-ball imaging meth-

ods, which are the original ODF method proposed by Tuch [Tuc04], the fiber ODF
[Des08] method proposed by Descoteaux and the constant solid angle ODF ap-
proach proposed by Aganj et al. [ALS+10]. The benefit of QBI is that multiple
diffusion directions can be inferred from the diffusion in a voxel. We investigate,
how precise each method recovers these directions and what the optimal param-
eters and individual restrictions are. We evaluate each method in terms of their
usefulness for global classification and tractography.

Chapter 8 is the core of this thesis and contains most of the findings and meth-
ods investigated in the previous chapters. It presents our global classification and
tractography approach. The global classifier (section 8.1) uses the output of voxel-
based classification and ODF local maxima and combines it with spatial informa-
tion. The objective is firstly to verify local maxima in terms of their plausibility
to align with fiber tracts and secondly to remove unsupported maxima. The global
classifier is capable of detecting specific asymmetric configurations which are then
included in the set of possible tracing directions. This is achieved by leveraging
direct neighborhood information. The proposed tractography algorithm works on
the set of possible tracing directions and selects the most adequate direction during
propagation. Furthermore, the trajectory is able to split when asymmetric configu-
rations are encountered.

The implementation of our work is documented in chapter 9. MeVisLab has
been used as development framework. Our own modules are described and delin-
eated from existing modules.

10.2 Contributions

The contributions made in this thesis are outlined in the order they appear through-
out the thesis.

1. Exploration, investigation as well as visualization of both the diffusion signal
values and the ADC profile.

2. Development of several novel low-level voxel-based classification methods
that are able to discriminate between more categories than existing classi-
fiers.

(a) Separation into classes isotropy, Gaussian-anisotropy or non-Gaussian
diffusion using metrics defined for the diffusion signal values, the ADC
profile and relaxation-weighted values.

(b) Additional refinement of class non-Gaussian diffusion into elongated-
planar, circular-planar and partial volume using measures defined for
the diffusion tensor’s eigenvalues.
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i. A new classification scheme is proposed for the barycentric tri-
angle, which can be generated from the geometrical Westin mea-
sures.

ii. A classification pipeline is presented using a series of different
diffusion tensor measures.

3. Exploration and analysis of three existing QBI methods in terms of their
precision and stability.

4. Development of a global classification approach that might supports propa-
gation through complex regions. The classifier has the following properties:

(a) The set of output directions follows the fiber continuity rule.
(b) The information per voxel is enhanced with maxima information from

close proximity, potentially leading to the detection of asymmetric con-
figurations.

(c) Elimination of maxima which are the result of directional averaging or
noise.

(d) Computational overhead is kept minimal by calculating only required
data in the pre-processing steps.

5. Development of a simple and fast deterministic tractography algorithm with
the following properties:

(a) The algorithm takes asymmetry information into account and can thus
perform splitting operations when necessary.

(b) The directions which the algorithm propagates into are supported by
neighborhood information.

(c) A preselection of possible directions has been made beforehand, elimi-
nating small maxima due to noise or certain unsupported maxima, often
leading to more plausible trajectory results.

(d) The calculation of the individual trajectory is very fast and can be com-
puted within milliseconds on commodity hardware, since no further
analysis of the full ODf is necessary.

(e) The design of the fiber tracking algorithm is straightforward and the
performance of the algorithm can be optimized by adjusting common
tractography parameters.

All of the methods have been either tested on synthetic and generated data, a
fiber phantom or on a real human brain dataset. diffusion information within a
voxel is only an average over the whole voxel and, hence, asymmetry information
becomes obliterated already during the acquisition process. The recovered local
ODF is inherently limited by modelling the symmetric information in a way that
the orientation of local maxima do not necessarily correspond to the tissue’s orien-
tation.
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10.3 Outlook

As observerd several times in this thesis, sub-voxel fiber configurations can be very
complex. Besides fiber crossing architectures, bending, fanning and splitting are
likely to occur. The exact diffusion ODF or fiber ODF that these fiber configu-
rations generate using real data remains unknown and ambiguous. An even more
important problem is that it is still unclear how to generate synthetic datasets, ex-
vivo phantoms or biological phantoms that mimic these sub-voxel configurations.
Though, these aforementioned datasets are crucial for the development and under-
standing of such configurations.

The limitations on modeling affect also other methods working with recon-
structed data, as we will describe in the following.

10.3.1 Voxel-based Classification

It appears that diffusion profiles of different tissue exhibiting a complex diffusion
pattern go to the same class. This becomes a major problem if voxels from very
heterogeneous crossing regions shall be determined. We did not succeed in distin-
guishing such voxels from both partial volume voxels in the thalamus and at the
interface between tissue types. It was only partially possible to further delineate
these voxels by integrating neighborhood information in the classification process.

Due to time limitations, we did not perform classification on spherical harmon-
ics (SH) coefficients. The coefficients can be calculated relatively fast and thus
they are an appropriate base to conduct classification on. The SH coefficients can
also be seen as shape descriptors, similar to the eigenvalues of a diffusion tensor.
It might be interesting to investigate the relatively new and mathematically found
constant solid angle ODF with existing SH measures.

10.3.2 Global Classification

The symmetry constraint of the acquired diffusion attenuated signal puts a huge
burden on ODFs in complex areas, since some configurations are inherently asym-
metric, such as fannings, splittings and bendings. The local maxima of such ODFs
do not correspond to the underlying orientational axonal fiber structure.

In general, there is a great potential in disambiguating such ODFs. A very
recent publication that deals with such asymmetric ODFs has been published by
Reisert et al. [RKK12]. In our work, we showed a first promising approach which
integrates neighborhood information in order to verify and enhance current data.
We therefore applied relatively simple methods that need to be further developed,
e.g. by making use of the fact that a single fiber propagates in bundles and that
fibers in close proximity might propagate into the same direction. Hence, one
could also take directional information from voxels located perpendicular to the
current direction of the local maximum into account.
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Another open problem is to delineate bending configurations from other asym-
metric fiber configurations, which might be the most difficult task. Representatives
of such fiber bundles can be seen in the subcortical u-fibers. Including information
about distances to white matter boundaries might be usefule during propagation of
such trajectories.

10.3.3 Tractography

The deterministic tractography algorithm we implemented is very simple and straight-
forward. It might be useful to further tune the algorithm itself, such as evaluation of
distances to white matter boundaries or global curvature information. In the current
version of the tractography algorithm, erroneous splits are undertaken which leads
to reconstruction of numerous fibers. Fiber clustering or other post-processing
methods are necessary to remove superfluous tracts. It might be advantageous to
limit the number of allowed splits per fiber trajectory.

At the level of implementation, a more convenient data structure for represen-
tation of fibers, such as a tree would be beneficial. For each fiber, the seedvoxel, a
pointer to the predecessor, successor and sibling could be stored. Thus, an assign-
ment to the seedvoxel would be achieved, which is not the case in our algorithm
due to the splitting operations. Storing such information would also enable us to
integrate more sophisticated termination rules to the fiber tractography algorithm,
since global curvature information could be computed and the number of allowed
splits could be set.
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Appendix A

Dataset Descriptions

A.0.4 Synthetic HARDI Data Generation

Since we want to perform several experiments on HARDI data where it is benefi-
cial to know the exact ground truth information, i.e. the exact fiber orientation, we
generated synthetic data as described in [Des08, Appendix A]. The data is mod-
eled by exploiting the multi-tensor approach, which approximates a single fiber
with a Gaussian rank-2 diffusion tensor D. Voxel with more complex fiber con-
figurations are simply described by multiple different orientated diffusion tensors.
This approach assumes no exchange of diffusion molecules in different fiber com-
partments.

Several other works also used synthetic data [ABA02, Tuc04, HMH+06] to
evaluate the performance of the ADC, q-ball diffusion ODF or fiber ODF, as well
as performance of the tractography and segmentation and classification algorithms.
We assumed isotropic diffusion in voxel containing gray matter with eigenvalues
[700,700,700]×10−6mm2/s . For the voxels containing white matter we generate
3× 3 tensors with eigenvalues [300,300,1700]× 10−6mm2/s, which means that
the inital orientation of the fiber is along the z-axis. The eigenvalue profiles were
estimated from real brain datasets. However, note that the chosen anisotropy pro-
files are nearly as high as the most anisotropic regions found in the human brain to
facilitate discrimination power.

The following parameters are variable in our module:

• The generation of the gradients: a) the concrete gradients are given as in-
put or a tessellation order of the icosahedron is chosen, which generates the
artificial gradients directions gi (12, 42, 162 or 642 number of gradients).

• The number of fibers n per voxel between 0 and 3 (0 is for isotropic signal).

• The orientation of the fiber tract.

• The weight ak of each fiber compartment in a voxel in a more complex fiber
distribution (number of fibers > 1). The weights describe the influence of
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the fiber tract in the respective voxel and can be seen as a configuration of
fiber density, e.g. the denser the fibers of one compartment, the higher its
influence and hence its weight in comparison to a less denser fiber compart-
ment in the same voxel. This is also analogous to a tract consisting of many
fiber axons versus a smaller fiber tract.

• The b-value, which is used to fix the amount of diffusion weighting in the
acquisition.

• The signal-to-noise ratio (SNR). We added complex Gaussian noise to the
diffusion weighted images S(gi) to obtain a certain signal-to-noise ratio (SNR).
Noisy synthetic data approximates human brain MRI acquisitions in a better
way, since they are always distorted by Rician noise [GP95]. However, for
higher SNR, the noise distribution becomes Gaussian. A typical value for
SNR is 35.

According to equation (3.25), the synthetic DWI signal data can be computed
by

S(gi,b) = S0

n

∑
k=1

ake−bgT
i Dkgi (A.1)

We assume the S0 to be one in each voxel. If one aimes to obtain the ADC profile
for each gradient direction gi instead of the DWI signal, it can simply computed by
exploiting equation (3.13), such that

ADC := D(gi) =−
1
b

ln
(

S(gi,b)
S0

)
=−1

b
ln

(
n

∑
k=1

ake−bgT
i Dkgi

)
(A.2)

A benefit of this approach is that the exact ODF can be derived easily from the
multi-tensor model as described in [Des08, Appendix A].

A.0.5 DMFC Phantom

The Diffusion Modelling and the Fiber Cup (DMFC) [DMF09] was held in 2009
with the target to compare comprehensively available methods of reconstruction
models and tractography algorithms on a common ground truth dataset. They built
a MR phantom containing different realistic crossing, kissing, splitting and bending
fiber configurations with a fiber densitiy close to 1900 fibers/mm2.

They used hydrophobic acrylic fibers which diameter is of the same order of
the diameter of myelinated axons. A polyurethane negative and positive prints of
the target bundles were manufactured that are used to strongly tighten the fibers
together. The container was made up of a plexiglass cylinder equipped with two
plastic caps and taps to fill it.
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Figure A.1: The DMFC diffusion phantom baseline image together with ground truth fiber
orientations of 16 fibers in bending, branching and crossing configurations.

As standard diffusion-weighted MR imaging uses the ultra-fast echoplanar ac-
quisition scheme that is extremely sensitive to phase inhomogeneities, developing
a filling process insuring the absence of any air bubbles in the container is of up-
most importance. A platform was designed that enables a preliminary degassing of
the solution, and a filling under vacuum conditions. A ultrasound beam is finally
used to destroy any remaining air bubbles. The container was filled using pure
water without any contrast agent.

Diffusion-weighted data of the phantoms were acquired on the 3T Tim Trio
MRI systems of the NeuroSpin center, equipped with a whole body gradient coil
(40mT/m,200T/m/s), and using a 12-channel receive only head coil, in combina-
tion with the whole body transmit coil of the MRI system. A single-shot diffusion-
weighted twice refocused spin echo echoplanar pulse sequence was used to con-
duct the acquisitions, while compensating the Eddy currents. Two datasets were
acquired at two different spatial resolutions: 3 mm isotropic and 6 mm isotropic.
The parameters were as follows: field of view (FOV) of 19.2cm, image size of
64× 64× 3, read bandwidth of 1775 Hz/pixel, partial Fourier factor of 6/8, par-
allel reduction factor GRAPPA of 2, repetition time TR=5s, 2 repetitions. Three
diffusion sensitizations at b-values= 650/1500/2000s/mm2 corresponding to the
echo times TE=77/94/102 ms respectively. The diffusion sensitization was applied
along a set of 64 orientations, uniformly distributed over the sphere.

The baseline image of the phantom together with the ground truth fiber distri-
bution can be seen in figure A.1. In acknowledgement of the authors, we refer to
[FDG+11, PRK+08] for more information on the development of diffusion phan-
toms.
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A.0.6 Human Brain Dataset

Several datasets were generously given to us to test our new algorithms and clas-
sification approaches. We would like to thank Ralf Lützkendorf and Dr. André
Brechmann of the Leibniz Institute at University of Magdeburg. We evaluated dif-
ferent sequences acquired on a Siemens 7T MR scanner. The sequences varied in
voxel size and b-value and we have finally chosen the dataset with an acceptable
signal-to-noise ratio and a high resolution to minimize partial volume effects. We
obtained a dataset with 1.2mm isotropic voxel size and a FOV of 220×220mm2. A
b-value of 1000 s/mm2 was used, applying 60 diffusion encoding directions with
seven b = 0 images in between, which we averaged in a post-processing step. We
also averaged both repetitions (NEX = 2). The other acquisition specific param-
eters are as follows: TR of 12700 ms, TE of 58 ms, bandwith of 1510 Hz/Pixel,
echo spacing of 0.77 ms and EPI factor of 184, PAT mode GRAPPA (generalized
autocalibrating partially parallel acquisition) and phase partial Fourier 6/8.

We extracted the brain tissue from the rest of dataset. This was done with the
free software FSL BET v2.1 (brain extracting tool) [FSL], by chosing the setting
standard brain extraction using bet2 with an fractional intensity threshold of 0.05
[Smi02]. This deletes non-brain tissue (e.g. skull, eyes) from an image of the
whole head. All in all, this operation only takes a few seconds (< 5 sec) on an
average computer.

Furthermore, the Leibniz Institute provided us with a T1-weighted MP RAGE
(magnetization prepared rapid gradient echo) image of the same proband with a
voxelsize of 1mm isotrop, TR of 2250ms, TE of 2.92ms, 7/8 phase partial fourier,
6/8 slice partial fourier.
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